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Abstract. We study the dynamics of Thurston maps under iter- 
ation. These are branched covering maps / of 2-spheres S 2 with a 
finite set post(/) of postcritical points. We also assume that the 
maps are expanding in a suitable sense. Every expanding Thurston 
map is a factor of a shift operator. This link to symbolic dynamics 
suggests our ultimate goal of finding a combinatorial description 
of the dynamics of an expanding Thurston map in terms of fi- 
nite data. Relevant for this problem are existence and uniqueness 
results for /-invariant Jordan curves C C S 2 containing the set 
post(/). For every sufficiently high iterate f n of an expanding 
Thurston map such an invariant Jordan curve always exists. If the 
sphere S 2 is equipped with a "visual" metric d adapted to the dy- 
namics of /, then an /-invariant Jordan curve C with post(/) C C 
is a quasicircle. The geometry of the metric space (S 2 ,d) encodes 
many dynamical properties of /. For example, / : S 2 — > S 2 is 
topologically conjugate to a rational map if and only if (S 2 ,d) is 
quasisymmetrically equivalent to the Riemann sphere C. 

Establishing a framework for proving these and other results for 
expanding Thurston maps is the main purpose of this work. 
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1. Introduction 

Let / : C — > C be a rational map on the Riemann sphere C of degree 
> 2. As usual we call a point pGCa critical point of / if near p the 
map / is not a local homeomorphism. A postcritical point is any point 
obtained as an image of a critical point under forward iteration of /. 
So if we denote by crit(/) the set of critical points of / and by f n the 
n-th iterate of /, then the set of postcritical points of / is given by 

post(/) :=\J{r(c):cecnt(f)}. 

n>l 

It is a fundamental fact in complex dynamics that much information 
on the dynamics of / can be deduced from the structure of the orbits 
of critical points. A very strong assumption in this respect is that each 
such orbit is finite, i.e., that the set post(/) is a finite set. In this case 
the map / is called postcritically-finite. 

A characterization of such maps is due to Thurston. The framework 
for his investigations was the setting of branched covering maps of 
2-spheres. These are continuous maps /: S 2 — > S 2 on an oriented 2- 
sphere S 2 that near each point can be written as z h- > z d after suitable 
orientation-preserving coordinate changes in source and target. For 
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such maps the sets of critical and postcritical points can be defined in 
the same way as for rational maps on C. A Thurston map is a branched 
covering map / : S 2 — >■ S 2 with a finite set of postcritical points that 
is not a homeomorphism. In this paper we study Thurston maps that 
are expanding in an appropriate sense. By definition this means that 
there exists a Jordan curve C in S 2 containing the set of postcritical 
points of / such that the complementary components of f~ n (C) become 
uniformly small as n — > oo. For rational Thurston maps this is satisfied 
if and only if / has no periodic critical points. It is also equivalent to 
requiring that the Julia set J{f) of / is the whole Riemann sphere 
(see Proposition 119. ll) . Note that in contrast to the rational case, in 
general an expanding Thurston map may have periodic critical points; 
see Example 112.111 

1.1. Results. One of our goals is to obtain a description of the dy- 
namics of an expanding Thurston map in terms of finite combinatorial 
data. A very general setting which allows one to address this question 
is the recently developed theory of self-similar group actions (see |Nej . 
in particular Sect. 6). Our approach is more concrete and based on 
the existence of /-invariant Jordan curves C G S 2 , i.e., Jordan curves 
with f{C) C C. We also require that post(/) C C, because under this 
condition the preimages f~ n (C) of C under the iterates f n of / form the 
1-skeleton of a cell decomposition of S 2 that allows one to recover f n as 
a "cellular map" in essentially combinatorial terms (see the discussion 
below). Some of our main results are about existence and uniqueness 
of such Jordan curves C. 

For rational Thurston maps we have the following statement. 

Theorem 1.1. Let /: C — > C be a rational Thurston map with Julia 
set J(f) = C. Then for each sufficiently large n 6 N there exists a 
quasicircle CcC with post(/) C C and f n (C) C C. 

If a curve C is invariant for some iterate f n , then one cannot expect 
it to be invariant for some other iterate f k unless k is a multiple of n 
(see Remark 115. 10p . So in general, the curve C in the previous theorem 
(also in Theorem 11.21 below) will depend on n. For the definition of 
a quasicircle see Section [161 Theorem 11.11 is a special case of a more 
general fact. 

Theorem 1.2. Let f : S 2 — )■ S 2 be an expanding Thurston map, and 
C C S 2 be a Jordan curve with post(/) C C. Then for each sufficiently 
large n G N there exists a Jordan curve C that is invariant for f n and 
isotopic to C rel. post(/). 
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See Section |3] for a discussion of isotopies and related terminology. 
Since C is isotopic to C rel. post(/), it will also contain the set post(/). 
The curve C is actually a quasicircle if S 2 is equipped with a suitable 
metric (see Theorem 11.81 below) . 

An obvious question is whether one can always find a Jordan curve 
C C S 2 with post(/) C C that is invariant under the map / itself, and 
hence invariant under all iterates f n . It turns out that this is not true 
in general (Example 115.51) . but one can give a necessary and sufficient 
condition for the existence of such an invariant curve. 

Theorem 1.3 (Existence of invariant curves). Let f : S 2 — )■ S 2 be an 

expanding Thurston map. Then the following conditions are equivalent: 

(i) There exists an f -invariant Jordan curve C C S 2 with post(/) C 
C. 

(ii) There exist Jordan curves C,C C S 2 with post(/) C C,C and 
C C f~ l {C), and an isotopy H: S 2 x / — »■ S 2 rel. post(/) with 
H = ids^ and Hi(C) = C such that the map 

f :— H 1 o f is combinatorially expanding for C . 

Moreover, if (In]) is true, then there exists an f -invariant Jordan curve 
C C S 2 with post(/) C C that is isotopic to C rel. post(/) and isotopic 
to C rel. /- 1 (post(/)). 

See Definition 111.41 for the notion of an combinatorially expanding 
Thurston map (Definition 17.61 and (17.41) are also relevant here). 

The condition of combinatorial expansion in (ii) is easy to check 
in general (see Remark 115.71 (a), Proposition I15.13| and the examples 
discussed in Section [T5|) . One can actually give a criterion for the 
existence of an invariant curve in a given isotopy class rel. post(/) or rel. 
/ _1 (post(/)) (see Remark 115.71 (c) and Proposition 115.81) . Moreover, 
if an /-invariant Jordan curve C exists, then it is the Hausdorff limit 
of a sequence of Jordan curves C n that can be obtained from a simple 
iterative procedure (Proposition 115.141) . 

Our existence results are complemented by the following uniqueness 
statement for invariant Jordan curves. 

Theorem 1.4. Let f : S 2 — >■ S 2 be an expanding Thurston map and 
C and C be f -invariant Jordan curves in S 2 that both contain the 
set post(/). Then C = C if and only if C and C are isotopic rel. 
/- 1 (post(/)). 

As a consequence one can prove that if # post(/) = 3, then there are 
at most finitely many /-invariant Jordan curves C G S 2 with post(/) C 
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C (Corollary 1 15.3ft . In the general case, there are at most finitely many 
such curves C in a given isotopy class rel. post(/) (Corollary 115. 2p . 
In general, a Thurston map may have infinitely many such invariant 
curves C (Example 115 .4p . 

Expanding Thurston maps are abundant and include specific maps 
on C such as f(z) = 1 — 2/z 2 or f(z) = 1 + (i — l)/z 4 . More examples 
can be found in Section ["12.U A large class of well- understood Thurston 
maps are Lattes maps. These are rational maps obtained as quotients 
of conformal torus endomorphisms (note that the terminology is not 
uniform and some authors use the term Lattes map with a slightly 
different meaning). We will discuss an explicit Lattes map in detail 
below. 

A general method for producing Thurston maps is given by Propo- 
sition 112.51 in combination with Corollary I13.18( conversely, as follows 
from Theorem 11.21 at least some iterate of every expanding Thurston 
map can be obtained from this construction. 

If /: S 2 — > S 2 is an expanding Thurston map and C C S 2 a Jor- 
dan curve with post(/) C C, then for each n G No one can define an 
associated cell decomposition V n = V n (f,C) of S 2 (Section Ej). Its 
0-skeleton is the set / _n (post(/)), and its 1-skeleton the set of f~ n (C) 
(see Section H] for the terminology). In general, these cell decomposi- 
tions T> n are not compatible for different levels n, but if the curve C is 
/-invariant, then T> n+1 is a refinement of T> n for each n e N, and the 
pair (T* 1 ,!) ) gives a cellular Markov partition (Definition 14.81) for / 
that determines the combinatorics of all cell decompositions T> n . This 
cellular Markov partition for / is of a particular type, namely coming 
from a two-tile subdivision rule (see Section [T2l . 

The main consequence of Theorem 11.21 is that we get such a two-tile 
subdivision rule for some iterate F — f n of every expanding Thurston 
map. This essentially allows one to describe the map F in terms of 
finite combinatorial data. 

Corollary 1.5. Let f : S 2 — » S 2 be an expanding Thurston map. Then 
for each sufficiently large n there exists a two-tile subdivision rule that 
is realized by F = f n . 

If we allow more general cellular Markov partitions, it seems very 
likely that not only an iterate of /, but / itself allows a cellular Markov 
partition. 

Conjecture. Every expanding Thurston map admits a cellular Markov 
partition. 
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We believe that even though we were not able to settle the conjecture, 
the methods established in this paper will be useful for answering this 
question. 

We will see that an expanding Thurston map / : S 2 — » S 2 induces a 
natural class of metrics on 5" 2 that we call visual metrics (see Section[8]). 
Each visual metric d has an associated expansion factor A > 1 and 
is characterized by the geometric property that for cells a, r in the 
cell decompositions V n = V n (f,C) we have diam^a) x hr n if a has 
dimension > 1 and distd(cr, r) > A~ n if o fl r = (Lemma 18. 10|) . 
Any two visual metrics are snowflake equivalent, and the class of visual 
metrics for / and any iterate of / are the same. 

The properties of visual metrics are essential in proving the following 
statement (see Section [9] for the relevant definitions). 

Theorem 1.6. Let f : S 2 —± S 2 be an expanding Thurston map. Then 
f is a factor of the left-shift E : J w — > J u on the space J u of all se- 
quences in a finite set J of cardinality j^J = deg(/). 

An immediate consequence of this theorem and its proof is the fact 
that the periodic points of an expanding Thurston map / : S 2 —¥ S 2 
are dense in S 2 (Corollary 19. 3p . 

The proof of Theorem 11.61 is a simple adaption of the proof of a 
similar statement in \Ka\ Thm. 3.4]. The basic idea seems to go back 
to [Jo] (see also [Przj ). 

Our choice of the term "visual metric" is motivated by the close 
relation of this concept to the notion of a visual metric on the boundary 
of a Gromov hyperbolic space. For each expanding Thurston map 
/: S 2 — > S 2 one can construct a Gromov hyperbolic graph Q whose 
boundary at infinity d^Q can be identified with S 2 so that the class 
of visual metrics on d^Q in the sense of Gromov hyperbolic spaces is 
identical to the class of visual metrics for / in our sense (see Remark 18.81 
for more explanation). In this paper we will not pursue this point of 
view further though (see [HP09J for an exposition of similar ideas). 

It is possible to describe the range of possible expansion factors of 
visual metrics for an expanding Thurston map /. If d a visual metric 
with expansion factor A > 1, then a "snow-flaking" d a with a G (0, 1) 
results in a visual metric with the smaller expansion factor A Q . So 
the relevant problem is to find the supremum of all such expansion 
factors. This supremum is given by a combinatorial expansion factor 
Aq(/) that can in principle be computed from combinatorial data (see 
Proposition 118.21 for the definition of A (/)). 

Theorem 1.7. Let f : S 2 — > S 2 be an expanding Thurston map with 
combinatorial expansion factor A (/). 



8 



MARIO BONK AND DANIEL MEYER 



If A is the expansion factor of a visual metric for f, then 1 < 
A< A (/). 

Conversely, if 1 < A < A (/), then there exists a visual metric 
d for f with expansion factor A. Moreover, the visual metric d 
can be chosen to have the following additional property: 

For every x G S 2 there exists a neighborhood U x of x such 
that 

(1.1) d(f(x), f(y)) = Ad(x, y) for all y G U x . 

In particular, if / is an expanding Thurston map, then we can always 
find a visual metric d so that / scales the metric d by a constant factor 
at each point. The example of the Lattes map g: C — > C discussed 
below illustrates this statement. If we equip C with a suitable visual 
metric for g (a flat orbifold metric with four conical singularities), then 
g behaves like a piecewise similarity map, where distances are scaled 
by the factor A = 2. 

The combinatorial expansion factor A (/) is invariant under topo- 
logical conjugacy (Proposition 118.31) and well-behaved under iteration 
(see (JTH3J). 

The invariant curve C in Theorem II .21 equipped with (the restriction 
of) a visual metric is a quasicircle. This follows from the following 
general fact applied to the map f n . 

Theorem 1.8. Let f: S 2 — > S 2 be an expanding Thurston map, and 
C C S 2 be a Jordan curve with post(/) cC. IfCis f -invariant, then C 
equipped with (the restriction of) a visual metric for f is a quasicircle. 

Properties of / are encoded in the geometry of (S 2 ,d), where d is 
a visual metric. For example, (S 2 , d) is a doubling metric space if and 
only if / has no periodic critical points (see Section [T7D . One can also 
recognize when / is topologically conjugate to a rational map. 

Theorem 1.9. Let f : S 2 — > S 2 be an expanding Thurston map, and d 
a visual metric for f . Then (S 2 , d) is quasisymmetrically equivalent to 
C if and only if f is topologically conjugate to a rational map. 

Here C is equipped with the chordal metric a. For the definition of 
quasisymmetric maps see Section [TBI 

If /: C — > C is an expanding Thurston map and rational, then the 
last theorem implies that the chordal metric a on C is quasisymmetri- 
cally equivalent to a visual metric; in general, a is not a visual metric 
itself. 

Thurston studied the question when a given Thurston map is rep- 
resented by a conformal dynamical system from a slightly different 
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viewpoint. He asked when a Thurston map /: S 2 — > S 2 is in a suitable 
sense equivalent (see Definition 13 .3j) to a rational map and obtained 
a necessary and sufficient condition [DHJ. For expanding Thurston 
maps his notion of equivalence actually means the same as topological 
conjugacy of the maps (Theorem 110.41) . 

The proof of Theorem 11.91 does not use Thurston's theorem men- 
tioned above. Indeed, none of our results relies on this fact. Thus, our 
methods possibly provide a different approach for its proof. 

It is not clear how useful Theorem 11.91 is for deciding whether an 
explicitly given expanding Thurston map is topologically conjugate to 
a rational map. It likely that our techniques can be used to formulate 
a more efficient criterion, but we will not pursue this further here. We 
content ourselves with a simple statement that easily follows from our 
results. 

Theorem 1.10. Let f: S 2 — >■ S 2 be a Thurston map with #post(/) = 
3. Then f is Thurston equivalent to a rational Thurston map. If the 
map f is expanding, then f is topologically conjugate to a rational 
Thurston map if and only if f has no periodic critical points. 

Theorem 11.21 can be used to study the topological and measure the- 
oretic dynamics of an expanding Thurston map / : S 2 — > S 2 under 
iteration. For example, we have h top (f) = log(deg(/)), where h top (f) is 
the topological entropy of / (Corollary 120.81) . The following statement 
gives information of the statistical behavior of / under iteration. 

Theorem 1.11. Let f : S 2 — » S 2 be an expanding Thurston map. Then 
there exists a unique measure fi of maximal entropy for f . The map f 
is mixing for /i. 

This theorem follows from results due to Haissinsky-Pilgrim |HP09t 
Thm. 3.4.1]. We will present a different proof and give an explicit 
description of [i in terms of the cell decompositions V n (F, C), where C is 
an invariant curve as in Theorem 1 1 . 2 1 and F = f n (see Proposition 120. 71 
and Theorem 120. 9p . 

If the map / has no periodic critical points, then the measure /i 
is Ahlfors regular. More precisely, if d is a visual metric for / with 
expansion factor A > 1, then for all balls with small radius r we have 

ji{B d {x,r)) x r Q , 

where Q = log(deg(/))/log(A) (Proposition 120.10]) . In particular, this 
number Q is the Hausdorff dimension of (S 2 , d). 

1.2. Lattes maps. The simplest expanding Thurston maps are Lattes 
maps. They were the first examples of rational maps whose Julia set 
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Figure 1. The Lattes map g. 



is the whole sphere. We will remind the reader of the construction by 
discussing a particular Lattes map in detail (see |La] and |Mi06] ) . 

The unit square [0, if C M 2 = C can be conformally mapped to the 
upper half-plane in C such that the vertices 0, 1, 1 + i, i of the square 
correspond to the points 0, 1, oo, —1, respectively. By Schwarz reflec- 
tion we can extend this to a map p: C — > C. Up to post-composition 
by a Mobius transformation this map is the classical Weierstrafi p- 
j 'unction; it is doubly periodic with respect to the lattice L := 2Z 2 and 
gives a double branched covering map of the torus T 2 := C/L to the 
sphere C. 

Consider the map 

^:C^C, u h-> V(u) := 2m. 

One can check that there is a well-defined and unique map g : C — V C 
such that the diagram 

(1.2) 




commutes. The map g is rational, in fact 

. z(l-z 2 ^ 
(1 + z 



9 (z)=4+-^ for zeC. 



The Julia set of g is the whole sphere. 

One can describe g geometrically as follows. There is an essentially 
unique orbifold metric on C (see, for example, [Mil App. E], and |McM[ 
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App. A] for the terminology) with four conical singularities whose pull- 
back by p is the Euclidean metric on C. Geometrically, the sphere 
equipped with this metric looks like a pillow. In general, a pillow is a 
metric space obtained from glueing two identical Euclidean polygons 
together along their boundary, equipped with the induced path-metric. 
In our case, the upper and lower half-planes in C equipped with the 
orbifold metric are isometric to copies of the square [0, l] 2 . If we glue 
two copies of this square along their boundaries, then we obtain the 
pillow. We color one of these squares, say the upper half-plane, white, 
and the other square, the lower half-plane, black. We divide each of 
these two squares in 4 smaller squares of half the side length, and 
color the 8 small squares in a checkerboard fashion black and white. 
If we map one such small white square to the large white square by a 
Euclidean similarity, then this map extends by reflection to the whole 
pillow. There are obviously many different ways to color and map the 
small squares. If we do this in an appropriate way as indicated in 
Figured], then we obtain the map g. 

The vertices where four small squares intersect are the critical points 
of g. They are mapped by g to the set {l,oo, — 1}, which in turn 
is mapped to {0}. The point is a fixed point of g. Hence g is a 
postcritically-finite map with post(g) = {0, l,oo, — 1}. So the post- 
critical points of g are the vertices of the pillow, which are, in more 
technical terms, the conical singularities of our orbifold metric. For 
the map g we can take n — 1 in Theorem ll.2[ and as the quasicircle 
C the extended real line R = EU {oo}. Note that R contains the set 
{0,l,oo,—l} of postcritical points of g. The set g _1 (R) is the set of 
all edges of the small squares on the left hand side of Figure [TJ, and so 
the tiling in the picture is determined by <7 _1 (R). 

Theorem 11.21 enables us to give a combinatorial description as in this 
example for some iterate of every expanding Thurston map / : S 2 — >■ S 2 . 
Indeed, suppose F = f n is an iterate of / for which there exists an 
invariant Jordan curve C C S 2 with post(/) = post(F) C C. Then 
we get a natural cell decomposition V° = T>°(F,C) of S 2 , consisting 
of the points in post(F) as vertices, the closures of the components of 
C \ post(F) as edges, and the closures of the two components of S 2 \ C 
as 2-dimensional cells or tiles. The cell-decomposition T>° pulls back 
under F (see Lemma 15.41) to a cell decomposition T> 1 = T> l (F,C) of S 2 
such that F is cellular for (D 1 ,!) ), i.e., for each cell c in T> 1 the map 
F\c is a homeomorphism of c onto a cell in T>°. Moreover, since C is F- 
invariant, T> 1 is a refinement of T>°. The pair (J) 1 ,!) ) together with a 
normalization essentially determines F uniquely (see Proposition 112.51 
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and Lemma \1 2. 71) . In this sense, F is described by finite combinatorial 
data. 

1.3. Related work. Part of this paper has overlap with work by other 
researchers, notably Hai'ssinsky-Pilgrim 1 IPO!) . and Cannon-Floyd- 
Parry [CFP07f . Theorem 11.11 was announced by the first author during 
an Invited Address at the AMS Meeting at Athens, Ohio, in March 
2004, where he gave a short outline of the proof. After the talk he was 
informed by W. Floyd that related results had independently obtained 
by Cannon-Floyd-Parry (which later appeared as [CFP07] ). 

Theorem 11.91 has already been published by Hai'ssinsky-Pilgrim as 
part of a more general statement |HP09t Thm. 4.2.11]. Special cases 
go back to work by the second author [Me02] and unpublished joint 
work by B. Kleiner and the first author. The current more general 
version seems to have emerged after a visit of the first author at the 
University of Indiana at Bloomington in February 2003. 

During this visit the first author explained concepts of quasiconfor- 
mal geometry to K. Pilgrim and his joint work with B. Kleiner on 
Cannon's conjecture in geometric group theory. K. Pilgrim in turn 
pointed out Theorem 110.41 and the ideas for its proof to the first au- 
thor. After this visit versions of Theorem 11.91 with an outline for the 
proof were found independently by K. Pilgrim and the first author. 

A proof of Theorem 11.91 was discovered soon afterwards by the au- 
thors using ideas from |Me02j (see |MelO] for an argument along similar 
lines) in combination with Theorem 11.21 

1.4. Outline of the paper and main ideas. The paper is organized 
as follows. After fixing some notation in Section [2J we review Thurston 
maps and some basic related concepts in Section We also give a 
precise definition of an expanding Thurston map (Definition I3.2p . 

We then collect general facts about cell decompositions in Section HI 
In particular, we introduce the concept of a cellular Markov partition 
(Definition 14. 8p . We will later show in Section [9] that under some 
additional assumptions a continuous map on a compact metric space is 
a factor of a subshift of finite type if it has a cellular Markov partition 
(Proposition 19. ip . 

In Section we specialize to cell decompositions on 2-spheres. Lem- 
ma 15.21 shows how to construct branched covering maps and Thurston 
maps from cell decompositions. One can pull-back a cell decomposition 
D of a 2-sphere by a branched covering map / if the vertex set V of 
T> contains the critical values of / (Lemma 15. 4p . Since the set post(/) 
contains the critical values of all iterates of a Thurston map /, this 
applies to all iterates f n if post(/) C V. 
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We use this in Section |6] to show that if / : S 2 — > S 2 is a Thurston 
map and C C S 2 a Jordan curve with post(/) C C, then we obtain a 
natural sequence V n = V n (f,C) of cell decompositions of S 2 . These 
cell decompositions are our most important technical tool for studying 
Thurston maps. Their properties are summarized in Proposition 16.11 
Simple applications are Proposition 16.31 which gives a classification of 
all Thurston maps / with #post(/) = 2 up to Thurston equivalence, 
and Corollary 16.41 showing that for an expanding Thurston map / we 
have #post(/) > 3. 

In general, the cell decompositions T> n = T> n (f, C) are not compatible 
for different levels n unless the Jordan curve C is /-invariant. To over- 
come the ensuing problems, we introduce the concept of an n-flower 
W n (p) of a vertex p in the cell decomposition T> n (Section [7]). The set 
W n (p) is formed by the interiors of all cells in T> n that meet p (see 
Definition 17.11 and Lemma I7.2p . An important fact is that while in 
general a component of the preimage f~ n (K) of a small connected set 
K will not be contained in an n-tile (i.e., a 2-dimensional cell in D n \ 
it is always contained in an n-flower (Lemma 17.81) . 

In Section [7J we also define a quantity D n = D n (f,C) that measures 
the combinatorial expansion rate of a Thurston map. It is given by 
the minimal number of n-tiles needed to form a connected set joining 
"opposite sides" of C (see (I7.4p and Definition 17. 6p . 

Visual metrics for expanding Thurston maps are introduced in Sec- 
tion |8j Their most important properties are stated in Proposition 18.91 
and LemmaETOl In particular, if / : S 2 — > S 2 is an expanding Thurston 
map, and d a visual metric, then the <i-diameters of cells in T> n will ap- 
proach at an exponential rate as n — > oo. This implies that lifts of 
paths under f n shrink to exponentially fast if n — > oo (Lemma 18. lip . 
This fact is of crucial importance. It implies that every expanding 
Thurston map is a factor of a shift operator (see Section [9] where The- 
orem 11.61 is proved) . 

The exponential shrinking of lifts will also be used in Section [10] to 
show that if two expanding Thurston maps are Thurston equivalent, 
then they are topologically conjugate (Theorem I10.4H . The idea for 
the proof is to lift an initial isotopy repeatedly to obtain a sequence 
of isotopies that form a "tower" . If the Thurston maps are expanding, 
then the diameters of the tracks of these isotopies shrink fast enough 
so that the isotopies converge to a time independent homeomorphism 
that provides the desired conjugacy. In this section we also prove some 
results on isotopies of Jordan curves. 

In the next Section[TT]we study the cell decomposition T> n = T> n (f, C) 
under the additional assumption that C is /-invariant. In this case 
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X> n+ is a refinement of T> n for all n,k G No; on a more intuitive 
level, each cell in any of the cell decompositions D n is "subdivided" 
by cells on a higher level. Moreover, the pair (T> n+k ,V n ) is a cellular 
Markov partition for / (Proposition 111. IT) . If a Thurston map has an 
invariant Jordan curve C with post(/) C C, then it can be described by 
a two-tile subdivision rule (Definition 112.41) as discussed in Section [T2l 
The main result here is Proposition 112.51 that gives a general method 
for constructing Thurston maps with invariant curves from a two-tile 
subdivision rule (see Definition 112.11 and the following discussion). 

We call / combinatorially expanding for an invariant curve C if there 
exists a number ji gN such that D no (f, C) > 2 (Definition lll.4l) . This 
means that there exists n e N so that no no-tile joins opposite sides of 
C. In this case the numbers D n = D n (f, C) grow at an exponential rate 
as n — > oo (Lemma lll.3p . It is easy to see that if / is an expanding 
Thurston map, then D n (f,C) — > oo as n — > oo. In particular, if C is 
/-invariant, then / is combinatorially expanding for C. The converse is 
not true in general, but in Section [12] we show that every combinatori- 
ally expanding Thurston map is (Thurston) equivalent to an expanding 
Thurston map (Proposition 113.11 and Corollary 113. 18p . 

The intuitive reason for his is that if the diameters of the tiles in 
V n (f,C) fail to shrink to zero as n — > oo, then one can "correct" the 
map / so that this becomes true without affecting the combinatorics 
of the cell decompositions V n (f,C). 

It is somewhat cumbersome to implement this idea. We do this by 
introducing an equivalence relation that forces descending sequences of 
n-tiles to shrink to points as n — > oo. We then invoke Moore's theorem 
(Theorem 1 13. 4p to show that the quotient space of the original 2-sphere 
S 2 by this relation is also a 2-sphere S 2 . The original Thurston map 
/ : S 2 — > S 2 descends to a map / : S 2 — > S 2 and one can show that / is 
an expanding Thurston map that is equivalent to the original map /. 

Section [TH contains some auxiliary statements on graphs. The main 
result is Lemma 114.51 that gives a sufficient criterion when a Jordan 
curve can be isotoped into the 1-skeleton of a cell decomposition of a 
2-sphere. 

Existence and uniqueness results for invariant Jordan curves are 
proved in Section [T5J This section constitutes the center of the present 
work. Here we establish Theorems II. 2\ II. 3| and ll.4| and Corollary 11.51 
Among these statements Theorem 11.21 is the most difficult to prove. It 
is based on Lemma 114.51 and Theorem 11.31 

Roughly speaking, the idea for the proof of Theorem 11.21 can be 
summarized as follows. Let /: S 2 — > S 2 be an expanding Thurston 
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map, and C C S 2 be a Jordan curve with post(/) C C. Consider the 
cell decompositions V" = V n (f,C) of S 2 induced by / and C. If n is 
large enough, one can find a homeomorphism ip of S 2 that maps C into 
the 1-skeleton f~ n (C) of D n and is isotopic to the identity on S 2 by an 
isotopy that fixes the points in post(/). Essentially, this follows from 
the fact that / is expanding and so the 1-skeleton f~ n (C) of T> n forms 
a fine "grid" in S 2 for n large. This grid contains post(/) and allows 
us to trace the curve C closely. 

The map F = ip o f n will be a Thurston map with an invariant curve 
C = ip{C) D post(F) = post(/). Moreover, if n is large enough, then 
F is combinatorially expanding. Actually, we can even assume that F 
is expanding, because if necessary, the map can be "corrected" to have 
this property (Corollary ll3.18p . The expanding Thurston maps F = f n 
and F are Thurston equivalent and hence topologically conjugate by 
Theorem 110.41 Since the map F has the invariant Jordan curve C, one 
obtains an F-invariant curve with the desired properties as an image 
of C under a homeomorphism that conjugates F and F. 

In Section [16] we review the notion of a quasicircle and prove Theo- 
rem 11.81 We also show that if / : S 2 — > S 2 is an expanding Thurston 
map, S 2 is equipped with a visual metric d for S 2 , and the cell decompo- 
sitions T> n (f, C),n G No, are obtained from an /-invariant Jordan curve 
C, then the edges in these cell decompositions are uniform quasiarcs and 
the boundaries of tiles are uniform quasicircles (Proposition 116.2]) . 

If /: S 2 — > S 2 is an expanding Thurston map and S 2 is equipped 
with a visual metric d for /, then (S 2 , d) has some properties that 
are important in the analysis of metric spaces. For example, (S 2 ,d) 
is linearly locally connected (Proposition 116.31) . Moreover, (S 2 ,d) is a 
doubling metric space if and only if / : S 2 — » S 2 has no periodic critical 
points (Theorem 1 17. 21) . Actually, the absence of periodic critical points 
even implies that {S 2 ,d) is Ahlfors regular (Proposition 120.10]) . 

In Section [18] we revisit visual metrics. We introduce the combina- 
torial expansion factor A (/) associated with an expanding Thurston 
map / and prove Theorem 11.71 

The topic of Section [TH] are rational Thurston maps on the Riemann 
sphere C. For such maps the notion of expansion can be characterized 
in more familiar terms (Proposition ll9.il) . Here we prove Theorems ll.il 
Ol and QUI 

In Section [2U] we study the dynamics of an expanding Thurston map 
from a measure theoretic point of view. The main result is Theo- 
rem 120.91 which gives an explicit description of the unique measure of 
maximal entropy. 
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We list some open problems in the final Section EU 
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1.5. Examples of Thurston maps. Throughout the paper we con- 
sider several examples of Thurston maps to illustrate various phenom- 
ena. We list them here with a short description for easy reference. The 
relevant terms used in these descriptions are later defined in the body 
of the paper. 

A Lattes map was considered in Section 11.21 

The map in Example 112.101 is fi{z) = z 2 — 1; it realizes a two-tile 
subdivision rule that is not combinatorially expanding. 

In Example 112.111 there are two maps and f2 that both realize the 
barycentric subdivision rule. The map f2 is a rational map, but it is 
not expanding (i.e., its Julia set is not the whole Riemann sphere C). 
The map f'2 however is expanding. It is an example of an expanding 
Thurston map with periodic critical points. 

The map f'3 in Example 112.121 (realizing a certain two-tile subdivision 
rule) is an obstructed map. This means f'3 is not Thurston equivalent 
to a rational map. 

The map in Example 112.131 is again not Thurston equivalent to 
a rational map. While somewhat easier than the map f% in Example 
112.121 it is less generic, since has a parabolic orbifold, whereas has 
a hyperbolic orbifold. The map realizes the 2-by-3 subdivision rule. 
With respect to a suitable visual metric for / 4 , the sphere S 2 consists 
of two copies of a Rickman's rug. 

In Example 112.141 a whole class of maps is considered. The first one 
is the map fs{z) = 1 — 2/z 2 which realizes a simple two-tile subdivision 
rule. By "adding flaps" we obtain the other maps. All these maps are 
rational; in fact they are given by an explicit formula, which makes 
them easy to understand and visualize. 

In Example 1 1 3 . 201 we consider a Thurston map / that is not combina- 
torially expanding, yet Thurston equivalent to an expanding Thurston 
map g. This shows that the sufficient condition in Proposition 113. ll is 
not necessary. 

In Example 115.11 we illustrate the main ideas of Section [T5J In par- 
ticular, we show how for a specific map / an /-invariant curve C with 
post(/) C C is constructed; see Figure [TBI 
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In Example 115.41 we show that the Lattes map g from Section 11.21 
has infinitely many distinct g- invariant curves C with post (g) C C. 

In Example 1 1 5 . 5 1 we consider an expanding Thurston map / for which 
no /-invariant Jordan curve C with post(/) C C exists. 

In Remark 115.101 we show that the /"-invariant curve C given by 
Theorem 11.21 will in general depend on n. 

In Example 115. Ill we use another Lattes map to illustrate an iterative 
construction of invariant curves; see Figure [5TJ 

Example 115.171 shows what can happen if one of the necessary con- 
ditions in the iterative procedure for producing invariant curve is vio- 
lated. Namely, the "limiting object" C is not a Jordan curve anymore. 
The map used to illustrate this phenomenon is again a Lattes map. 

In Example 115.181 (again a Lattes map) we obtain a non-trivial (in 
particular non-smooth) invariant curve that is rectifiable. 

In Example 118.51 we exhibit an expanding Thurston map / for which 
no visual metric with expansion factor A equal to the combinatorial 
expansion factor A (/) exists. This shows that part (ii) in Theorem II .71 
cannot be improved. 

2. Notation 

We denote by N = {1,2,...} the set of natural numbers, and by N = 
{0,1,2....} the set of natural numbers including 0. The symbol i 
stands for the imaginary unit in the complex plane C. We define D : = 
{z G C : \z\ < 1} as the open unit disk in C. 

Let (X, d) be a metric space, a £ X and r > 0. We denote by 
Bd(a,r) = {x G X : d(a,x) < r} and by B d (a,r) = {x G X : d(a,x) < 
r} the open and the closed ball of radius r centered at a, respectively. 
If A, B C X, we let diam^A) be the diameter, A be the closure of A 
in X, and 

dist rf (v4, B) = M{d(x, y) : a G A,y G B} 

be the distance of A and B. If p G X, we let dist<f(p, A) = distd({p}, A). 
If e > then 

Nl{A) := {x G X : dist d (a;, A) < e} 

is the open e- neighborhood of A. We drop the subscript d in B^a, r), 
etc., if the metric d is is clear from the context. 

The cardinality of a set M is denoted by #M and the identity map 
on M by idM- If /: M — > M is a map, then f n for n G N is the n-th 
iterate of /. We set /° := idju- 

Two non-negative quantities a and b are said to be comparable if there 
is a constant C > 1 depending on some obvious ambient parameters 
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such that 

-a<b< Ca. 

We then write a x b. The constant C is referee! to by C(x). We write 
a < b or b > a, if there is a constant C > such that a < Cb. We refer 
to the constant as C(<) or C(>). 

3. Thurston maps 

Let S 2 be a topological 2-sphere with a fixed orientation, and / : S 2 — > 
S" 2 be a continuous map. Then / is called a branched covering map of 
S" 2 if we can write it locally as the map z z d for some al G N after 
orientation-preserving homeomorphic changes of coordinates in domain 
and range. More precisely, we require that for each point p G S 2 
there exists d G N, open neighborhoods U of p and V of g = f(p), 
open neighborhoods C/ 7 and V of G C and orientation-preserving 
homeomorphisms U —tU' and V — > V with </?(p) = and 
if)(q) = such that 

for all z <EU'. 

The integer d =:degj(p) > 1 is uniquely determined by / and p, 
and called the local degree of the map / at p. A point c 6 S 2 with 
degy(c) > 2 is called a critical point of /, and a point that has a 
critical point as a preimage a critical value. The set of all critical 
points is denoted by crit(/). Obviously, if / is a branched covering 
map on S 2 , then crit(/) only consists of isolated points and is hence 
a finite subset of S 2 . Moreover, / is an open and surjective mapping, 
and finite-to-one, i.e., every point has finitely many preimages under 
/. More precisely, if deg(/) is the topological degree of /, then 

de S/(p) = de g(/) 

for every q G S 2 (see [Hat Sect. 2.2]). In particular, if q is not a critical 
value of /, then q has precisely deg(/) preimages. 

For n e N we denote by f n the n-th iterate of / (where f° := id,j2). 
If / is a branched covering map on S 2 , then the same is true for /" 
and we have deg(/ n ) = deg(/) n and 

(3.1) crit(r) = crit(/) U /- 1 (crit(/)) U ■ ■ ■ U /-(- 1 )(crit(/)). 
The set of postcritical points of / is defined as 

post(/):= \J{f n (c) :cGcrit(/)}. 

nGN 
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If the cardinality #post(/) is finite, then / is called postcritically- 
finite. 

For neNwe have post(/ n ) = post(/) and f n (cnt(f n )) C post(/). 
The last inclusion implies that away from post(/) each iterate f n is a 
covering map and all "branches of the inverse of f n " are defined; more 
precisely, if U C >S 2 \post(/) is a path connected and simply connected 
set, q G U, and p G S 2 a point with f n (p) = q, then there exists a 
unique continuous map g: U —> S 2 with g(q) = p and f n og — id;y. 
Informally, we refer to such a right inverse of f n as a "branch of /~ n " . 

We can now record the definition of the main object of investigation 
in this paper. 

Definition 3.1 (Thurston maps). A Thurston map is a branched cov- 
ering map / : S 2 — > S 2 of a 2-sphere S 2 with deg(/) > 2 and finite set 
of postcritical points. 

There are no Thurston maps with # post(/) G {0, 1} (see Remark 15.51) . 
and all Thurston maps with # post(/) = 2 are Thurston equivalent (see 
below) to a map z z , k G Z \ { — 1,0, 1}, on the Riemann sphere 
(see Proposition 16. 3p . 

Let / : S 2 — > S 2 be a Thurston map and C be a Jordan curve in S* 2 
with post(/) C C. We fix a metric d on S" 2 that induces the standard 
topology on S 2 . For n G N we denote by mesh(/, n, C) the supremum 
of the diameters of all connected components of the set f~ n (S 2 \ C). 

Definition 3.2 (Expansion). A Thurston map /: S 2 — > S 2 is called 
expanding if there exists a Jordan curve C in S 2 with post(/) C C and 

(3.2) lim mesh(/, n, C) = 0. 

As we will see later, the set f~ n (S 2 \ C) has only finitely many com- 
ponents, so the supremum in the definition of mesh(/, n, C) is actually 
a maximum. 

We will also prove (see Lemma IHTTj) that if the relation (13. 2p is satis- 
fied for one Jordan curve C D post(/), then it actually holds for every 
such curve. 

Note further that this really is a topological property, as it is inde- 
pendent of the choice of the metric on S 2 if it induces the given topology 
on S 2 . Our notion of expansion for a Thurston map is equivalent to 
a similar concept of expansion introduced by Haissinky-Pilgrim (see 
[HP091 Sect. 2.2] and Proposition E2J. 

If the Thurston map is a rational map /: C — > C on the Riemann 
sphere C, then one can show that / is expanding if and only if / does 
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not have periodic critical points if and only if its Julia set is equal to 
C (see Section [19] for more details). 

To define a suitable notion of equivalence for Thurston maps we 
recall the definition of an isotopy between spaces. Let I = [0, 1], and 
X and Y be topological spaces. An isotopy between X and Y is a 
continuous map 0: X x I — > Y such that each map <p t '■= 4>(-, t), t E I, 
is a homeomorphism of X onto Y. 

For a subset A of X, we say is an isotopy relative to A (abbreviated 
"</> is an isotopy rel. A") if 0t(a) = <po{a) for all a e A and t G /. So 
this means that the image of each point in A remains fixed during the 
isotopy. Two homeomorphisms (p, ip : X — > Y are called isotopic rel. A 
if there exists an isotopy <fi : JxJ->7 rel. A with O = an d </>i = ip- 

Definition 3.3 (Thurston equivalence). Two Thurston maps /: S 2 — > 
S 2 and g: S 2 — > S 2 are called (Thurston) equivalent if there exist 
homeomorphisms ho, hi'. S 2 — > S 2 that are isotopic rel. post(/) and 
satisfy h o f = g o hi . 

Here S 2 is another 2-sphere. Often S 2 = S 2 , but sometimes it is 
important to distinguish the spheres on which the Thurston maps are 
defined. 

For equivalent Thurston maps as in Definition 13.31 we have the fol- 
lowing commutative diagram: 

(3-3) S 2 S 2 



f 



y 



s 2 s 2 . 

Note that in this situation 

(3.4) post(<?) = /i (post(/)) = /n(post(/)). 
Indeed, it is clear that 

(3.5) crit(^) = /n(crit(/)). 

Moreover, since ho\ post(/) = h±\ post(/) and / ?l (crit(/)) C post(/) for 
all iieN, the relation ( 13. 5 p inductively implies 

^(crit(^)) = ^ (/ n (crit(/))) = ^(r(crit(/))) 

for all n6N. Hence 

post(^) = |J g n (cnt(g)) = |J ho(r(crit(/))) 

nGN 7i6N 

= /io(post(/)) = /ii(post(/)) 
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as desired. 

We call the maps / and g topologically conjugate if there exists a 
homeomorphism h: S 2 — > S 2 such that h o f = g oh. We will see 
later (see Theorem 110.41) that if two expanding Thurston maps are 
equivalent, then they are topologically conjugate. 

If S 2 and S 2 are 2-spheres, /: S 2 — > S 2 is an expanding Thurston 
map and g: S 2 — > S 2 is a topologically conjugate to /, then g is also 
an expanding Thurston map. So the notion of an expanding Thurston 
map is invariant under topological conjugacy. 

4. Cell decompositions 

In this section we review some facts about cell decompositions. Most 
of this material is fairly standard. For the purpose of the present paper 
we could have restricted ourselves to cell decompositions of subsets of 
a 2-sphere, but it is more transparent to discuss the topic in greater 
generality. At first reading the reader may want to skim through this 
section to pick up relevant definitions and statements. 

A crucial concept introduced in this section is the notion of a "cellular 
Markov partition" (Definition I4.8[) of a map. One can show that if a 
map admits a cellular Markov partition, then its dynamics is linked to 
symbolic dynamics; in particular, it is a factor of a subshift of finite 
type (see Proposition 19.11) . 

In the following X will always be a locally compact Hausdorff space. 
A ( closed topological) cell of dimension n = dim(c) e N in X is a set c C 
X that is homeomorphic to the closed unit ball B in M. n . We denote by 
dc the set of points corresponding to dM under such a homeomorphism 
between c and B . This is independent of the homeomorphism chosen, 
and the set dc is well-defined. We call dc the boundary and int(c) = 
c\dc the interior of c. Note that boundary and interior of c in this sense 
will in general not agree with the boundary and interior of c regarded 
as a subset of the topological space X. A cell of dimension is X is a 
set c C X consisting of a single point. We set dc = and int(c) = c in 
this case. 

Definition 4.1 (Cell decompositions). Suppose that T> is a collection 
of cells in a locally compact Hausdorff space X. We say that D is a 
cell decomposition of X provided the following conditions are satisfied: 

(i) the union of all cells in T> is equal to X, 

(ii) we have hit (a) PI int(r) = 0, whenever o~,t G T>, o ^ r, 

(iii) if r G T>, then dr is a union of cells in T>, 



22 



MARIO BONK AND DANIEL MEYER 



(iv) every point in X has a neighborhood that meets only finitely 
many cells in T>. 

If V is a collection of cells in some ambient space X, then we call V 
a cell complex if V is a cell decomposition of the underlying set 



Suppose V is a cell decomposition of X. By (iv), every compact 
subset of X can only meet finitely many cells in T>. In particular, if X 
is compact, then T> consists of only finitely many cells. Moreover, for 
each r G T>, the set Or is compact and hence equal to a finite union of 
cells in T>. It follows from basic dimension theory that if dim(r) = n, 
then dr is equal to a union of cells in V that have dimension n — 1. 

The union X n of all cells in V of dimension < n is called the n- 
skeleton of the cell decomposition. It is useful to set X^ 1 = 0. It 
follows from the local compactness of X and property (iv) of a cell 
decomposition that X n is a closed subset of X for each n E N . 

By the last remark in the previous paragraph, we have dr C X™ -1 
for each r EV with dim(r) = n. 

Lemma 4.2. Let V be a cell decomposition of X . Then for each n E No 
the n-skeleton X n is equal to the disjoint union of the sets int(c) ; c EV, 
dim(c) < n. Moreover, X is equal to the disjoint union of the sets 
int(c) ; c ET>. 

Proof. We show the first statement by induction on n G No- Since 
int(c) = c for each cell c in D of dimension 0, it is clear that X° is the 
disjoint union of the interiors of all cells c EV with dim(c) = 0. 

Suppose that the statement is true for X n , and let p E X n+1 be 
arbitrary. If p E X n , then p is contained in the interior of a cell 
c E V with dim(c) < n by induction hypothesis. In the other case, 
p E X n+1 \ X n , and so there exists c E V with dim(c) = n + 1 and 
pEc. Since dc C X n , it follows that p E c\dc = int(c). So X n+l is the 
union of the interiors of all cells c in T> with dim(c) < n+1. This union 
is disjoint, because distinct cells in a cell decomposition have disjoint 
interiors. 

The second statement follows from the first, and the obvious fact 



The lemma immediately implies that if r G V and dim(r) = n, then 
each point p E int(r) is an interior point of r regarded as a subset of 
the topological space X n . 



f| = U( 



c:cEV}. 



that X = U„ 6No X\ 



□ 



Lemma 4.3. Let V be a cell decomposition of X. 
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(i) If a and r are two distinct cells in V with a fl r 7^ 0, £/ien 
one 0/ £/ie following statements holds: a C <9r ; r C <9cr ; or 
<7 fl r = <9o~ n dr and this intersection consists of cells in T> of 
dimension strictly less than min{dim(o"), dim(r)}. 

(ii) If a, ti, . . . , T n are cells in T> and int(er) fl (t\ U • • • U r n ) 7^ 0, 
i/jen o" C Tj /or some i G {1, . . . , n}. 

Proof, (i) We may assume that I = dim(cr) < m = dim(r), and prove 
the statement by induction on to. The case m = is vacuous and 
hence trivial. Assume that the statement is true whenever both cells 
have dimension < m. If Z = to then by definition of a cell decomposition 
int(cx) is disjoint from r C int(r) U X m_1 , and similarly int(r) fl a — 0. 
Hence a fl r = <9r fl da. Moreover, both sets da and dr consist of 
finitely many cells in T> of dimension < m — 1 . Applying the induction 
hypothesis to pairs of these cells, we see that dr fl da consists of cells 
of dimension < m as desired. 

If I < m, then a C X m_1 and so a fl int(r) = 0. This shows that 
a fl r = er fl <9r. Moreover, we have 9r = Ci U • • • U c s , where Ci, . . . , c s 
are cells of dimension to — 1. So we can apply the induction hypothesis 
to the pairs (a, q). If <t = q or c C <9q for some i, then a C <9r; we 
cannot have C <9<r, because q has dimension to — 1, and <9o~ is a set 
of topological dimension < to — 1. So if none of the first possibilities 
occurs, then a fl Cj = or <r fl Cj = da fl 9c, and this set consists of cells 
of dimension < / (by induction hypothesis) contained in <9q C q C <9t 
for all i In this case a fl r = <9er fl <9r, and this sets consists of cells of 
dimension < I as desired. The claim follows. 

(ii) There exists % G {1, . . . , n} with int(a) fl r { ^ 0. By the alterna- 
tives in (i) we then must have a = or a C <9Tj. Hence a C Tj. □ 

Lemma 4.4. Lei A C X be a closed set, and U C X \ A a nonempty 
open and connected set. If dU C A, then U is a connected component 
ofX\A. 

Proof. Since U is a nonempty connected set in the complement of A, 
this set is contained in a unique connected component V of X \ A. 
Since dU C A C X \ V, we have V HU = VnU = U showing that U 
is relatively open and closed in V. Since U 7^ and V is connected, it 
follows that U — V as desired. □ 

Lemma 4.5. Lei V be a cell decomposition of X with n-skeleton X n , 
n G { — 1} U No. Then for each n G No the nonempty connected compo- 
nents of X n \ X n ~ l are precisely the sets int(r), r 6D, dim(r) = n. 

Proof. Let r be a cell in V with dim(r) = n. Then int(r) is a connected 
set contained in X n \ X n ~ l that is relatively open with respect to X n . 
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Its relative boundary is a subset of dr and hence contained in the closed 
set X 71 ^ 1 . It follows by Lemma H31 that int(r) is equal to a component 

V oi X n \X n ~ l . 

Conversely, suppose that V is a nonempty connected component of 
X n \ X n ~ x . Pick a point p £ V. Then p lies in the interior of a unique 
cell reD with dim(r) = n. It follows from the first part of the proof 
that V = int(r). □ 

Definition 4.6 (Refinements). Let T>' and T> be two cell decomposition 
of the space X. We say that T>' is a refinement of T> if the following 
two conditions are satisfied: 

(i) For every cell a eD' there exits a cell r G X> with aCr. 

(ii) Every cell r 6 D is the union of all cells a eP' with o Gt. 

It is easy to see that if T>' is a refinement of and r6D, then the 
cells o~ G X?' with a C r form a cell decomposition of r. Moreover, 
every cell in T>' arises in this way. So roughly speaking, the refinement 

V of the cell decomposition T> is obtained by decomposing each cell in 
T> into smaller cells. We informally refer to this process as subdividing 
the cells in D by the smaller cells in V. 

Lemma 4.7. LetV andT> be two cell decompositions of X, andV be 
a refinement ofT>. Then for every cell a G T>' there exists a minimal 
cell t G T> with a C r, i.e., if r G T> is another cell with a Gt, then 
t Gt. Moreover, r is the unique cell with int(er) C int(r). 

Proof. First note that if o G T>', r 1; . . . , r„ G T> and 

int(a) n (n U • • • U r n ) ^ 0, 

then o G Ti for some % G {1, . . . , n}. Indeed, by definition of a refine- 
ment the union of all cells in T>' contained in some Ti covers T\ U • • -Ur n . 
Hence this union meets hit (a). It follows from Lemma [4.31 (ii) that o 
is contained in one of these cells from V and hence in one of the cells 

Now if a G T>' is arbitrary, then a is contained in some cell of T> by 
definition of a refinement, and hence in a cell rGPof minimal dimen- 
sion. Then r is minimal among all cells in T> containing a. Indeed, let 
r^r be another cell in T> containing a. We want to show that r Gt. 

One of the alternatives in Lemma 14.31 (i) occurs. If r C dr G r we 
are done. The second alternative, r G dr, is impossible, since r has 
minimal dimension among all cells containing a. The third alternative 
leads to leads toffCrnr = 9rn dr, where the latter intersection 
consists of cells in T> of dimension < dim(r). By the first part of 
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the proof a is contained in one of these cells, again contradicting the 
definition of r. Hence r is minimal. 

We have hit (a) C int(r); for otherwise int(er) meets dr which is a 
union of cells in T>. Then a would be contained in one of these cells by 
the first part of the proof. This contradicts the minimality of r. 

Finally, it is clear that r G T> is the unique cell with int(cr) C int(r), 
because distinct cells in a cell decomposition have disjoint interior. □ 

Definition 4.8 (Cellular maps and cellular Markov partitions). Let D' 
and T> be two cell decompositions of X, and / : X — > X be a continuous 
map. We say that / is cellular for (V, T>) if the following condition is 
satisfied: 

If a G D' is arbitrary, then f(o~) is a cell in T> and f\a is a 
homeomorphism of o onto f(o~). 

If / is cellular with respect to (£>', T>) and V is a refinement of T>, 
then the pair (£>', T>) is called a cellular Markov partition for /. 

Lemma 4.9. LetV andT> be cell decompositions of X, and f: X — > X 
be a continuous map that is cellular for (V,T>). Suppose that a' G T>' , 
t eV, and t C f{cr'). 

Then there exists r' G T>' with r' C a' and f(r') = r. 

Proof. Note that f\o~' is a homeomorphism of a' onto o = f{o~'). Pick 
a point q G int(r). Then there exists a point p G o' with f(p) = q, and 
a cell t' G T>' with p G int(r'). Then int(r') meets a' and so r' C a' 
(Lemma 14.31 (h)). Moreover, f(r') is a cell in D with g = f(p) G 
int(/(r')). It follows that r = /(r'). □ 

Proposition 4.10. Let V and T> be two cell decompositions of X, 
and f : X — > X be a continuous map. If (£>', T>) is a cellular Markov 
partition for f , then there exist unique cell decompositions T> n of X for 
n G No such that 

(i) T>° = T>, T> 1 = V , and T> n+l is a refinement ofV" for n G No, 

(ii) each pair (V n+1 , V n ), n G No, is a cellular Markov partition for 

Note that this implies that T> n+h is a refinement of T> n , and f k is 
cellular with respect to (V n+k ,V n ) for all n, k G N . So (V n+k ,V n ) is 
a cellular Markov partition for f k . 

Proof. The cell decompositions T> n are constructed inductively. Let 
V° = V and V 1 = V. 

The idea for constructing the refinement T> 2 oiT> 1 is very simple: we 
want to decompose a cell a G T> 1 into cells in a similar way, as the cell 
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/(er) G T>° is decomposed by the cells a' C /(cr) in V 1 . Accordingly, 
we define the set V 2 as 

V 2 = {(/K)"V) : *y G V 1 and a C f{o')}. 

Then D 2 consists of cells. Indeed, if a, a' G T> 1 and a C f(&'), then 
/|cr' is a homeomorphism of a' onto /(cr') G T>°. Hence the preimage 
A := (/|cr') _1 (cr) of the cell a under this homeomorphism is a cell. Note 
that the cell o = /(A) is uniquely determined by A, but cr' in general 
is not. 

We now show that T> 2 is a cell decomposition of X by verifying the 
conditions (i)-(iv) of Definition 14.11 

Condition (i): Let x G X be arbitrary. Then there exists cr' G 
with x G cr'. The set /(cr') is a cell in X>°. Since T> 1 is a refinement of 
V°, there exists a cell a eV 1 with /(x) GffC /(cr'). Then (/|<r') _1 ( CT ) 
is a cell in T> 2 that contains x. It follows that the cells in T> 2 cover X. 

Condition (ii): Let Ai, A2 G D 2 be arbitrary, and assume that int(Ai)n 
int(A2) 7^ 0. We have to show that Ai = A2. We have int(/(Aj)) = 
/(int(Aj)) for i = 1,2. So /(Ai) and /(A2) are cells in V 1 with a 
common interior point. Hence o := /(Ai) = /(A2) G X* 1 . 

By definition of T> 2 there exist cells a,i G X^ 1 with a C /(c.j) and 
Aj = (/|cri) _1 (cr) for i — 1,2. Let r be the minimal cell in 22° that 
contains a. Then a C r C /(01) fl /(cr 2 ). By Lemma 1431 there exist 
cells cr^ G V 1 with crj C cr^ and /(aj) = r for i = 1, 2. 

By Lemma 14.71 we have int (cr) C int(r). Applying the homeomor- 
phism (/|crj) -1 to both sets in this inclusion, we obtain int(Aj) C int(o^) 
for i = 1,2. It follows that a\ and a2 are cells in T> 1 with a common 
interior point. Hence a± = a%, and so 

Ax = (/ki)" 1 ^) = (/|5x)-» = (/loFa)- 1 ^) = (f\a 2 )-\a) = A 2 

as desired. 

Condition (iii): Let A G T> 2 and x G 9A be arbitrary. Then there 
exist cells a, a 1 G V 1 with cr C /(cr') and A = (/|cr') _1 (cr). Moreover, 
cr = /(A) and so f(x) G <9cr. By definition of a cell decomposition there 
exists a cell cr G T) 1 with /(x) C a C do. Then A = (/|cr') _1 (cr) is a 
cell in T> 2 with x G A C d\. It follows that (9A is a union of cells in T> 2 . 

We have verified conditions (i)-(iii) in the definition of a cell decom- 
position. Before we prove the last condition (iv), we will first show 
that T> 2 has the required properties of a refinement. 

Indeed, if A G V 2 and o~,cr' G V 1 are such that cr c /(cr') and 
A = (/|a')- 1 (a),then 

Ac(/|a')- 1 (/( ( x')) = cr'. 
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So every cell in T> 2 is contained in a cell in D 1 . 

Moreover, let a' G V 1 and x G a' be arbitrary. Then f(cr') is a cell in 
X>° containing f(x). Since is a refinement of T>° there exists ueD 1 
with /(x) G o- C /(</). Then A = (/|cr') _1 (cr) is a cell in V 2 with 
x G A C cr'. It follows that every cell in V 1 is a union of cells in V 2 . 

Moreover, this is a finite union. Indeed, if a 1 G T) 1 , then /|cr' induces 
a bijection of the cells in T> 2 contained in a' and the cells in V 1 contained 
in f(o~') G T> . Since the latter set is finite, the former is finite as well. 

Condition (iv): This can now easily be established. If p G X is 
arbitrary, then there exists a neighborhood U of p that meets only 
finitely many cells in V 1 . Every cell in V 2 that meets U must be 
contained in one of these finitely many cells from D 1 . Since every cell 
in T> 1 contains only finitely many cells in T> 2 , it follows that U meets 
only finitely many cells in T> 2 . 

We have proved that T> 2 is cell decomposition of X that is a refine- 
ment of V 1 . It immediately follows from the definition of V 2 that / 
is cellular with respect to (V 2 ,!) 1 ). Therefore, (V 2 ,!) 1 ) is a cellular 
Markov partition for /. 

To show uniqueness of V> 2 suppose that T> 2 is another cell decompo- 
sition of X such that (V 2 ^ 1 ) is a cellular Markov partition for /. 

Then V 2 C V 2 . Indeed, let A G V 2 be arbitrary. Since V 2 is a 
refinement of V 1 , there exists a cell a' G V 1 with A C a'. Moreover, 
o = /(A) is a cell in V 1 and cr C f{o~'). Since f\a' is a homeomorphism 
of cr' onto /(cr') it follows that 

A = G V 2 . 

If the inclusion X> 2 C V 2 were strict, then there would be a cell in 
V> 2 whose interior would be disjoint from the interior of all the cells in 
T> 2 . This is impossible, because T> is a cell decomposition of X and so 
the interiors of the cells in T> form a cover of X. So T> 2 = T> 2 . 

We have shown the existence and uniqueness of a cell decomposi- 
tion T> 2 of X with the desired properties. Now V 3 is constructed from 
(V 2 ,!) 1 ) in the same way as V 2 was constructed from (V 1 ,!) ). Con- 
tinuing in this manner we get the desired existence and uniqueness of 
the cell decompositions V n . □ 

Remark 4.11. The main idea of the previous proof can be summarized 
by saying that if the cell decompositions T> n and T> n ~~ l have already 
been defined for some n G N, then one obtains the elements in T> n+1 
by subdividing the cells a G V n in the same way as the images /(cr) in 
V 71 ^ 1 are subdivided by the cells in V n . 



28 



MARIO BONK AND DANIEL MEYER 



From this description it is clear that the "combinatorics" of the cells 
in the sequence V n , n e No, that is, their inclusion and intersection 
pattern, is determined by the pair (D 1 ,© ) and by the assignment c G 
V 1 4 /(c) £ P°. Such an assignment of a cell in T>° to each cell in T) 1 
is related to the concept of a "labeling" (see Definition 112. II) . So for the 
combinatorics of the decompositions T> n the only relevant information 
on the map / is its induced "labeling" c G V 1 i-> f(c) G T>° . It is not 
hard, but somewhat tedious, to formulate a precise statement based on 
a suitable notion of "combinatorial equivalence" for such sequences of 
cell decompositions (see the related Definition 112.21 where we define the 
notion of an isomorphism between cell complexes). We will not do this, 
because it would not add anything of substance, but content ourselves 
with the intuitive statement that the "combinatorics" of the sequence 
P n , n G No, is determined by the pair (P 1 ,© ), and the assignment 
ceV 1 ^ f(c) eV°. 

5. Cell decompositions of 2-spheres 

In this section we study cell decompositions of 2-spheres and their 
relation to postcritically-finite branched covering maps. We first review 
some standard concepts and results from plane topology (see |Moij for 
more details). 

Let S 2 be a 2-sphere. An arc a in S 2 a homeomorphic image of the 
unit interval [0, 1]. The points corresponding corresponding to and 
1 under such a homeomorphism are called the endpoints of a. They 
are the unique points p G a such that a \ {p} is connected. If p is 
an interior point of a, i.e., a point in a distinct from the endpoints, 
then there exist arbitrarily small open neighborhoods W of p such that 
W \ a has precisely two open connected components U and V. 

A closed Jordan region X in S 2 is a homeomorphic image of the closed 
unit disk D. The boundary dX of a closed Jordan region X C S 2 is 
a Jordan curve, i.e., the homeomorphic image of the unit circle <9B. If 
J C S 2 is a Jordan curve, then by the Schonflies Theorem there exists 
a homeomorphism ip: S 2 — > C such that tp(J) = <9B. In particular, the 
set S 2 \ J has two connected component, both homeomorphic to D. 
Note that arcs and closed Jordan region are cells of dimension 1 and 
2, respectively. 

Let V be a cell decomposition of S 2 . Since the topological dimension 
of S 2 is equal to 2, no cell in T> can have dimension > 2. We call the 
2-dimensional cells in T> the tiles, and the 1-dimensional cells in T> the 
edges of V. The vertices of V are the points v G S 2 such that {v} is 
a cell in T> of dimension 0. So there is a somewhat subtle distinction 
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between vertices and cells of dimension 0: a vertex is an element of S 2 , 
while a cell of dimension is a subset of S 2 with one element. 

If c is a cell in T>, we denote by dc the boundary and by int(c) the 
interior of c as introduced in the beginning of Section HJ Note that for 
edges and 0-cells c this is different from the boundary and the interior 
of subset of the topological space S . 

We always assume that the sphere S 2 is oriented, i.e., one of the 
two generators of the singular homology group H 2 (S 2 ) = Z (with co- 
efficients in Z) has been chosen as the fundamental class of S 2 . The 
orientation on S 2 induces an orientation on every Jordan region X C S 2 
which in turn induces an orientation on dX and on every arc a C dX. 

This can be made precise by considering the fundamental homology 
classes representing orientations. For example, if X is a closed Jordan 
region in S 2 , then the fundamental class of S 2 maps to a generator of 
H2(X,dX) under the natural isomorphism 

H 2 (S 2 ) H 2 (S 2 , S 2 \ int(X)) = H 2 {X, dX) = Z 

induced by the inclusion map and excision. Hence we get an induced 
orientation on X. 

On a more intuitive level, an orientation of an arc is just a selection 
of one of the endpoints as the initial point and the other endpoint as the 
terminal point. Let X C S 2 be a Jordan region in the oriented 2-sphere 
S 2 equipped with the induced orientation. If a C dX is an arc with a 
given orientation, then we say that X lies to the left or to the right of a 
depending on whether the orientation on a induced by the orientation 
of X agrees with the given orientation on a or not. Similarly, we say 
that with a given orientation of dX the Jordan region X lies to the left 
or right of dX. 

To describe orientations, it is useful to introduce the notion of a 
flag. By definition a flag in S 2 is a triple (co, Ci,c 2 ), where q is an 
i-dimensional cell for i — 0, 1, 2, c C dci, and C\ C dc 2 . So a flag in S 2 
is a closed Jordan region c 2 with an arc C\ contained in its boundary, 
where the point in cq is an distinguished endpoint of c\. We orient 
the arc c± so that the point in cq is the initial point in c±. The flag is 
called positively- or negatively-oriented (for the given orientation on S 2 ) 
depending on whether c 2 lies to the left or to the right of the oriented 
arc c\. 

A positively-oriented flag determines the orientation on S 2 uniquely. 
The standard orientation on C is the one for which the standard flag 
(cq,^,^) is positively-oriented, where c' = {0}, c[ = [0, 1] C R, and 

4 = {z e C : < Re(z) < 1, < lm(z) < Re{z)}. 
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Since edges and tiles in a cell decomposition V of S 2 are arcs and 
closed Jordan regions, respectively, it makes sense to speak of oriented 
edges and tiles in V. A flag in V is a flag (c ,Ci,c 2 ), where c ,Ci,c 2 
are cells in V. If C{ £1X6 i-dimensional cells in V for i = 0, 1,2, then 
(c , Ci, c 2 ) is a flag in V if and only if c C c x C c 2 . 

Cell decompositions of S" 2 have additional properties that we sum- 
marize in the next lemma. 

Lemma 5.1. Let V be a cell decomposition of S 2 . Then it has the 
following properties: 

(i) There are only finitely many cells in V. 

(ii) The tiles in V cover S 2 . 

(iii) Let X be a tile in T>. Then there exists a number fceN, k > 2, 
such that X contains precisely k edges ei, . . . , e& and k vertices 
Vi, . . . ,Vk in V. Moreover, these edges and vertices lie on the 
boundary OX of X , and we have 

dX = ei U • • • U e fc . 

The indexing of these vertices and edges can be chosen such that 
Vj G dej fl dej + i for j — 1, . . . , k (where e^+i := e 1 ). 

(iv) Every edge e €zT> is contained in the boundary of precisely two 
tiles V. If X and Y are these tiles, then int(X) Uint(e) Uint(Y) 
is an open set. 

(v) Let v be a vertex of V. Then there exists a number d e N, 
d > 2, such that v is contained in precisely d tiles X ± , . . . , X d , 
and d edges e±, . . . , in V. We have v G dXj and v G dej 
for each j = 1, . . . , d. Moreover, the indexing of these tiles and 
edges can be chosen such that ej C dXj(ldXj + i for j — 1, . . . , d 
(where Xd+i '■— X\). 

(vi) The 1-skeleton of V is connected and equal to the union of all 
edges in V. 

Note that property (iii) actually holds for all tiles (i.e., 2-dimensional 
cells) in every cell decomposition. If the boundary of a tile X is subdi- 
vided into vertices and edges as in (iii), we say that X is a (topological) 
k-gon. 

If the edge e and the tiles X and Y are as in (iv), then there exists a 
unique orientation of e such that X lies to the left and Y to the right 
of e. 

We say that the cells {v }, ei, . . . , e^, Xi, . . . , X^ as in (v) form the 
cycle of the vertex v and call d the length of the cycle. We refer to 
Xi,...,X d as the tiles and to e 1: . . . , e d as the edges of the cycle. 
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Figure 2. Cycle of a vertex v. 



Proof, (i) By Definition 14.11 (iv) this follows from the compactness of 
S 2 and the fact that every point in S 2 has a neighborhood that meets 
only finitely many cells in T>. 

(ii) The set consisting of all vertices and the union of all edges has 
empty interior (in the topological sense) by (i) and Baire's theorem. 
Hence the union of all tiles is a dense set in S 2 . Since this union is also 
closed by (i), it is all of S 2 . 

(iii) Let X be a tile in V. Then int(X) does not meet any edge 
or vertex, and OX is a union of edges and vertices. Since there are 
only finitely many vertices, dX must contain an edge, and hence at 
least two vertices. Suppose v±, . . . ,Vk, k > 2, are all the vertices on 
dX. Since dX is a Jordan curve, we can choose the indexing of these 
vertices so that dX is a union of arcs aj with pairwise disjoint interior 
such that aj has the endpoints Vj and Vj+x for j = l,...,k, where 
Vk+i = v i- Then for each j — 1, . . . , k the set int(<x,) is connected and 
lies in the 1-skeleton of the cell decomposition V, it is disjoint from 
the 0-skeleton and has boundary contained in the 0-skeleton. It follows 
from Lemma S3] and Lemma I4T51 that there exists an edge ej in T> with 
int(ej) = int(<x,-). Hence aj = ej, and so aj is an edge in V. It is clear 
that dX does not contain other edges in T>. The statement follows. 

(iv) Let e be an edge in T>. Pick p e int(e). By (ii) the point p is 
contained in some tile X in T>. By Lemma 14.31 we have e C X. On 
the other hand, int(X) is disjoint from each edge and so e C dX. It 
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follows from the Schonflies theorem that the set X does not contain 
a neighborhood of p. Hence every neighborhood of p must meet tiles 
distinct from X. Since there are only finitely many tiles, it follows 
that there exists a tile Y distinct from X with p G Y. By the same 
reasoning as before, we have e C dY. 

Let q G int(e) be arbitrary. Then there exist arbitrarily small open 
neighborhoods W of q such that W \ int(e) consists of two connected 
components U and V. If W is small enough, then U and V do not 
meet dX. Since q G int(X), one of the sets, say U, meets int(X), and 
so U C int(X). We can also assume that the set W is small enough 
so that it does not meet dY either. By the same reasoning, U or V 
must be contained in int(F), and, since int(X) D int(Y) = 0, we have 
V C int(y). Hence int(X) U int(e) U int(Y) is a neighborhood of each 
point in int(e) which implies that this set is open. 

Suppose that Z is another tile in V with e C dZ. Since X Li Y 
contains an open neighborhood for p, there exists a point x G 'mt(Z) 
near p with iGlUF, say x & X. Since the interior of a tile is disjoint 
from all other cells, we conclude X — Z. This shows the uniqueness of 

X and Y. 

(v) Let v be a vertex of V. If an edge einV contains v, then v is an 
endpoint of e and we orient e so that v is the initial point of e. By (ii) 
there exists a tile X\ in T> with v G X\. Then v G dX±, and so by (iii) 
there exist two edges in dXi that contain v. For one of these oriented 
edges, denote it by e±, the tile X\ will lie on the right of e±. Then 
t)£eiC dXi and Xi will lie on the left of the other oriented edge. By 
(iv) there exists a unique tile X 2 7^ X 1 with e± C dX 2 . Then X 2 will lie 
on the left of e 1 . By (iii) there exists a unique edge e 2 C dX 2 distinct 
from ei with v G e 2 . The tile X 2 will lie on the right of e 2 . We can 
continue in this manner to obtain tiles Xi,X 2 , . . . and edges e\, e 2 , . . . 
that contain v and satisfy Xj 7^ Xj + ±, ej 7^ e^+i, and ej C 9Xj fl9Xj + i 
for all j G N. Moreover, Xj will lie on the right and Xj + i on the 
left of the oriented edge ej. Since there are only finitely many tiles, 
there exists a smallest number d G N such that the tiles X 1: . . . ,X d 
are all distinct and X d+X is equal to one of the tiles Xi, . . . , X d . Since 

XI 7^ X 2 , we have d>2. 

Moreover, X d+1 — Xi. To see this we argue by contradiction and 
assume that X d+ i is equal to one of the tiles X 2 , . . . , X d say X d+X = Xj. 
Note that X d 7^ X d+ i, so 2 < j < d — 1. Then e = is an edge with 
f G e that is contained in <9Xd and in dX d+ i = dXj. Hence e = e^-i 
or e = Since X^ + i = lies on the left of e = e d , we must have 
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e = ej-i. Then e is contained in the boundary of the three distinct 
tiles Xj_!,Xj,X d which is impossible by (iv). So indeed X d+1 = X x . 

By a similar reasoning we can show that the edges e±, . . . ,e d are all 
distinct. Indeed, suppose e = ej — e&, where 1 < j < k < d. Then 
k > j + 1 and e is contained in the boundary of the three distinct tiles 
Xj, Xj + i, Xk which is again absurd. 

To show that there are no other edges and tiles containing v note 
that by (hi) the set 

U = int(Xi) U int(ei) U int(X 2 ) U • • • U int(e d ) U int(X d+1 ) 

is open. Moreover, its boundary dU consists of the point v and a closed 
set 

d 

Ac\JdXj 

j'=i 

disjoint from {v}. Hence v is an isolated boundary point of U which 
implies that W — U U {v} is an open neighborhood of v. 

If c is an arbitrary cell in V with v G c and c ^ {v}, then v G int(c). 
This implies that int(c) meets U. Since interiors of distinct cells in 
T> are disjoint, this is only possible if c is equal to one of the edges 
ei, . . . , e d or one of the tiles Xi, . . . , X^. The statement follows. 

(vi) By (v) every vertex is contained in an edge. Hence the 1-skeleton 
E of V is equal to the union of all edges in V. To show that E is 
connected, let x, y G E be arbitrary. Since the tiles in T> cover S 2 , 
there exist tiles X and Y with rr G X and y G Y . The interior of each 
tile is disjoint from the 1-skeleton E, and so x G dX and y G BY . Since 
S* 2 is connected, there exist tiles X 1 , . . . ,X N in V such that X 1 = X, 
X N = Y, and X { n ^ for i = 1, . . . , N - 1. The interior of a 
tile meets no other tile. Hence dXi D OXi + \ ^ for % = 1, . . . , N — 1. 
Since each set <9Xj is connected, it follows that 

K = dX 1 U • • • U <9X W 

is a connected subset of i? containing x and y. Hence E is connected. 

□ 

Let d G N, d > 2, and the tiles Xj and edges for j e N be as 
defined in the proof of statement (v) of the previous lemma. Then we 
showed that X d+1 = X ± , but it is useful to point out that actually 
Xj = Xj +d and ej = ej +d for all j G N. 

Indeed we have seen that X^+i = X\. Moreover, e\,e d ,e d+ i are 
edges in T> that contain v and are contained in the boundary of the 
tile Xi = X d+ i. Since there are only two such edges, t\ ^ e d , and 
e d 7^ ed+i! we conclude that e d+ i = e±. Then e\ = e d+ i is an edge 
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contained in the boundary of the tiles Xi, X 2 , X d+2 . Since there are 
precisely two tiles containing an edge in its boundary, X 1 ^ X 2 and 
X 1 = X d+ i ^ X d+2 it follows that X d+2 = X 2 . 

If we continue in this manner, shifting all indices by 1 in each step, 
we see that e d+2 = e 2 , X d+3 = X 3 , etc., as claimed. 

Note that if we choose the indexing of the edges Cj and Xj as in the 
proof of statement (v) of the previous lemma, then for each j G N the 
flag ({v}, ej, Xj +1 ) in V is positively-oriented, and flag ({v},ej,Xj) is 
negatively-oriented. In other words, if ej is oriented so that v is the 
initial point of e,-, then X j+1 lies to the left and Xj lies to the right of 
ej . 

Lemma 5.2. Let V and V be cell decompositions of S 2 , and /: S 2 — > 
S 2 be a cellular map for (V, V) such that f\X is orientation-preserving 
for each tile X inV. 

(i) Then f is a branched covering map on S 2 . Each critical point 
of f is a vertex of T>' . 

(ii) // in addition each vertex in T> is also a vertex in T>' , then 
every point in post(/) is a vertex of V. In particular, f is 
postcritically-finite, and hence a Thurston map if f is not a 
homeomorphism. 

Proof, (i) We will show that for each point p G S 2 , there exists fceN, 
an orientation-preserving homeomorphism (p of the open unit disk D = 
{z G C : \z\ < 1} onto a neighborhood W of p, and an orientation- 
preserving homeomorphism ip of a neighborhood W D f(W) of q = 
f(p) onto D such that ip(0) = p, ip(q) = 0, and 

(ip o f o (p)(z) =z k 

for all z G D. The desired relation between the points and maps can 
be represented by the commutative diagram 

(5.1) peW— f ^qeW 

G D G D. 

We will use the fact that if / is an orientation-preserving local home- 
omorphism near p, then we can take k — 1 and can always find suitable 
homeomorphisms tp and ip. 

Let p G S 2 be arbitrary. Since S* 2 is the disjoint union of the interior 
of the cells in T>', the point p is contained in the interior of a tile or an 
edge in V, or is a vertex of V. Accordingly, we consider three cases. 
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Case 1. There exists a tile X' G T>' with p G int(X'). Then 
W := int(X') is an open neighborhood of p, and f\W is an orientation- 
preserving homeomorphism of W = int(X') onto W := int(X), where 
X = f{X') G T>. Hence / is a orientation-preserving local homeomor- 
phism near p. 

Case 2. There exists an edge e' G T>' with p G int(e'). By Lem- 
maO(iv) there exist distinct tiles X', Y' G V such that e C dX'ndY'. 
Then W' = int(X') U int(e') U int(Y') is an open neighborhood of p. 
Since / is cellular, X = f(X') and Y = f(Y') are tiles in T> and 
e = /(e') is an edge in T>. Moreover, e C OX fl 8Y . 

We orient e' so that X' lies to the left and Y' to the right of e'. Since / 
is orientation-preserving if restricted to cells in T>' ', the tile X lies to the 
left, and Y to the right of the image e of e'. In particular, X ^Y, and 
so the sets int(X), int(e), int(Y) are pairwise disjoint, and their union 
is open. Since / is cellular and hence a homeomorphism if restricted to 
cells (and interior of cells), it follows that f\W is a homeomorphism of 
W onto the open set W = int(X) Uint(e) Uint(Y). Moreover, it is clear 
that f\W is orientation-preserving. Since W is open and contains p, 
the map / is a orientation-preserving local homeomorphism near p. 

Case 3. The point p is a vertex of T>'. As in the proof of Lem- 
ma 15.11 (v) we can choose tiles Xj G D' and edges e'j G T> for j G N that 
contain p and satisfy X'a ^ Xj +1 , e'j ^ e 'j+i, an d e'j C 9Xj fl <9Xj +1 for 
all j G N. There exists d'eN such that X' d , +1 = X[ and such that the 
tiles X[, . . . , X^, and the edg all distinct and such that 

W 7 = {p} U int(X() U int(ei) U int^) U ■ • ■ U int(e^) 

is an open neighborhood of p. 

Moreover, by the remark following Lemma 15.14 we know that X'- = 
X'- +d , and e'j = e' j+d , for all j G N. 

Define Xj = /(Xj) and tj = f(e'j) for j G N. Since / is cellu- 
lar for (V,V), the set Xj is a tile and Cj an edge in D. Moreover, 
&j C dXj fl dXj + \ for j G N. Since Xj and Xj +1 are distinct tiles 
containing the edge e^ +1 in their boundaries, it follows by an argument 
as in Case 2 above that Xj ^ X J+1 for j G N. Moreover, since e'j 
and e'j +1 are distinct edges in V contained in Xj +1 , and /|Xj +1 is a 
homeomorphism, we also have e,- 7^ e^+i for j G N. 

As in the proof of Lemma 15.11 (v) we see that there exists a number 
d G N, d > 2, such that X^+i = X±, and such the tiles X%, . . . , Xd and 
the edges e±, . . . , ej are all distinct. Moreover, 



W = {q} U int(Xi) U int(ei) U int(X 2 ) U 



• U int(e d ) 
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is an open neighborhood of q = f(p), and Xj = Xj + d and ej = ej + d for 
all j G N. 

The periodicity properties of the indexing of the tiles Xj and Xj 
imply that d < d! and that d is a divisor of d' . Hence there exists 
fceN such that d' = kd. 

We now claim that after suitable coordinate changes near p and q, 
the map / can be given the form z ^ z k . 

For N G N, N > 2, and j £ N define half-open line segments 

Lf = { re 27rij/N : < r < 1} C D 

and sectors 

Ef = {re u : 2n(j - l)/N < t < 2nj/N and < r < 1} C D. 

We then construct a homeomorphism ip: W — > D with ?/>(g) = as 
follows. For each j = 1, . . . , d we first map the half-open arc {g}Uint(ej) 
homeomorphically to the half-open line segment Lj. Then g is mapped 
to 0, so these maps are consistently defined for q. Since Xj is a Jordan 
region, we can extend the homeomorphisms on {q} U int(ej_i) C dXj 
and on {q} U int(ej) C <9Xj to a homeomorphism of 

{g} U int^-i) U int(ej) U int(Xj) 

onto the sector Ej for each j = 2,...,d + l. Since the sets 

{g}, int(ei), . . . , int(e d ), int(X 2 ), . . . , int(X d+1 ) = int(X x ) 

are pairwise disjoint and have W as a union, these homeomorphisms 
paste together to a well-defined homeomorphism ip of W onto D. Note 
that ip{q) = and if>(Xj fl W) = £j for each j = 1, . . . , d. 

A homeomorphism (p: D — > W 7 ' is defined as follows. If z G D is 
arbitrary, then z G £j for some j = l,...,cf. Hence z k G £j, and 
so ip~ 1 (z k ) G Xj fl H 7 . Since / is a homeomorphism of Xj fl W onto 
XjHW, it follows that (/Xj)- 1 ^- 1 ^)) is defined and lies in XjfW. 

We set 

= (/lA})- 1 ^- 1 ^)). 
It is straightforward to verify that 93 is well-defined and a homeomor- 
phism of D onto W with y(0) = p. It follows from the definition of ip 
that (^0/0 y?)(z) = z fc for z G O, and so we have the diagram (15.11) . 

We assume that the tiles Xj and the edges e'- are indexed by the pro- 
cedure in the proof of Lemma I5TT1 (v). Then each flag ({p}, e'j, Xj +1 ) is 
positively-oriented (see the remark after the proof of Lemma loTTj) . Since 
f\X'j is orientation-preserving, this implies that the flag ({q},ej,Xj + i) 
is also positively-oriented. We conclude that ip is orientation-preserving, 
since if) maps the positively-oriented flag ({q},ej,Xj +1 ) in S 2 to the 
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positively-oriented flag ({0}, Lj, in C. As follows from its defini- 

tion, the map (p is then also orientation-preserving. Hence ip and <p are 
local homeomorphisms as desired. 

We have shown that in all cases the map / has a local behavior as 
claimed. It follows that / is a branched covering map. Moreover, we 
have seen that / near each point is a local homeomorphism unless p is 
a vertex of V. It follows that each critical point of / is a vertex of V. 

(ii) Suppose in addition that every vertex of T> is also a vertex of D' . 
Let p be a critical point of /. Then by (i) the point p is a vertex of V . 
Since / is cellular for (T>',T>), the point f(p) is a vertex of T>. Hence 
f(p) is also a vertex of V, and we can apply the argument again, to 
conclude that f 2 (p) is a vertex of T>, etc. It follows that post(/) is a 
subset of the set of vertices of V. In particular, post(/) is finite, and 
so / is postcritically-finite. □ 

Remark 5.3. Let the map /: S 2 — > S 2 and the cell decompositions V 
and T> be as in the previous lemma, and let p be a vertex in T>' . Then 
q — f(p) is a vertex in T>. If d! and d are the lengths of the cycles of 
p in T>' and q in V, respectively, then d' = ddegt(p). Moreover, the 
tiles and edges of the cycle of q in T> are the images under / of the tiles 
and edges of the cycle of p in T>. This was established in Case 3 of the 
proof of Lemma 15.21 

Lemma 5.4. Let f : S 2 — >■ S 2 be a branched covering map and T> a cell 
decomposition of S 2 such that every point in /(crit(/)) is a vertex in 
V. Then there exists a unique cell decomposition V of S 2 such that f 
is cellular with respect to (£>', X>). 

Proof. To show existence we define T>' to be the set of all cells c G S 2 
such that f(c) is a cell in T> and f\c is a homeomorphism of c onto 
f{c). It is clear that T>' does not contain cells of dimension > 2. As 
usual we call the cells c in T>' edges or tiles depending on whether c 
has dimension 1 or 2, respectively. The vertices p of T>' are the points 
in S 2 such that {p} is a cell in V of dimension 0. 

It is clear that the set of vertices of T>' is equal to / _1 (V), where V 
is the set of vertices of V. 

To show that V is a cell decomposition of S 2 , we first establish two 
claims. 

Claim 1. If p G S 2 and q = f{p) G int(X) for some tile X G T>, then 
there exists a unique tile X' G T>' with p G X' . 

In this case let U = int(X). Then U is an open and simply connected 
set in the complement of V D /(crit(/)). Hence there exists a unique 
continuous map g: U —>■[/':= g(U) with fog — idy and g(q) = p. 



38 



MARIO BONK AND DANIEL MEYER 



The map g is a homeomorphism onto its image U' . Hence U' C S 2 is 
open and simply connected. 

We equip S 2 with some base metric inducing the standard topology. 
In the following metric terms will refer to this metric. Recall that 
M e {A) denotes the open e-neighborhood of a set A C S 2 . Then / has 
the following property: for all w G S 2 and all e > 0, there exists 5 > 
such that 

(5.2) f-\B(w,5))G^(f-\w)). 

Indeed, if for some wgS 2 and e > there is no such S, then there exists 
a sequence {z^} in S 2 \ 7V e (/ _1 (w7)) such that f(zi) G B(w, l/i) for all 
ieN. By passing to a subsequence, we may assume that Zi — > z G S 2 . 
Then f(z) = lim*-^ f(zi) = w, while 

dist(z, = lim dist(zj, / _1 (w)) > e. 

This is a contradiction showing (15.2ft . 

We want to prove that g has a continuous extension to f/ = X. 
For this it suffices to show that {g{wi)} converges whenever {wi} is a 
sequence in U converging to a point w G <9£7. Since g is a right in- 
verse of /, it follows that the limit points of {g(w n )} are contained in 
f^ 1 {w). Since / is finite-to-one, the point w has finitely many preim- 
ages zi, . . . , z m under /. 

We can choose e > so small that the sets B(zi, e), i = 1, . . . , m, are 
pairwise disjoint. By (15. 2p we can find 5 > such that 

m 

(5.3) f-\B{w,5))c{jB{z h e). 

i=l 

The set U = X is a closed Jordan region, and hence locally connected. 
So there exists an open connected set V C U such that V is a neigh- 
borhood of w in U and V C B(w,5). Then p(V) is connected subset 
of / _1 (-B(w, 5)). Since the union on the right hand side of (15. 3p is dis- 
joint, the set g{V) must be contained in one of the sets of this union, 
say g(V) C B(zk,e). Now Wi G V for sufficiently large i, and so all 
limit points of {g^wi}} are contained in g(V) C B(zk, e). On the other 
hand, the only possible limit points of {g(wi)} are z\,... ,z m , and Zfc 
is the only one contained in B(zk, e). This implies {g(wi)} — > z^. So g 
has indeed a continuous extension to U. We also denote it by g. It is 
clear that 



(5.4) 



/ o g = idfj. 
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This implies that g is a homeomorphism of U = X onto its image 
X' := g(U) = g(U). Then X' is a closed Jordan region, and by (15.41) 
the map f\X' is a homeomorphism of X' onto U = X. Hence X' is a 
tile in V with p G g(U) C X'. 

So a tile X' G £>' containing p exists. We want to show that it is 
the only tile in T>' containing p. Indeed, suppose Y' G T>' is another 
tile with p G Y'. Then f(Y') is a tile in D containing the point q = 
f(p) G int(X). Hence f{Y ! ) = X, and so f\Y' is a homeomorphism of 
y onto X. Let /i = (/|Jf) -1 . Then g and /i are both inverse branches 
of / defined on the simply connected region U with g{q) = p = h(q). 
Hence h and g agree on U, and so by continuity also on U. It follows 
that X' = g{X) = h(X) = Y> as desired. 

Claim 2. If p G S* 2 and q = f(p) G int(e) for some edge e G P, then 
there exists a unique edge e' G V, and precisely two distinct tiles X' 
and y in T>' that contain p. Moreover, e' C <9X' U £?y. 

By Lemma I5TT1 (iv) we know that that are precisely two distinct tiles 
X, Y G T> that contain e in their boundary, and that U = int(X) U 
int(e) U int(y) is an open and simply connected region in the comple- 
ment of the set V D /(crit(/)). Hence there exists a unique continuous 
map g: U — > S 2 with g(q) = p and / o g = idu- As before one can 
show that the maps g\ := g\ int(X) and g% '■= g\ int(yj have continuous 
extensions to X and Y, respectively. We use the same notation g± and 
g 2 for these extensions. It is clear that gi\e = g^e. Moreover, gi is a 
homeomorphism of X onto a closed Jordan region X' = gi (X) with in- 
verse map f\X'. In particular, X' is a tile in T>' . Similarly, Y' = g%{Y) 
is a tile in T>'. The tiles X' and Y' are distinct, because / maps them 
to different tiles in T>. Moreover, e' := g\{e) = (72(e) is an edge in T>' 
with pee' cdX'n dY'. 

It remains to prove the uniqueness part. If e is another edge in D' 
with pee, then / is a homeomorphism of e onto e. Then (/| int(e')) -1 
and /(int(e)) -1 are right inverses of / defined on the open arc int(e) 
that both map q to p. Hence these right inverses must agree on 
int(e). By continuity this implies (/|e') _1 = (/|e) _1 on e, and so 
e ' = (/|e')- 1 (e) = (/|S)- 1 (e) = e. 

If Z' is another tile in T>' with p G Z', then / maps dZ' homeomorphi- 
cally to the boundary df(Z') of the tile f(Z') G V. Moreover, p G dZ'\ 
for otherwise f(p) would lie in the set int(/(Z')) which is disjoint of e. 
It follows that there is an edge in T>' that contains p and is contained 
in the boundary of dZ' . Since this edge in V is unique, as we have just 
seen, we know that e' C dZ' . Note that X' U Y' D g(U) D int(e'), and 
so X'uy contains an open neighborhood for each point in int(e'). Since 
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e' C dZ' there exists a point x G 'mt(Z') near p with iGl'U Y', say 
.t G X'. Then f(x) is contained in the interior of the tile f(Z') G T>. 
Since i G X' H Z' and X' and Z' are both tiles in V we conclude 
X' = Z' by the first claim. This concludes the proof of Claim 2. 

Now that we have established the claims, we can show that T> is a cell 
decomposition of S 2 by verifying conditions (i)-(iv) of Definition 14.11 

Condition (i): If p G S 2 is arbitrary, then f(p) is a vertex of X> or 
f(p) lies in the interior of an edge or in the interior of a tile in T>. In 
the first case p is a vertex of V, and in the other two cases p lies in 
cells in T>' by Claim 1 and Claim 2. It follows that the cells in T>' cover 
S 2 . 

Condition (ii): Let a, r be cells in V with int(cr) flint(r) ^ 0. Then 
f(a) and /(r) are cells in V with int(/(a)) D int(/(r)) ^ 0. Hence 
A = /(<r) = /(t). In particular, a and r have the same dimension. 

If a and r are both tiles, then a = r by Claim 1, because every point 
in int(cr) PI int(r) 7^ has an image under / in int(A). Similarly, if a 
and r are edges, then o = r by Claim 2. 

If a and r consist of vertices in T>', then the relation int(er) flint (r) 7^ 
trivially implies a = t. 

Condition (iii): Let d G P' be arbitrary. Then f\d is a homeomor- 
phism of c' onto the cell c = f(d) G P. Note that (/|c') -1 (cr) G X>' 
whenever <r G "D and a C c. Since 9c' = (/|c') -1 (<9c) and 9c is a union 
of cells in "D, it follows that dd is a union of cells in V . 

Condition (iv): To establish the final property of a cell decomposition 
for T>', we will show that V consists of only finitely many cells. Indeed, 
let Ni G N be the number of cells of dimension i in T> for i = 0,1,2. 
Since the vertices in T>' are the preimages of the vertices of T>, we have 
at most deg(/)iVo vertices in V . 

Pick one point in the interior of each edge in T>. The set M of these 
points consists of N\ elements. If q G M, then q V D /(crit(/)), 
and so q is not a critical value of /. Hence #/ _1 (M) = AT 1 deg(/). 
It follows from Claim 2 that each element of /~ 1 (M) is contained in 
a unique edge in V, and it follows from the definition of T> that each 
edge in V contains a unique point in / _1 (M). Hence the number of 
edges in V is equal to #/ _1 (M) = Ni deg(f). 

Similarly, pick a point in the interior of each tile in D and let M be 
the set of these points. Then #/ _1 (M) = N 2 deg(f) and by the same 
reasoning as above based on Claim 1, we see that the the number of 
tiles in V is equal to #f~ l {M) = N 2 deg(f). 
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We have shown that T>' is a cell decomposition of S 2 . It follows 
immediately from the definition of T>' that / is cellular with respect to 
(V',V). 

To show uniqueness of T>' suppose that T> is another cell decomposi- 
tion such that / is cellular with respect to (T>,T>). Then by definition 
of T>' every cell in T> also lies in T>' . So we have D C T>' . If this inclusion 
were strict, then there would be a cell cGP' whose interior int(c) ^ 
is disjoint from the interior of all cells in T>. This is impossible, since 
these interiors form a cover of S 2 . Hence T> = V . □ 

Remark 5.5. No Thurston maps / : S 2 ->■ S 2 with #post(/) G {0, 1} 
exist. Indeed, suppose that / is such a map. Then U := S 2 \ post(/) 
is simply connected, and so there exists a continuous map g : U — > S 2 
with fog — id[/. 

If post(/) = 0, we have U = S 2 and so we conclude that g is a 
homeomorphism onto its image. This image must be all of S 2 . Hence 
g and / are homeomorphisms, contradicting our assumption deg(/) > 2 
(see Definition 13.11) . 

If #post(/) = 1, we have U = S 2 \ {p} for some p G S 2 . Then by 
an argument as in the proof of Claim 1 in Lemma 15.41 one can show 
that g has a continuous extension to the point p, and hence to S 2 . If 
we denote this extension to S 2 also by g, then fog — ids2, and again 
we conclude that / is a homeomorphism and obtain a contradiction. 

6. Cell decompositions induced by Thurston maps 

Let /: S 2 — > S 2 be a Thurston map, and C C S 2 be a Jordan curve 
such that post(/) C C. In this section will show that the pair (f,C) 
induces natural cell decompositions of S 2 . 

By the Schonflies theorem there are two closed Jordan regions X®, X® C 
S 2 whose boundary is C. Our notation for these regions is suggested 
by the fact that we often think of X£ as being assigned or carrying the 
color "black", represented by the symbol b, and X° as being colored 
"white" represented by w. We will discuss this more precisely later in 
this section (see Lemma 16.21) . 

The sets X® and X° are topological cells of dimension 2. We call 
them tiles of order or 0-tiles. The postcritical points of / are on 
the boundary of X° and X£. We consider them as vertices of X° and 
X£, and the closed arcs of C between vertices as the edges of the 0- 
tiles. In this way, we think of X° and X° as topological m-gons where 
m = #post(/) > 2 (see Remark l5.5p . To emphasize that these edges 
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and vertices belong to 0-tiles, we call them 0- edges and ^-vertices. A 0- 
cell is a 0-tile, a 0-edge, or a set consisting of a 0- vertex. Obviously, the 
0-cells form a cell decomposition of S 2 that we denote by T>° = V 1 (/, C). 

Since every point in post(/) is a vertex of T>°, we can apply Lemma l5~4l 
to obtain a unique cell decomposition V 1 = T> 1 (f, C) such that / is cel- 
lular with respect to (D 1 ,!) ). The vertices of V 1 are precisely the 
points whose image is a vertex of V°. In particular, since /(post(/)) C 
post(/), or equivalently post(/) C / _1 (post(/)), it follows that every 
point in post(/) is a vertex for T> x . Hence we can apply Lemma 15.41 
again and obtain a cell decomposition V 2 = V 2 (f,C) such that / is 
cellular with respect to (D 2 ,!) 1 ). Continuing in this manner, we ob- 
tain cell decompositions T> n = T> n (f, C) of S 2 for neN such that / is 
cellular for (V n+1 ,V n ) for all n G N . 

We call the elements in T> n the n- cells for (/, C), or simply n-cells if / 
and C are understood. We call n the order of an n-cell. When we speak 
of n-cells, then n always refers to this order and not to the dimension 
of the cell. An n-cell of dimension 2 is called an n-tile, and an n-cell of 
dimension 1 an n-edge. An n- vertex is a point p G S 2 such that {p} is 
an n-cell of dimension 0. With / and C understood we denote the set 
of all n-tiles, n-tiles, and n-vertices by X™, E n , and V n , respectively. 

In the following proposition we summarize properties of the cell de- 
compositions T> n . 

Proposition 6.1. Let k,n G No, let f : S 2 — >■ S 2 be a Thurston map, 
C C S 2 be a Jordan curve with post(/) C C, T> n = V n (f,C), and 
m = #post(/). 

(i) The map f k is cellular with respect to (V n+h , T> n ) . In particular, 
if t is any (n + k)-cell, then f (t) is an n-cell, and f k \r is a 
homeomorphism of r onto fir). 

(ii) Let a be an n-cell. Then f~ k (o~) is equal to the union of all 
(n + k) -cells r with f k {r) = a. 

(iii) The ^-skeleton of V> n is the set V n = /~ n (post(/)) ; and we 
have V n C V n+k . The 1-skeleton ofV n is equal to f- n {C). 

(iv) We have #V n < mdeg(/) n , #E n = mdeg(/) n , and #X n = 
2deg(/) n forne N . 

(v) The n-edges are precisely the closures of the connected compo- 
nents of f~ n (C) \ f~ n (post(f)). The n-tiles are precisely the 
closures of the connected components of S 2 \ f~ n {C). 

(vi) Every n-tile is an m-gon, i.e., the number of n-edges and n- 
vertices contained in its boundary is equal to m. 
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Proof, (i) This immediately follows from the facts that / is cellular with 
respect to (V n+1 , T> n ) for each n, and that compositions of cellular maps 
are cellular (if, as in our case, the obvious compatibility requirement 
for the cell decompositions involved is satisfied). 

(ii) It follows from (i) and Lemma 15.41 that T> n+k is the unique cell 
decomposition of S 2 such that f k is cellular with respect to (V n+k , V n ). 
Moreover, recall from the proof of Lemma 15.41 that a topological cell 
c C S 2 is an (n + fc)-cell if and only if f k (c) is an ra-cell and f k \c is a 
homeomorphism of c onto f k (c). 

This immediately implies the statement if a = {q}, where q is an 
n-vertex. 

Suppose a is equal to an n-edge e. Let M be the union of all (n + k)- 
edges e' with f k (e') = e. It is clear that M C f~ k (e). To see the 
converse inclusion, let p G f~ k (e) be arbitrary. 

If p G / _fc (int(e)), then from Claim 2 in the proof of Lemma [5.41 it 
follows that there exists an (n + fc)-edge e' with p G e'. Then f k (e') is 
an n-edge that contains q = f k {p) G int(e). Hence e = f k (e'), and so 
/- fc (int(e)) C M. 

If p G f~ k (de), then q = f k (p) G de is an n-vertex, and so p is an 
(n + fc)-vertex as we have seen. It follows from Case 3 in the proof of 
Lemma 15.21 that there exists an (n + A;)-edge e' that contains p with 
f k (e') = e. Hence p G M. We conclude that f~ k (e) = f~ k (mt(e)) U 
f~ k (de) C M, and so M = f~ k (e) as desired. 

If a is equal to an n-tile X, let M be the union of all (n + fc)-tiles 
X' with f k (X') = X. Then M C f~ k (X). For the converse inclusion 
let again p G f~ k (X) be arbitrary. 

If p G f~ k (mt(X)), then by Claim 1 in the proof of Lemma l5~4l there 
exists an (n + fc)-tile with p G X'. Similarly as above we conclude 
f k (X') = X, and so p G M. 

If p G f~ k (dX), then g = / fc (p) G dX, and so there exists an Pl- 
edge e C dX with q E e. By what we have seen in the first part of 
the proof, there exists an (n + k)-edge e' with f k (e') = e and p G 
e'. By Lemma 15.11 (iv) there exist two (n + fc)-tiles X' and Y' with 
e' C dX' fl (9y. Then f k (X') and f k (Y') are n-tiles containing e 
in their boundary. We know that near each point of int(e') the map 
f k is an orientation-preserving homeomorphism. As in the proof of 
Lemma [5.21 one can use this fact to show that f k (X') and f k (Y') are 
distinct n-tiles. Since there are only two n-tiles containing e in their 
boundary, we conclude that one of the n-tiles f k (X') or f k (Y') is equal 
to X, say f k {X') = X. Since p G e' C X 1 , it follows that p G M. 
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Hence f' k (X) = f~ k {mt{X)) U f~ k (dX) C M, and we conclude that 
M = f~ k (X) as desired. 

(iii) The 0-skeleton of V n is the set V n of all vertices of V n . By (ii) 
we know that V n = / _n (V°) = /- n (post(/)). Moreover, 

r+k(yn) c r+fe(/ -n (post(/))) c / ^ (post ( / )) c p ost(/) = V°, 

and so V n C V n+k . 

The 1-skeleton of T> n is equal to the set consisting of all n-vertices 
and the union of all n-edges. As follows from (ii) this set is equal to 
the preimage of the 1-skeleton of T>° under the map f n . Since the 1- 
skeleton of T>° is equal to C, it follows that the 1-skeleton of T> n is equal 
to f~ n {C). 

(iv) Note that deg(/ n ) = deg(/) n , and that #V° = m, #E° = m, 
and #X° = 2. The statements about V n , E n , and X n , then follow from 
the corresponding statement established in the last part of the proof 
of Lemma 15.41 

(v) This immediately follows from (iii) and Lemma 14.51 

(vi) If X is an n-tile, then f n \X is a homeomorphism of X onto the 
0-tile f n (X). The n- vertices contained in X are precisely the preim- 
ages of the 0- vertices contained in f n (X); hence X contains exactly 
m = #post(/) n- vertices, and hence also the same number of n-edges 
(Lemma 15. II (iii)). So every n-tile is an m-gon. □ 

Instead of an inequality for #V n as in (iv) one can easily give a 
precise formula for this number; namely, if we set d = deg(f), and 
m = #post(/), then #X n = 2d n and E n = md n . Moreover, by Euler's 
polyhedral formula we have 

#X" - #E" + #V n = 2, 

and so 

#V n = (m - 2)d n + 2. 
By property (v) in the previous proposition we have 
mesh(/, n, C) = diam(Jf), 

and so if C is as in Definition I3.2[ then / is expanding if 

lim max diam(X) = 0. 

n^ooXeX" 

In other words, the Thurston map / is expanding if there exists a 
Jordan curve C D post(/) such that the diameter of the n-tiles for / 
and C go to uniformly with n. This fact was the motivation behind 
our definition of an expanding Thurston map. 
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It is often useful, in particular in graphical representations, to assign 
to each tile one of the two colors "black" and "white" represented by 
the symbols b and w, respectively. To formulate this, we denote by X°° 
the disjoint union of the sets X ra , n G No (for given / and C). More 
informally, X°° is the set of all tiles. Note that in general, a set can 
be a tile for different levels n, so the same tile may be represented by 
multiple copies in X°° distinguished by their levels n. 

Lemma 6.2 (Colors of tiles). There exits a map L : X°° — > {b, w} with 
the following properties: 

(i) L(X b °) = b and L(X°) = w. 

(ii) Ifn,ke N 0; X n+k G X n+fc , and X n = f k (X n+k ) G X n , then 
L(X n ) = L(X n+k ). 

(hi) If ' n G No, and X n and Y n are two distinct n-tiles that have an 
n-edge in common, then L(X n ) ^ L(Y n ). 

Moreover, L is uniquely determined by properties (i) and (ii). 

So with the normalization (i) one can uniquely assign colors "black" 
or "white" to the tiles so that all iterates of / are color-preserving as 
in (ii). By (iii) colors of distinct n-tiles are different if they share an 
n-edge. 

Our notion of colorings of tiles is related to the more general concept 
of a labeling of cells in a cell decomposition (see Section [T^J in particular 
Lemma 112. 6p . 

Proof. To define L we assign colors to the two 0-tiles X^ and X° as in 
(i). If Z n is an n-tile for some arbitrary level n > 0, then f n (Z n ) is a 
0-tile (Proposition 16.11 (i)), and so it already has a color assigned. We 
set L{Z n ) := L(f n {Z n )). 

This defines a map L : X°° — > {b, w}. By definition, L has prop- 
erty (i). To show (ii), assume that n,k G No and X n+k G X n+fe . 
Then by Proposition O (i), we have X n := f k (X n+k ) G X", and 
/n+*(X n+fc ), f n (X n ) G X°. So by definition of L we have 

L(X n ) = L(f n (X n )) = L(f n (f k (X n+k ))) = L(f n+k (X n+k )) = L(X n+k ) 

as desired. 

Let X n and Y n be as in (iii). Then again by Proposition 16.11 (i), 
we have f n (X n ), f n (Y n ) G X°. Moreover, by the same argument as in 
Case 2 of the proof of Lemma O the 0-tiles f n {X n ) and f n (Y n ) are 
distinct. So one of them is equal to X°, while the other one is equal to 
X w °. In particular, L(f n (X n )) + L{f n {Y n )), and so by definition of L 
we have 

L{X n ) = L(f n {X n )) + L(f n (Y n )) = L(Y n ) 
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as desired. It follows that L has the properties (i)-(iii). 

It is clear that L is uniquely determined by (i) and (ii). □ 

By using the cell decompositions T> n one can easily classify all Thurs- 
ton maps with two postcritical points up to Thurston equivalence. 

Proposition 6.3. Let f : S 2 — > S 2 be a Thurston map with #post(/) = 
2. Then f is Thurston equivalent to a map of the form z \-t z k on C, 
where k G Z\ {-1,0,1}. 

Proof. Using some auxiliary conjugations if necessary, we may assume 
that S 2 = C and post(/) = {0,oo}. We pick C = R D post(/), 
and consider the cell decompositions V n (f,C) of C. Since post(/) C 
/~ n (post(/)), the points and oo are n-vertices for each n G No. 
Consider the 1-tiles X 1; . . . , X d , and the 1-edges ei, . . . , e d of the cycle 
of 0, considered as a 1-vertex, where d is the length of the cycle. If the 
indexing of these tiles and edges is as in Lemma [5. II (v), then 

(6.1) dX j = e j - 1 Ue j 

for j = 1, . . . , d (where eo = e^). This is true, because #post(/) = 2 
and so every n-tile is a 2-gon. It shows that apart from the edges 
ei, . . . , e<2 have one other 1-vertex p ^ in common. 
It follows from Lemma 15.11 (iv) that the set 

d d 

f/ = |Jint(X,)u|Jint(e J ) 

j=i i=j 

is open, and (16 .11) implies that dU = {0,p}. Hence and p are isolated 
boundary points of U, and so the set U — U U {0, p} is open and closed. 
We conclude that U = S 2 . Since oo is a 1-vertex, and the set U does 
not contain any 1-vertex, we must have p = oo. 

Since /(post(/)) C post(/), we have /(0) = or /(0) = oo. Assume 
that /(0) = 0. Since / is injective on 1-tiles and /(oo) G {0,oo}, 
we have /(oo) = oo. By an argument similar to (and simpler than) 
the one in the proof of Lemma 15.21 we will show that one can find a 
homeomorphism (p: C — > C that fixes and oo and satisfies f(<p(z)) = 
z k for all z G C, where k = d/2. Note that d must be even, because 
/ maps the 1-tiles X 1? . . . ,X d alternately to the two 0-tiles, i.e., the 
upper and the lower half-planes in C. By reindexing if necessary, we 
may assume that X\, X 3 , . . . are mapped to the upper and X 2 , X 4 , . . . 
to the lower half-plane. Define sectors in C by 

= {re 2wit : (j - l)/d < t < j/d, r > 0} U {oo} 
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for j — 1, . . . , d. If z G C is arbitrary, then z G £j for some j G 
{l,...,d}. Then z fc lies in the upper or lower half-plane depending 
on whether j is even or odd; hence (f\Xj)~ 1 (z k ) is defined. We put 

<p(z) := (f\Xj)~~ 1 (z k ). Then <p is a well-defined homeomorphism on C 
that fixes and oo and satisfies f(<p(z)) = z k for all z G C. This last 
identity implies that ip is orientation-preserving, because the maps / 
and z i — y z k are a local orientation-preserving homeomorphisms away 
from their critical points. 

If /(0) = oo, then we apply the above argument to the map z h-> 
l/f(z). We conclude that in any case there exists an orientation- 
preserving homeomorphism ip on C that fixes and oo and satisfies 
f(<p(z)) = z k for all z G C, where in a non-zero integer. Actually, 
k ^ { — 1, 1}, because otherwise / would be a homeomorphism. Since 
every orientation-preserving homeomorphism ip on C fixing and oo 
is isotopic to idg rel. {0, oo} (see Lemma fit). lip , it follows that / is 
Thurston equivalent to the map z z k , where fc£Z\{ — 1,0,1}. □ 

Corollary 6.4. If f : S 2 — >■ S 2 is an expanding Thurston map, then 
#post(/)>3. 

Proof. We know that #post(/) > 2 (see Remark 15.51) . The same rea- 
soning as in the proof of Proposition 16.31 shows that if / : *S 2 — ?- *S 2 
is a Thurston map with ^post(J) = 2, then each n-tile contains the 
set post(/). In particular, n-tiles have a diameter uniformly bounded 
away from 0, and so the map cannot be expanding. Therefore, if / is 
expanding, then #post(/) > 3. □ 

Due to the last corollary, in the following we can restrict ourselves 
to the case of Thurston maps / with #post(/) > 3. 

7. Flowers 

In this section /: S 2 — > S 2 is a Thurston map with #post(/) > 3. 
We fix a Jordan curve C C S 2 with post(/) C C, and consider the cell 
decompositions T> n = V n (f,C) and use the terminology and notation 
of the previous section. 

Definition 7.1 (n-Flowers). Let n G N , and p G 5* 2 be an n- vertex. 
Then the n- flower of p is defined as 

W n (p) := |J{int(c) : c G £> n , p G c}. 

So the n- flower W 1 (p) of the n- vertex p is the union of the interiors 
of all cells in cycle of p in T> n (see Figure [2] as well as Lemma 15.11 (v) 
and the discussion after this lemma). 
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The main reason why we introduced flowers is the following. Con- 
sider a simply connected domain U C S 2 not containing a postcritical 
point of / and branches g n of f~ n defined on U. Then it may happen 
that the number of n-tiles intersecting g n (U) is unbounded as n — > oo, 
even if the diameter of U is small. For example, this happens when / 
has a periodic critical point p (see Section ITT)) . and U spirals around 
one of the points in the cycle generated by p. However if diam({7) is 
sufficiently small, then g n (U) is always contained in one n- flower as we 
shall see. We first prove some basic properties of flowers. 

Lemma 7.2. Let n G No, andp G S 2 be an n-vertex. As in Lemma \5~l\ 

let ei, . . . , e<f be the n-edges and X\, . . . , Xd be the n-tiles of the cycle 
of p, where d G N, d > 2, is the length of the cycle. 

(i) Then d = 2degj„(j>) ; the set W n (p) is an open and simply 
connected neighborhood of p that contains no other n-vertex, 
and we have 

d d 

(7.1) W n (p) = {p} u{jmk(Xi) U\jmk{ ei ) = 

i=l i=l 

S 2 \ \J{c eV n :ceV n , pi c}. 

We have W n (p) = X^U- ■ -UX d , and the set dW n (p) is the union 
of all n-edges e with p £ e and e C dXi for some i G {1, . . . , d}. 

If c is an arbitrary n-cell, then either p G c and c C W n (p), or 
cdS 2 \W n {p). 

Proof, (i) By Remark 15.31 the length d of the cycle of the vertex p (in 
the cell decomposition D n ) is a multiple d = kd' of the length d' of 
the cycle of the image point q = f n {p) (in the cell decomposition T>°), 
where k is the degree of f n at p. Since d! = 2, we have d = 2degj n (p) 
as claimed. 

The first equality in (17. ip follows from Lemma 15.11 (v) . Based on 
this, the argument in Case 3 of the proof of Lemma 15.21 shows that the 
set W n (p) is homeomorphic to D. Hence W n (p) is open and simply 
connected, and it follows from the first equality in (17. ip that W n (p) 
contains no other n-vertex than p. 

Let M = S 2 \ \J{c G V n : c G V n , p <£ c}. If x G W n (p), then x 
is an interior point in one of the cells r forming the cycle of p. So if c 
is any n-cell with x G c, then r C c by Lemma [4.31 (ii). This implies 
p6c, and so x G M by definition of M. Hence W n (p) C M. 

Conversely, if x G M, let r be an n-cell of smallest dimension that 
contains x. Obviously, x G int(r). On the other hand, the definition 
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of M implies that p G r. Hence r is a cell in the cycle of p, and so 
x G W n (p). We conclude M C W n (p), and so M = W n (p) as desired. 

(ii) Equation (JZ3J implies W n (p) = X x U ■ • • U X n . 

Every point x G dW n (p) is contained in one of the sets dX^. Since 
W n (p) is open, the point x is not contained in {p}Uint(ej_i) Uint(ej) C 
W n (p) and hence in one of the n-edges e in the boundary of Xi distinct 
from and e«; note that there exists such an edge, because each n- 
tile is an m-gon, where m = #post(/) > 3, and so contains more than 
two n-edges in its boundary. Then p ^ e, and x is contained in an 
n-edge with the desired properties. 

Conversely, if e is an n-edge with p ^ e and e C dXi, then e C 
S 2 \ by flUD, and eCljC W n (p). Hence e C 9H/ n (p). 

(iii) This follows from (i) and (17. ip . □ 

Note that if we color tiles as in Lemma 16.21 then the colors of the 
tiles X\, . . . , Xd associated to an n-flower as in the previous lemma will 
alternate. 

Lemma 7.3. Let k,n G No- 

(i) If p G S 2 is an (n + k) -vertex, then f k (W n+k (p)) = W n (q). 

(ii) If q G S 2 is an n-vertex, then the connected components of 
f- k (W n (q)) are the (n + k) -flowers W n+k (p), p G f~ k {q)- 

(iii) A connected set K C S 2 is contained in an (n+ k) -flower if and 
only if f k (K) is contained in an n-flower. 

Proof, (i) It is clear that q = f k {p) is an n- vertex. Let e[, . . . ,e' d , be 
the (n + fc)-edges and X[, . . . , X' d , be the (n + fc)-tiles in the cycle of 
p, and define = f k (e' i ) and Xi = f k {X[) for i — 1, . . . , d'. Then from 
Remark 15.31 it follows that e±, . . . , are the n-edges and X x , . . . , X d > 
are the n-tiles in the cycle of q . Here we may have possible repetitions 
of edges and tiles. Since the map f k is cellular for (T> n+h , V n ), we have 
/ fc (int(e^)) = intfe) and / fc (int(X;)) = int(X t ) for all i = l,...,d'. 
Using this and (17.11) the statement follows. 

(ii) If p G f~ l {q), then pis an (n+/c)-vertex. By (i) the (n+/c)-flower 
W n+k {p) is an open and connected subset of f~ k (W n (q)). Suppose that 
x G dW n+k (p). Then by Lemma 17.21 (ii) there exists an (n + fc)-tile 
X', and an (n + k)-edge e' with p G X', p e', and x G e' C dX' . 
Then X = f k (X') is an n-tile, e = f k {e') is an n-edge, and q G X, 
f(x) G e C dX. Since f k \X' is a homeomorphism of X' onto X, we 
also have q £ X. Lemma 17721 (ii) implies that f k (x) G dW n (q), and so 
/ fc (x) ^ VK n (g), because flowers are open sets. 
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We conclude that x G S 2 \ f- k (W n {q)), and so dW n+k {p) C S 2 \ 
f~ k (W n (q)). It now follows from Lemma 14.41 that W n+k (p) is a con- 
nected component of f~ k (W n (q)). 

Conversely, suppose that U is a connected component of f~ k (W n (q)). 
Then U is an open set and so it meets the interior int(X') of some 
(n+fe)-tile X'. Then X = f k (X') is an n-tile that meets W n (q). Hence 
q £ X, and so there exists an (n + A;)-vertex p G X' with f k (p) = q. 

Then by the first part of the proof, the set W n+k (p) is a connected 
component of f (W n (q)). Since W n+ (p) contains the set int(X') and 
so meets U, we must have W n+k (p) = U. 

(iii) Suppose K is contained in the (n + /c)-flower jy n+fc (p)- Then 
by (i) the set f k (W n+k (p)) = W n (f k (p)) is an n-flower and it contains 
/'"( A' )• 

Conversely, if f k (K) is contained in the n-flower W n (q), then X is a 
connected set in f (W n (q)). Hence K lies in a connected component 
of / ~ (W n (q)), and hence in an (n + fc)-flower by (ii). □ 

Similarly, as we defined an n-flower for an n-vertex, one can also 
define an edge flower for an n-edge. These sets provide "canonical" 
neighborhoods for n-vertices and n-edges defined in terms of n-cells. 

Definition 7.4 (Edge flowers). Let n G Mo, and e be an n-edge. Then 
the n-edge flower of e is defined as 

W n {e) := |J{int(c) :ceV n , c n e + 0}. 

We list some properties of edge flowers. They correspond to similar 
properties of n-flowers as in Lemma 17.21 Note that in contrast to an 
n-flower, an edge flower will not be simply connected in general. 

Lemma 7.5. Let e be an n-edge whose boundary de consists of the 
n-vertices u and v. 

(i) Then W n (e) is an open set containing e, and 

(7.2) W n {e) = W n (u) U W n {v) = S 2 \ [j{c : c G T> n , c n e = 0}. 

(ii) We have W n (e) = \J{X G X™ : X n e ^ 0} and 

dW n (e) = [j{c G T> n : c fl e = and 

i/iere exists X G X™ X n e 7^ and c C <9X}, 

where each n-cell c in the last union either consists of one n- 
vertex or is an n-edge. 

(iii) If c is an arbitrary n-cell, then either cfl e 7^ and c C W n (e), 
orccS 2 \W n {e). 
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Proof, (i) It follows from Lemma 14.31 (i) that an n-cell c meets e if and 
only if it contains one of the endpoints u and v of e. Hence W n (e) = 
W n (u) U W n {y) by the definition of flowers. By Lemma O (i) this 
implies that W n (e) is open, and, since e is an edge in the cycles of u 
and v , we also have 

e = {u} U int(e) U {v} C W n {u) U W n (v) = W n (e). 

Let M = S 2 \ |J{c : c G V n , c fl e = 0}. If an n-cell c does 
not meet e, then it contains neither u nor v. Hence by (17.11) we have 
S 2 \M C {S 2 \W n (u))C](S 2 \W n {v)) = S 2 \W n (e), and so W n {e) C M. 

Conversely, let x G M be arbitrary, and c be the unique n-cell c such 
that a; G int(c). Then c fl e ^ and so u G c or d G c. It follows that 
.t G M/ n (n) U W n {v) = W n {e). We conclude that M C H/ n (e), and so 
M = W n (e) as claimed. 

(ii) By Lemma 14.31 (i) an n-tile X meets e if and only if X contains 
u or v . Hence by (i) and Lemma [7. 101 (ii) we have 

W n (e) = W n (u) U W n (v) = [j{X G X n : X f] e ^ 0} 

as desired. 

For the second claim suppose that c is an n-cell and X an n-tile with 
c n e = 0, X n e ^ 0, and c C <9X. Then cc5 2 \ W n (e) a nd c m ust 
be an n-edge or consist of an n- vertex. Moreover, c C X C H /n (e). It 
follows that c C <9W/ n (e). 

Conversely, let x be a point in dW n (e). Then by (i) the point x is 
also a boundary point of ^"(w) or W n (v), say a; G dW n (u). 

By Lemma 17.21 (ii) there exists an n-edge e' and an n-tile X with 
.x G e', tt G X, u e' and e' C 9X. If a; is an n-vertex, we let 
c = {x}. Then c is an n-cell and we have c fl e = 0, because W n (e) 
is an open neighborhood of e and c lies in cW n (e) C 5* 2 \ W n (e). 
Moreover, X fl e ^ and c C e' C (9X. So c is an n-cell with the 
desired properties containing x. 

If x is not a vertex we put c = e'. Again if c fl e = e' fl e = 0, then c 
is an n-cell with the desired properties containing x. 

The other case, where e' fl e 7^ 0, leads to a contradiction. Indeed, 
then we have v G e'. Moreover, since x is not a vertex, it follows that 
x G int(e'); but then x G int(e') C W n (v) C iy n (e) which is impossible, 
because x G dW n (e) C S 2 \ W n (e). 

(in) If c is an n- cell and c n e = 0, then ccS 2 \ W n (e). If c n e ^ 0, 
then c contains w or v, and so c C W n (u) U W n (v) = W n (e). □ 

We fix a base metric on S* 2 that induces the given topology. We will 
define a constant 5q > such that any connected set of diameter < <5 
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(with respect to the base metric) is contained in a single 0-flower. There 
is a slight difference for the cases #post(/) = 3 and #post(/) > 4. In 
order to treat these two cases simultaneously, the following definition 
is useful. 

Definition 7.6 (Joining opposite sides). A set K G S 2 joins opposite 
sides of C if #post(/) > 4 and K meets two disjoint 0-edges, or if 
#post(/) = 3 and K meets all three 0-edges. 

We then define 

(7.3) 5 = 5 (f, C) = inf {diam(K) : K C S 2 is a set 

joining opposite sides of C}. 

Then So > 0. For if #post(/) = 4, then So is bounded below by the 
positive number 

min{dist(e, e') : e and e' are disjoint 0-edges}. 

If #post(/) = 3 and we had 5o = 0, then it would follow from a 
simple limiting argument that the three 0-edges had a common point. 
This is absurd. 

Lemma 7.7. A connected set K C S 2 joins opposite sides of C if and 
only if K is not contained in a single 0-flower (of a 0-vertex). 

Proof. If K is contained in a 0-flower W°(p), where p G C is a 0-vertex, 
then K meets at most two 0-edges, namely the ones that have the 
common endpoint p. So K does not join opposite sides of C. 

Conversely, suppose K does not join opposite sides of C. We have to 
show that K is contained in some 0-flower. Note that K cannot meet 
three distinct 0-edges. 

If K does not meet any 0-edge, then K is contained in every 0-flower. 
If K meets only one 0-edge e, then K is contained in the 0-flowers 
W°(u) and W°(v ), where u and v are the endpoints of e. 

If K meets two edges, then these edges share a common endpoint 
v G V° = post(/). This is always true if #post(/) = 3 and follows 
from the fact that K does not join opposite sides of C if #post(/) > 
4. Moreover, K cannot meet a third 0-edge which implies that K G 
W n {v). ' □ 

By the previous lemma every connected set K C S 2 with diam(JC) < 
Sq is contained in a 0-flower. 



Lemma 7.8. Let n G No, and So > be as in (17. 3p . 
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(i) If K C S 2 is a connected set with diam(JC) < 5q, then each 
component of f~ n (K) is contained in some n-flower. 

(ii) 1/7: [0, 1] — )■ S 2 is a path such that diam(7) < 5q, then each lift 
7 of 7 by f n has an image that is contained in some n-flower. 

Here by definition a lift of 7 by f n is any path 7: [0,1] S 2 with 
7 = f n 7- 

Proof, (i) The set is contained in some 0- flower W°(p), p £ V°, by 
Lemma IT7H and the definition of 5q. So if K' is a component of f~ n (K), 
then i^' is contained in a component of f~ n {W°(p)), and hence in an 
n-flower by Lemma [T731 (ii). 

(ii) The reasoning is exactly the same as in (i). The image of 7 is 
contained in some 0-flower; by Lemma 17.31 (ii) this implies that the 
image of 7 is contained in an n-flower. □ 

We will often have to estimate how many tiles are needed to connect 
certain points. If we have a condition that is formulated "at the top 
level", i.e., for connecting points in C, then the map f n can be used to 
translate this to n-tiles. 

Lemma 7.9. Let n £ No, and K C S 2 be a connected set. If there 
exist two disjoint n-cells a and r with K fl a 7^ and K fl r 7^ 7 then 
f n (K) joins opposite sides of C. 

Proof. It suffices to show that K is not contained in any n-flower, be- 
cause then f n (K) is not contained in any 0-flower (Lemma l7.3l (iii)) and 
so f n (K) joins opposite sides of C (Lemma 17. 7p . We consider several 
cases. 

Case 1. One of the cells is an n- vertex, say a = {v}, where v £ V n . 
Then v £ K, so the only n-flower that K could possibly be contained 
in is W n (v), because no other n-flower contains the n- vertex v. But 
since a and r are disjoint, we have v ^ r, and so r C S 2 \ W n (v). 
Hence K n (S 2 \ W n (v)) ^ 0, and so W n (v) does not contain K. 

Case 2. Suppose one of the cells is an n-edge, say a = e £ E™. 
Then e has two endpoints u, v £ V n . The only n-flowers that meet e 
are W n {u) and W n (v); so these n- flowers are the only ones that could 
possibly contain K. But the set W n (e) = W n (u) U W n (v) does not 
contain K, because K meets the set r which lies in the complement of 
W n {e). 

Case 3. One of the cells in an n-tile, say a £ X n . Then K meets 
dX. Since dX consists of n-edges, the set K meets an n-edge disjoint 
from t. So we are reduced to Case 2. □ 
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For n 6 No we denote by D n the minimal number of n-tiles required 
to form a connected set joining opposite sides of C; more precisely, 

(7.4) D n = min {N G N : there exist X u . . . , X N G X" such that 



Of course, D n depends on / and the choice of C. If we want to empha- 
size this dependence, we write D n = D n (f,C). 

From Lemma 17.91 we can immediately derive the following conse- 
quence. 

Lemma 7.10. Let n,k G No- Every set of (n + k)-tiles whose union is 
connected and meets two disjoint n-cells contains at least D k elements. 

Proof. Suppose K is a union of (n + fc)-tiles with the stated properties. 
Then the images of these tiles under f n are fc-tiles and f n (K) joins 
opposite sides of C by Lemma I7T91 Hence there exist at least D k distinct 
fc-tiles in the union forming f n (K) and hence at least D k distinct (n + 
fc)-tiles in K. □ 

Lemma 7.11. There exists MeN with the following property: 

(i) Each n-tile, n6N, can be covered by M (n — l)-flowers. 

(ii) Each n-tile, n G No, can be covered by M (n + l)-flowers. 

For easier formulation of this lemma and the subsequent proof, we 
assume for simplicity that a cover by at most M element contains pre- 
cisely M elements. This can always be achieved by repetition of ele- 
ments in the cover. 

Proof, (i) Let <5 > be as in (17.31) . Then there exists M G N such 
that each of the finitely many 1-tiles X is a union of M connected sets 
U C X with diam([7) < 5q. If Y is an arbitrary n-tile, n > 1, then 
Z = / n_1 (y) is a 1-tile and f n ~ l \Y a homeomorphism of Y onto Z. 
Hence Y is a union of M sets of the form (/ n_1 |y) _1 (?7), where U C Z 
is connected and diam({7) < 5 . Each set (/ n_1 |F) _1 (f/) is connected 
and so by Lemma [7.81 (i) it lies in an (n — l)-flower. Hence Y can be 
covered by M (n — l)-flowers. 

(ii) There exists M G N such that each of the two 0-tiles X can be 
covered by M connected sets U C X with diam(/({7)) < 5q. If Y in an 
arbitrary n-tile, then Z = f n (Y) is a 0-tile. By the same reasoning as 
above, the set Y is a union of M sets of the form (/ n |y) _1 (f/), where 
U C Z is connected and diam(/({7)) < 8 . 
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Then V = (f n \Y)- 1 (U) is connected, and f n+1 (U') = f(U) which 
implies diam(/ n+1 (£/')) < 5q. Hence by Lemma 17.81 (i) the set U' is 
contained in some (n + l)-flower. Since M of the sets U' cover Y, it 
follows that each n-tile can be covered by M (n + l)-flowers. □ 

Lemma 7.12. Let C andC be two Jordan curves in S 2 that both contain 
post(/). Then there exists a number M such that each n-tile for (f,C) 
is covered by M n-flowers for {f,C). 

Proof. The proof is very similar to the proof of Lemma 17.111 

Let 5 = S (f, C) > be the number as defined in (17. 3p . There exists 
a number M such that each of the two 0-tiles X for (/, C) is a union 
of M connected sets U C X with diam([7) < Sq. If Y is an arbitrary 
n-tile for (f,C), then Z = f n (Y) is a 0-tile for (f,C) and f n \Y is a 
homeomorphism of Y onto Z. Hence Y is a union of M sets of the 
form (f n \Y)~ 1 (U), where U C Z is connected and diam([7) < 5q. Each 
set (f n \Y)~ 1 (U) is connected and so by Lemma 17.81 (i) it lies in an 
n-flower for (f,C). Hence Y can be covered by M such n-flowers. □ 

8. Expansion and visual metrics 

Let f : S 2 — > S 2 be a Thurston map. Throughout this section we 
will assume that / is expanding. We will show that S 2 then carries 
a natural class of metrics that allows us to estimate the distance of 
points in terms of combinatorial data derived from the tiles in the cell 
decompositions defined in Section [6j 

We fix a base metric on S 2 that induces the standard topology. The 
purpose of this is to be able to formulate some essentially topological 
properties (such as expansion of the map /) in more convenient metric 
terms. Notation for metric terms will refer to this base metric unless 
otherwise indicated. 

As we have seen in Section El the property of expansion can equiva- 
lently be stated as 

(8.1) max diam(X) — y as n — > oo, 

where the tiles are defined with respect to a Jordan curve C D post(/) 
as in Definition 13.21 First we want to convince ourselves that this is 
independent of the choice of the curve C. 

Lemma 8.1. Let f : S 2 —¥ S 2 be an expanding Thurston map. Then 

(8.2) lim mesh(/, n,C) = 

n— >oo 

for every Jordan curve C C S 2 with post(/) C C. 
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Proof. Since / is expanding, there exists a Jordan curve C C S 2 with 
post(/) C C such that (JEZl holds. Then 

max diam(X) = mesh(/, n, C) — > 

as n — > oo, where X n is the set of n-tiles for (f,C). Lemma 17.21 (ii) 
implies that 

(8.3) diam(W n (v)) < 2 max diam(X) 

for each n-flower for (f,C). 

Let C C S 2 be another Jordan curve with post(/) C C, and the 
number M be as in Lemma 17.121 Then each n-tile for (/, C) can be 
covered by M n- flowers for (f,C). If a connected set is covered by a 
finite union of connected sets, then its diameter is bounded by the sum 
of the diameters of the sets in the union. Combining this with (18.31) 
and denoting the set of n-vertices for (f,C) by V n , we conclude that 

mesh(/, n, C) = max{diam(X) : X is an n-tile for (/, C)} 

< Mmaxdiam(W 1 (n)) 

P ev™ 

< 2M max diam(X) 
= 2Mmesh(/,n,C). 

Hence mesh(/, n, C) — > as n — > oo as desired. □ 

Our definition of expansion is somewhat ad hoc, but it has the advan- 
tage that it relates to the geometry of tiles. An equivalent, and maybe 
more conceptual description can be given in terms of the behavior of 
open covers of S 2 under pull-backs by the iterates of the map. We 
start with some definitions. Let U be an open cover of S 2 . We define 
mesh(W) to be the supremum of all diameters of connected components 
of sets in U. If g: S 2 — > S 2 is a continuous map, then the pull-back of 
U by g is defined as 

g~ l (U) = {V : V connected component of g^ 1 ^), where U G U}. 

Obviously, g~ l (U) is also an open cover of S 2 . Similarly we denote by 
g- n {U) the pull-back of U by g n . 

Proposition 8.2. Let f : S 2 — > S 2 be a Thurston map. Then the 
following conditions are equivalent: 

(i) The map f is expanding. 
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(ii) There exists 5q > with the following property: if U is a cover 
of S 2 by open and connected sets that satisfies mesh(W) < 5 , 
then 

lim mesh(/-"(W)) = 0. 

(iii) There exists an open cover U of S 2 with 

lim mesh(/- n (ZY)) = 0. 

(iv) There exists an open cover U of S 2 with the following property: 
for every open cover V of S 2 there exists N G N such that 
f~ n {U) is finer than V for every n G N with n > N; i.e., 
for every set U' G f~ n (U) there exists a set V & V such that 
U' C V. 

Conditions (iii) is the notion of expansion as denned by Haissinsky- 
Pilgrim (see [HP09, Sect. 2.2]). Thus our notion of expansion agrees 
with the one in |HP09j . Condition (iv) is essentially a reformulation of 
(iii) in purely topological terms without reference to the base metric on 
S 2 (which enters in the definition of the mesh of an open cover). One 
can reformulate (ii) in a similar spirit. If there exists a Jordan curve 
C C S 2 with post(/) C C and f{C) C C, then expansion of the map / 
can be characterized in yet another way (see Lemma [11.21) . 

Proof. We will show (i) =>• (ii) =>■ (iii) =>• (i) and (iii) =>- (iv) =>- (iii). 

(i) =>• (ii): Suppose / is expanding. Pick a Jordan curve C C S 2 with 
post(/) C C and let So > be as in f lT.3 j) (note that #post(/) > 3 
by Corollary 16. 4p . Suppose U is a cover of S 2 by open and connected 
sets that satisfies mesh(W) < 5q. If U G U, then U is connected and 
diam({7) < 8q. So if V is an arbitrary connected component of f~ n (U), 
then by Lemma 17.81 the set V is contained in an n- flower for (f,C). 
Hence 

diam(V^) < 2 mesh(/, n, C), 

which implies 

mesh(/- n (W)) < 2mesh(/,n,C). 

Since / is an expanding Thurston map, we have mesh(/, n, C) — > 0, 
and so mesh(/ -n (W)) — > as n — > oo. 

(ii) ^> (iii): Obvious. 

(iii) =>■ (i): Suppose U is an open cover of S 2 as in (iii). Pick a Jordan 
curve C C S 2 with post(/) C C, and let 5 > be a Lebesgue number 
for the cover £Y, i.e., every set K C S 2 with diam(ff) < 5 is contained 
in a set U G U. We can find a number M G N such that each of the 
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two 0-tiles for (/, C) can be written as a union of M connected sets V 
with diam(V) < 5. Then each such set V is contained in a set U G U. 

Now if X is an arbitrary n-tile for (/, C), then Y = f n (X) is a 0-tile 
for (/, C) and f n \X is a homeomorphism of X onto K. Hence X is 
a union of M connected sets of the form (f n \Y)~ 1 (V), where V G Y 
is connected and lies in a set U G W. Then (/ n |X) _1 (V r ) lies in a 
component of f~ n (U), and so 

diam((/ n |X)- 1 (\/)) < mesh(/- n (W)). 

This implies 

diam(X) < Mmesh(/- n (W)). 

Hence 

mesh(/, n,C) < M mesh(f- n (U)). 

Since mesh(/~ n (W)) — > 0, we also have mesh(/, n, C) — )■ as n — >■ oo. 
Hence / is expanding. 

(iii) =>- (iv): Suppose U is an open cover of S 2 as in (iii), and V is an 
arbitrary open cover of S 2 . Let 5 > be a Lebesgue number for the 
cover V, i.e., every set K C S 2 with diam(i^) < 5 is contained in a 
set V G V. By (iii) we can find iV G N such that mesh(/" n (W)) < 5 
for n > N. If n > N and £/' is a set in f~ n (U), then diam(£/') < <5 
by definition of mesh(/ _n (W)). Hence there exists V G V such that 
[/' c V. 

(iv) =>■ (iii): Suppose U is an open cover of S 2 as in (iv). Then U also 
satisfies condition (iii); indeed, let e > be arbitrary, and let V be 
the open cover of S 2 consisting of all open balls of radius e/2. Then 
diam(K) < e for all V G V. Moreover, by (iv) there exists N G N 
such that for n > N every set in f~ n {U) is contained in a set in V. In 
particular, mesh(/ _n (W)) < e for n > iV. This shows that U satisfies 
condition (iii). □ 

Let C C S 2 be a Jordan curve with post(/) C C. We define D n = 
D n (f, C) as the minimal number of tiles of order I > n for (/, C) required 
to join opposite sides of C, i.e., the smallest number N G N for which 
there are tiles X± G lJ z>n X^, % = 1, . . . , N, such that K = {J i=1 Xt is 
connected and joins opposite sides of C. 

Note that the quantity D n is a variant of the quantity D n defined in 
f )7.4p . While the sets K used to define D n are unions of tiles of order 
n, the sets K in the definition of D n are unions of tiles of order k > n; 
in particular, > D n for k > n. 
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Lemma 8.3. Let f ' : S 2 — )■ S 2 be an expanding Thurston map, and 
C C S 2 be a Jordan curve with post(/) C C. Let D n = D n (f,C) and 

D n = D n (f,C) forneNo. 

Then D n — > oo and D n — > oo as n — )■ oo. 

Proof. We know that > D n whenever k > n. So it suffices to show 
-D n — )• oo as n — )• oo. 

Let 5o > be defined as in (17.31) and suppose K = X± U • • • U Xat is 
a connected union of tiles of order > n that joins opposite sides of C. 
Then 

N 

5o < diam(K) < diam(Xj) 

i=l 

< iV max^diam^j) 

< N sup mesh (/, k, C). 

k>n 

Putting c n := sup fc>n mesh(/, k, C), we conclude that N > So/c n , and 
so D n > 5 /c n . 

Since / is expanding we have mesh(/, n, C) — > and so also c n — > 
as n — > oo. This implies that D n — > oo as desired. □ 

If / is expanding and C is given, then in view of the last lemma, we 
can find a number k Q = fc (/, C) G N such that 

(8.4) D ho = D ko (f,C)> 10. 

This inequality will be useful in the following. 

Lemma 8.4. Let f : S 2 — > S 2 be a Thurston map, neN, and F = f n . 
Then F is a Thurston map with post(F) = post(/). The map f is 
expanding if and only if F is expanding. 

Proof. Since / is a Thurston map, the map F is a branched covering 
map on S* 2 with post(F) = post(/) (see Section |3]) and deg(F) = 
deg(/) n > 2. Hence F is also a Thurston map. 

Fix a Jordan curve C C S 2 with post(/) = post(F) C C. It follows 
from the definitions that 

mesh(F, k, C) = mesh(/, nk, C) 

for all k G No- If / is expanding, then by Lemma lHTTl we have mesh(/, k, C) — > 
as k — > oo which implies that 

mesh(F, k, C) = mesh(/, nk, C) — > 

as k — » oo. Hence F is expanding. 
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Conversely, suppose that F is expanding. Then we know that 
(8.5) lim mesh(F, k, C) = lim mesh(/, nk, C) = 0. 

k— >oo k— >oo 

Let the constant M > 1 be as in Lemma 17. Ill for the map / and the 
Jordan curve C. By an argument similar as in the proof of Lemma EH] 
one can show that 

mesh(/,Z + 1,C) < 2Mmesh(/, I, C) 

for all I 6 No. This implies 

mesh(/,Z,C) < (2M) n mesh(f,n[l/n\,C) 

for all I G No and so by (18.51) we have mesh(/, l,C) — > as I — > oo. 
This shows that / is expanding. □ 

Definition 8.5. Let /: S 2 — > S 2 be an expanding Thurston map, and 
C C S 2 be a Jordan curve with post(/) C C, and x,y G S 2 . 
For i^j/we define 

mf^c(x,y) := max{n G No : there exist non-disjoint n-tiles 

X and Y for (/, C) with x G X, y G Y}. 

If x = y we define mffi(x, x) := oo. 

Note that a maximal number n as in the definition of rrif t c(x,y) for 
x ^ y exists, because we know that for an expanding Thurston map the 
diameters of n-tiles tend to if m — > oo. We usually drop one or both 
subscripts in rrif t c(x,y) if / or C are clear from the context. A similar 
combinatorial quantity that is essentially equivalent to mf t c{x,y) for 
x ^ y is 

m'j: C (x,y) := min{n G No : there exist disjoint n-tiles 

X and Y for (/, C) with x G X, y G Y} 

(see Lemma [831 (v)). 

In the next lemma we collect some of the properties of the function 
Trif t c- For the proof the following terminology is useful. A (finite) chain 
in S 2 is a finite sequence Ai, . . . , A N of sets in S 2 such that Air\A i+1 ^ 
for i — 1, . . . , N— 1. It joms two points x,y & S 2 if x <E Ai and y G A^v- 
We say that this chain is simple if there is no proper subsequence of 
Ai, . . . , An that is also chain joining x and y. 

If K is a compact connected set in S 2 , U an open cover of K, and 
x,y <E K, then one can always find a simple chain of sets in U joining 
x and y. 
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Lemma 8.6. Let f : S 2 — >■ S 2 be an expanding Thurston map, C C S 2 
be a Jordan curve with post(/) C C, and m = m^c- 

(i) There exists a number k\ > such that 

(8.6) min{m(x, z), m(y, z)} < m(x, y) + k\ 

for all x,y,z G S 2 . 

(ii) We have 

m{f(x),f(y)) > m(x,y) - 1 
for all x,y G S 2 . 

(iii) Let C C S 2 be another Jordan curve with post(/) C C. Then 
there exists a constant k 2 > such that 

(8.7) m(x, y) - k 2 < m f ^(x, y) < m(x, y) + k 2 
for all x,y G S 2 . 

(iv) Let F = f n be an iterate of f . Then there exists a constant 
k 3 > such that 

m(x, y) - k 3 <n - m F ,c{x, y) < m(x, y), 

for all x,y G S 2 . 

(v) There exists a constant k 4 > with the following property: if 
x, y G S 2 , x^y, and m'j c (x,y) is the smallest number ml G No 
for which there exist m' '-tiles X',Y' G T> m '(f,C) with x G X' , 
yEY' and X' n Y' = 0, then 

m(x, y) — k 4 < m'^ c (x, y) < m(x, y) + 1. 

Proof. We fix k = k (f,C) as in (j8.4p . Let x,y E S 2 be arbitrary. In 
order to establish the desired inequalities we may always assume x ^ y. 
Unless otherwise stated, tiles will be for (f,C). 

(i) Let m = m(x, y) G No be as in Definition l8.5l We can pick (m+1)- 
tiles X and Y containing x and y, respectively. Then Xq D Y — by 
definition of m. 

Define n := m + fco, and let 2 G S* 2 be arbitrary. We claim that 
m(x, z) < n or m(y, 2) < n. 

Otherwise m(x, z) > n + 1 and m(y, z) > n + 1, and so by Defini- 
tion [53] there exist numbers m^m^ > n + 1 and mi-tiles X and Z 
with x G X , z E Z and X fl Z 7^ 0, and m 2 -tiles Y and Z' with yEY, 

zGZ' andlnZ'^' 

Then the set K = XUZUZ'UY is connected and meets the disjoint 
(m + l)-tiles X and Fo- Thus f m+1 (K) joins opposite sides of C by 
Lemma I7.9[ and consists of four tiles of order > n — m = ko. This 
contradicts (18.41) . proving the claim. 
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So we have m(x, z) < m + k$ or m(y, z) < m + ho- This implies (18. 6 j) 
with the constant fci = fco which is independent of x and y. 

(ii) We may assume that m = m(x,y) > 1. Then there are non- 
disjoint m-tiles X and Y with a; G X and y & Y. It follows that 
/(X) and /(V) are non-disjoint (m — l)-tiles with f(x) G /(X) and 
f(y) G /(y). Hence m(f(x),f(y)) > m — 1 as desired. 

(iii) Let m = m^(x,y) G No- Then there exist m-tiles X and y 

for (f,C) with a; G X, y G ?, and X n ? 7^ 0. By Lemma EHJ the 
sets X and y are each contained in M in- flowers for (f,C), where M 
is independent of X and Y. In particular, this implies that we can find 
a chain of at most M such m-flowers joining x and y. Since any two 
tiles in the closure W n (v) of an n-flower have the point v in common, it 
follows that there exists a chain Xi, . . . , Xn of m-tiles for (/, C) joining 
x and y with N < 2M. Let x\ := x, xn '■= y, and for i — 2, . . . , N — 1, 
pick a point x« G Xj. Then m(xi, x i+ i) > in for i — 1, . . . , X — 1. Hence 
by repeated application of (i) we obtain 

m < min{m(a;j, : i = 1, . . . , iV — 1} 

< m(xi, xn) + Nk± < m(x,y) + 2Mki. 

Since 2Mk\ is independent of x and y, we get an upper bound as in 
(18.71) . A lower bound is obtained by the same argument if we reverse 
the roles of C and C. 

(iv) The map F is also an expanding Thurston map, and we have 
post(/) = post(F) (see Lemma E3J); so the Jordan curve C contains 
the set of postcritical points of F and mpfi is defined. It follows from 
Proposition 16.11 (v) that the m-tiles for (F, C) are precisely the (nm)- 
tiles for (/, C), In the ensuing proof we will only consider tiles for (/, C). 

Let mp = mpfi{x,y) and m = m(x,y); then there are non-disjoint 
(nra_F)-tiles X and Y with x G X and y G Y. So m > nmp which gives 
the desired upper bound. 

We claim that on the other hand, we have m < nmp + k 3 , where 
fc 3 = n + ko — 1. To see this assume that 

m > nmp + k% + 1 = n(mp + 1) + fco- 

Then we can find non-disjoint m-tiles X and Y with x G X, y £ Y. 
Moreover, we can pick n{mp + l)-tiles X' and Y' with x G X' and 
y 6 y. By definition of m^ we know that X' fl y = 0, so X' and Y' 
are disjoint n(m^ + l)-tiles joined by the connected set K = X U Y. 
Hence by Lemma [7.101 K must consists of at least 
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m-tiles; but K consists of only two such m-tiles. This is a contradiction 
showing the desired claim. 

(v) Let m' = m'f C (x,y) be defined as in (v). Then m' > 1, because 
the two 0-tiles have nonempty intersection. So m' — 1 > 0, and there 
exist (m/ - l)-tiles X and F with x E X and y E Y. Then X n Y ^ 
by definition of m', and so m(x, y) > m' — 1. 

Conversely, let m = m(x,y). Suppose m' < m — k . Then there exist 
m'-tiles X' and Y' with X' n Y' = 0, m-tiles X and Y with X n Y ^ 0, 
and s E X n X', y G F n F'. Hence K = X U F is a union of two 
m-tiles joining the disjoint m'-tiles X' and F'; but such a union must 
consist of at least at 

D m -m> > D ko > 10 
m-tiles by Lemma 17.101 This is a contradiction showing that m — k < 
m! . So the claim is true with /c 4 = k Q . □ 

Definition 8.7 (Visual metrics). Let /: S 2 — > S 2 be an expanding 
Thurston map and d be a metric on S 2 . Then d is called a visual 
metric (for /) if there exists a Jordan curve CcS 2 with post(/) C C, 
and constants A > 1, and A > 1 such that 

(8.8) (l/A)A- m(a, ' tf) < y) < AA- m(x ' y) 

for all x,y E S 2 , where m(x, y) = rrif t c(x, y). 

Here we use the convention A~°° = 0. The number A is called the 
expansion factor of the metric d. It is easy to see that the expansion 
factor of each visual metric is uniquely determined; different visual 
metrics may have different expansion factors. 

Let d and d! be two metrics on a space X. They are called bi-Lipschitz 
equivalent if there exists a constant C > 1 such that 

(1/C)d{x,y) <d'{x,y) <Cd(x,y) 

for all x,y E X. They are called snowflake equivalent if there exist 
constants a > and C > 1 such that 

for all x, y G X. Obviously, bi-Lipschitz equivalence of two metrics 
implies their snowflake equivalence. 

Remark 8.8. As briefly mentioned in the introduction, one can use 
an expanding Thurston map /: S 2 — > S 2 to define an infinite graph 
Q that is Gromov hyperbolic (see |GH[ IBuS] for the definition of Gro- 
mov hyperbolic spaces and an explanation of the related terminology 
employed in the present remark). Namely, we consider a Jordan curve 
C C S 2 with post(/) C C and the tiles in the cell decompositions 
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V n (f,C), n G No- The vertex set of Q is the set of all tiles, and one 
connects two vertices by an edge in Q if the corresponding tiles have 
nonempty intersection and levels that differ by at most 1 (there are 
other reasonable ways to define the edges in Q). One can show that Q 
is Gromov hyperbolic, and that the boundary at infinity d^Q of Q can 
be identified with S 2 . Moreover, rriffi(x,y) is essentially the Gromov 
product of two points x,y G S 2 = dooQ (with one of the 0-tiles chosen 
as a basepoint in Q). Then the notion of a visual metric on dooQ as in 
the theory of Gromov hyperbolic spaces coincides with our notion of a 
visual metric on S 2 = d^Q. 

In the following proposition we summarize properties of visual met- 
rics. 

Proposition 8.9. Let f : S 2 — >■ S 2 be an expanding Thurston map. 

(i) There exist visual metrics for f . 

(ii) Every visual metric induces the standard topology on S 2 . 

(iii) Let d be a visual metric with expansion factor A. Then an 
inequality as in (18. 8p with the same expansion factor A holds 
for every Jordan curve C C S 2 with post(/) C C if m = 

and A is suitably chosen depending on C. 

(iv) Any two visual metrics are snowflake equivalent; if they have the 
same expansion factor A, then they are bi-Lipschitz equivalent. 

(v) A metric is a visual metric for any iterate F = f n if and only 
if it is a visual metric for f . 

Proof, (i) Fix a Jordan curve C C S 2 with post(/) C C. Recall that 
a function q: S 2 x S 2 — > [0, oo) is called a quasimetric if it has the 
symmetry property q(x,y) = q(y,x), satisfies the conditions q(x,y) = 
<^ x = y, and the inequality 

(8.9) q(x,y) < K(q(x,z) + q(z,y)), 

holds for a constant K > 1 and all x,y, z G S 2 . 

We now define a quasimetric q on S 2 . To this purpose, we fix A > 1 
and set 

(8.10) q(x,y) := A~ m ^ y \ 

for x,y G S 2 , where m(x,y) = rrif t c(x,y) G N U {oo} is as in Defini- 
tion 1831 

Symmetry and the property q{x,y) = -v=> x = y are clear. The 
quasi-triangle inequality (18. 9 p follows from Lemma 18761 (i). 
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It is well known (see |He} Prop. 14.5]) that a sufficient "snowflaking" 
of a quasimetric leads to a distance function that is comparable to a 
metric. This means there is a metric d and < e < 1 such that q e x d. 
Then d is a visual metric for / (with expansion factor A e ). 

(ii) Let d be a visual metric for / satisfying (18. 8p . and d! our fixed 
"base metric" on S 2 that induces the standard topology of S 2 . We have 
to show that if x G S 2 and {xi} is a sequence in S 2 , then d(xi,x) — > 
if and only if d'(xi, x) — » as i — > oo. 

Now by (18.81) the relation d(xi,x) — ^ is obviously equivalent to 
rrii := rrif t c(xi,x) — » oo. 

So if G?(xj,x) — > 0, then raj — > oo, and so for each n e N we have 
rrii > n for sufficiently large z. For these i we have 

d'(xi,x) < 2 sup mesh (/, fe, C) 

as follows from the definition of rn./,c- Since / is expanding, we know 
that sup fc>n mesh(/, k, C) — > as n — > oo. Hence d'(xi,x) — > as 
? — >■ oo. 

Conversely, suppose that d'(xi,x) — > as i —¥ oo. Let n e N be 
arbitrary. Then x lies in some n-flower W n (v). Since flowers are open 
sets, we have x^ G W n (v) for sufficiently large i. For each of these i we 
can find n-tiles X and K with x G X, G K, and v G X H Y. This 
implies > n. Hence m ; — )• oo as desired. 

(iii) This follows from Lemma [8.61 (iii). 

(iv) This follows from (iii) and the definition of a visual metric. 

(v) This follows from (iii) and Lemma 18.61 (iv) . □ 

The next lemma gives a geometric characterization of visual metrics. 

Lemma 8.10. Let f : S 2 — >■ S 2 be an expanding Thurston map, C C S 2 
be a Jordan curve with post(/) C C, and d be a visual metric for f with 
expansion factor A > 1 . Then there exists a constant C > 1 such that 

(i) distd(<j, r) > (l/C)A~ n whenever a and r are disjoint n- cells, 

(ii) (l/C)A~ n < diam^(r) < Chr n for alln-edges and alln-tiles r. 

Conversely, if d is a metric on S 2 satisfying conditions (i) and (ii) 
for some constant C > 1, then d is a visual metric with expansion 
factor A > 1 . 

Here it is understood that n-cells are for (f,C). 

Proof. By Proposition 18.91 (iii) we may assume that d satisfies (18. 8p . 
where m = m^c- 

(i) Let ko be defined as in (18.41) . and let a and r be disjoint n-cells. 
If x G a and y G r are arbitrary, then m = m(x,y) < n + k . Indeed, if 
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this were not the case, then we could find (n + fc)-tiles X and Y with 
x G X, y G Y, XHY ^ 0, and k > k . Then K = XUY is a connected 
set meeting disjoint n-cells. Hence by Lemma [7.91 the set f n {K) joins 
opposite sides of C. On the other hand, f n {K) consists of two fc-tiles 
X 1 = f n {X) and Y' = f n (Y), where k > k . This is impossible by 
definition of k$. 

Therefore, d(x,y) > (l/A)A~ n ~° , and so we get the desired bound 
distO,r) > (l/C')A~ n with the constant C = CA k ° that is indepen- 
dent of n, a, and r. 

(ii) If x, y are points in some n-tile X, then m(x, y) > n. Since every 
n-edge is contained in an n-tile, this inequality is still true if x and y 
are contained in an n-edge. Hence d(x, y) < AA~ m ( x ' y ^ < AA~ n , and so 
diam(r) < AA~ n whenever r is an n-tile or n-edge, where the constant 
A is as in flUHD - 

A similar lower bound for the diameter of an n-edge or n-tile r follows 
from (i) and the fact that every n-edge or n-tile contains two distinct 
n- vert ices. 

For the converse suppose that we have (i) and (ii). Let x, y G S* 2 , 
x 7^ y, be arbitrary, and m = mf jC (x,y). 

Then we can find m-tiles X and Y with x G X , y G Y and XdY ^ 0. 
By (ii) we have 

d(x, y) < diam(X) + diam(F) < A" m . 

We can also find (m + l)-tiles X' and Y' with x G X', y G Y'. By 
definition of m we then have and X' D Y' — 0. Hence by (i) 

d(x,y) > dist(X',r) > A~ m . 

Since the implicit multiplicative constants in the previous inequalities 
are independent of x and y, it follows that d is a visual metric. □ 

It is possible to establish this phenomenon of "exponential shrinking" 
for other types of sets. For example, we have 

diam{W n {v)) < CA- n 

for every n-flower for (/, C) where the constant C is independent of n 
and v. Of particular importance will be exponential shrinking for lifts 
of paths. 

Lemma 8.11. Let f : S 2 —¥ S 2 be an expanding Thurston map, and d 
be a visual metric for f with expansion factor A > 1 . Then for every 
path 7: [0,1] — > S 2 there exists a constant A > 1 with the following 
property: ifj is any lift of ^ under f n , then 

diam d (7) < AA~ n . 
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Proof. Pick a Jordan curve C C S 2 with post(/) C C, and let So > 
be as in (17. 3p . Then we can break up 7 into a finite number of paths 
7i, i = 1, . . . , N, traversed in successive order such that diam(7j) < 5 
for all % = 1, . . . , N. By Lemma 17.81 (ii) each lift of the pieces 7^ 
is contained in one n-flower, and so the whole lift 7 in N n-flowers. 
Hence by Lemma [8.101 we have diam(7) < CNAr n with a constant C 
independent of n and 7. □ 

In general the constant A in the last lemma will dependent on 7, but 
the proof shows that we can take the same constant A for a family of 
paths if there exists iVeN such that each path can be broken up into 
at most iV subpaths of diameter < So- 

Let / be an expanding Thurston map, and C C S 2 be a Jordan 
curve with post(/) C C. It is useful to define neighborhoods of points 
by using the cells in our decompositions V n = V n (f,C). To define 
them let x G S 2 and n G No, and set 

(8.11) U n (x) = [j{Y G X n : there exists an n-tile X with 

x G X and X n Y ^ 0}. 

It is convenient to define U n (x) also for negative integers n. We set 
U n (x) = U°(x) = S 2 for n < 0. It follows from Lemma 18.101 that the 
sets U n (x) resemble metric balls very closely. 

Lemma 8.12. Let d be a visual metric for f with expansion factor 
A > 1 . Then there are constants K > 1 and n G No with the following 
properties. 

(i) For all ieS 2 and all n G Z 

B d (x,r/K)cU n (x)cB d (x,Kr), 

where r = hr n . 

(ii) For all x G S 2 and all r > 

U n+no (x) C B d (x,r) C U n ~ m (x), 
where n — |~— log r / log A] . 

Proof, (i) Let m = TUffi- If y G U n (x), then m(x,y) > n, and so 
d{x,y) ^ A~ n = r. This gives the inclusion U n (x) C B(x,Kr) for a 
suitable constant independent of x and n. 

Conversely, suppose that 7/ ^ ?7 n (x). Then n > 1. If we pick n-tiles 
X and K with x G X and y £ Y, then X R K = by definition of 
U n (x). So by Lemma [8.101 (ii) we have 

d(x, y) > dist(X, Y) > A' n = r. 
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Hence B d (x,r /K) C U n (x) if K is suitably large independent of x and 
r. 

(ii) Choose no = [log K/ log A] + 1, where K is as in (i). Then 
A - " < 1/(AX). Moreover, A~ n < r < AA~ n , and so 

KA ~n-n a < r < (l/K)A- n+n °. 

The desired inclusion then follows from (i). □ 

Lemma 8.13. Let f : S 2 S 2 be an expanding Thurston map, C C S 2 
be a Jordan curve with post(/) C C, and d be a visual metric for f with 
expansion factor A > 1 . Then there exists a constant C > 1 with the 
following property: for every n-tile X for (f,C) there exists a point 
p E X such that 

B d {p, (l/C)A- n ) CXC B d (p,CA- n ). 

So if S 2 is equipped with a visual metric, then tiles are "quasi-round" , 
and every tile contains points that are "deep inside" the tile. 

Proof. With a suitable constant C independent of n, an inclusion of 
the form 

Xc B d (p,CA- n ) 

holds for every n-tile X and every point pelas follows from Lemma fS-lOl 
(i)- 

The main difficulty for an inclusion in the opposite direction is to 
find an appropriate point p. For this purpose let fco € N be the number 
defined in (18 .4p . and X be an arbitrary n-tile. Since / is an expanding 
Thurston map, we have post(/) > 3 (see Corollary \6A\i , and so dX 
contains at least three distinct n- vertices v i, v 2, V3. Using these vertices, 
we can find three arcs 0:1,0^2,0:3 C dX with pairwise disjoint interior 
such that dX = a± U «2 U 03 and such that Oj has the endpoints v i and 
v j + i for i = 1, 2, 3, where t> 4 = V\. In general Oj will not be an n-edge, 
but since it lies on dX, and its endpoints are n- vertices, it is the union 
of all the n-edges that it contains. 

We now define 

Ai = |J U n+ko (x) 

for i = 1,2,3, where U n+k °(x) is defined as in (18. lip . Then the set 
Ai is the union of all (n + A; )— tiles that meet an (n + k Q )-ti\e that has 
nonempty intersection with «j. In particular, Ai is a closed set that 
contains «j. 

We claim that the sets A\, A2, A3 do not form a cover of X. To reach 
a contradiction suppose that X C A\ U A 2 U A 3 . We can regard X as a 
topological simplex with the sides a i: i = 1,2,3. Then the closed sets 
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Ai,A2, As form a cover of X such that each set Ai contains the side ctj 
of the simplex for i = 1,2,3. A well-known result due to Sperner [AH[ 
p. 378] then implies that A x n A 2 H A 3 ^ 0. 

Pick a point x G A\ n A 2 fl A3. Then by definition of Aj, there exist 
(n + fc )-tiles Xi and K, with X; n a* 7^ 0, x G and Xj H 7^ 0, 
where i = 1,2,3. Then the set 

3 

K = \J(X t UY i ) 

8=1 

consists of at most six (n + &o)-tiles, is connected, and meets each of 
the arcs a±, a 2 , a 3 . Hence K' = f n (K) is a connected set that consists 
of at most six fc -tiles, and meets each of the the arcs = /"(c^), 
i = 1, 2, 3. Note that each arc is the union of all 0-edges edges that 
it contains. Hence for i = 1,2,3 there exists a 0-edge C (3i with 
e.j fl K' 7^ 0. Since the arcs /?2, /?3 have pairwise disjoint interior, it 
follows that the 0-edges ei, e 3 are all distinct. So X' is a connected 
set that meets three distinct 0-edges. Hence it joins opposite sides of 
C. So K' should contain at least D ko > D ko > 10 tiles of order k . This 
is a contradiction, because K' is a union of at most six fco-tiles. 

This proves the claim that the sets Ai,A 2 ,As do not cover X, and 
we conclude that we can find a point 

p e X\ (A 1 U A 2 U A 3 ). 

We claim that U n+k °(p) C X. If not, we could find a point y G 
U n+ko (p) \ X, and (n + fc )-tiles C/ and V with p e U, y e V, and 
[/flF f^0. Then the connected set C/ U V" must meet <9X, and hence 
one of the arcs af, but then p G Ai by definition of Aj. This is a 
contradiction showing the desired inclusion U n+h °(p) C X. 

Using Lemma [BH3 (i) it follows that B d (p, (l/C)A~ n ) C X, where 
C > 1 is a constant independent of n and X. □ 

9. Symbolic dynamics 

Shift operators serve as important paradigms in symbolic dynamics. 
Often a goal in understanding a dynamical system (X, /) given by the 
iteration of a map / on a space X is to link it to shift operators, or 
more generally, to shifts of finite type. For expanding Thurston maps 
this is accomplished by Theorem 11.61 stated in the introduction. The 
statement is essentially due to Kameyama (see [Ka| Thm. 3.4]). His 
notion of an expanding Thurston map is different from ours, but his 
proof carries over to our setting with only minor modifications (see 
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below). In this section we will also establish a related fact (see Propo- 
sition 19. ip for maps with cellular Markov partitions as introduced in 
Section HI We start with some basic definitions. 

Let J be a finite set. We consider J as an alphabet and its elements 
as letters in this alphabet. A word is a finite sequence w = i\ . . . i n , 
where n G No and i±,...,i n G J. For n = we interpret this as 
the empty word 0. The number n is called the length of the word 
w = i\i<i . . .i n . The words of length n can be identified with n-tuples 
in J, i.e., elements of the Cartesian power J n . The letters, i.e., the 
elements in J, are precisely the words of length 1. If w = i\i 2 ■ ■ ■ i n and 
w' = ji . . .j m , then we denote by ww' = i\i 2 ■ ■ -i n ji ■ ■ ■ 3m the word 
obtained by concatenating w and w'. 

Let J* be the set of all words in the alphabet J. The (left-)shift 
E: J* J* is defined by setting E(iii 2 . . .i n ) — % 2 . . .i n for a word 
w = i\i2 ■ ■ ■ i n G J*. We denote by J w the set of all sequences {i n ) in 
J, where the sequence elements i n G J are indexed by n G N. More 
informally, we consider a sequence s = (i n ) G J u as a "word of infinite 
length" and write s = iii 2 .... If s — (i n ) G J w and n G N , then 
we denote by [s] n G J* the word s n = i 1 . . .i n consisting of the first 
n elements of the sequence s. The (left-)shift E: J w — > J u is the map 
that assigns to each sequence {i n ) G J w the sequence (j n ) G J w with 
j n = i n +i for all n G N. In our notation we do not distinguish the 
shifts on J* and J w and denote both maps by E. Note that [E(s)] n = 
E([s] n+ i) for all s G J w ; indeed, if s = . . . , then we have 

[E(s)]„ = [^3 ■■■]n = H ■■ ■ i n +i = ^ih ■ ■ ■ in+i) = E([s] rt+ i). 

If we equip J with the discrete topology, then J w carries a natural 
metrizable product topology. This topology is induced by the ultra- 
metric d given by d(s, s') = 2~ N for s = (i n ) G J w and s' = G J w , 
s s', where N = min{n : i n ^ j n }- In particular, two elements 
s, s' G J w are close if and only if s n = s' n for some large n. Equipped 
with this topology, the space J w is compact. 

Let T: J x J — y {0,1} be a map encoding "allowed" transitions 
between the letters, and let J£ be the set of all sequences (i n ) in J w 
such that T(i n ,i n+1 ) = 1 for all n e N. Then E(J^) C Jy, and so we 
can consider E as a map on J^i. A subshift of finite type is a map of the 
form E^ := S| J% for some finite set J and some map T: JxJ-> {0,1}. 

Suppose that X and X are topological spaces, and / : X — Y X and 
f-.X—Y-X are continuous maps. We say that the dynamical system 
(X, /) is a factor of the dynamical system 
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(X,f) if there exists a surjective continuous map (p: X — > X such 
that (p o f — f o (p. 

The following proposition shows that under some mild additional 
assumptions a map with a cellular Markov partition can be obtained as 
a factor of a subshift of finite type. Since we know that at least some 
iterate f n of an expanding Thurston map / has a cellular Markov 
partition as in this proposition, it follows immediately that f n is a 
factor of a subshift of finite type. Of course, by Theorem 11.61 which 
will be proved below, an even stronger statement is true in this case. 

Proposition 9.1. Let (X, d) be a compact metric space, f : X — >■ X be 
a continuous map with a cellular Markov partition (T>', T>), and T> n for 
n G No be the cell decompositions of X as given by Proposition \4-10\ 
Suppose that 

lim max diam(r) = 0. 
Then f is a factor of a subshift of finite type. 

Proof. Let J = V 1 = V. Note that since X is compact, the set J 
is finite. As above we let be the set of all sequences in J, and 
E: J w — > J w be the shift operator. Define the map T: J x J — > {0, 1} 
as follows: if a, r G J = V 1 , we put 

T(cx, r) = 1 if r C f(a) and T(o~, r) = otherwise. 

So we have T(cr, r) = 1 precisely if r G P 1 is one of the cells into which 
f(a) G T>° is subdivided. 

We want to prove that (X,f) is a factor of (J^,Sr), where = 

Let S be the set of all sequences (cr n ), where a n G V n and cr n+ i C a n 
for n G N. Since f n ~ l is cellular for (V n , V 1 ), it follows that if (a n ) G S, 
then (x n ) G J w , where x n = f n ^ 1 (o~ n ) G P 1 = J for n G N. Moreover, 
for each n G N we have x n+i = / n (cr„+i) C / n (c n ) = f(x n ), and so 
T(x n ,x n+ i) = 1. It follows that (x„) G J^. In this way we get a map 

$: 5 -> J£, (<r n ) G <S i— >■ $[(a n )] := (/"->„))• 

The map $ is a bijection. To show injectivity, suppose that (a n ) 
and (r n ) are sequences in S, and $[(a n )] = $[(r n )]. Then / n " 1 (cr n ) = 
/ n_1 (T n ) for all n G N. We show inductively that this implies o n = r n 
for all n G N. Indeed, for n = 1 we have o~i = ri by definition of $. 
Suppose that a n = r n =: A. Since f n \\ is a homeomorphism of A onto 
/ n (A) G T>°, and cr„ +1 , r„ +1 C A, we have 

txn+i = (riA)- i (rK +1 )) = (riA)- 1 ^^)) = r n+1 . 

Hence (cr n ) = (r n ). 
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To show surjectivity of <£>, let (x n ) G J? be arbitrary. We define a 
sequence of cells a n G V n with / n_1 (<7 n ) = x n inductively as follows. 
Let o"i := xi G P 1 . Suppose a n is already defined such that x n = 
/ n_1 ( cr n)- Since T(x n ,x n+ i) = 1, we have x n+ i C f(x n ). Pick a point 
g G int(x n+1 ). Since f n \a n is a homeomorphism of a n onto /(x„) G 
£>°, there exists a unique point p G er n with / n (p) = g. Since £> n+1 
is a refinement of X> n , the cells in T> n+1 contained in a n form a cell 
decomposition of a n . Hence a n is the disjoint union of the interiors 
of the cells in T> n+1 contained in a n . So there exists a unique cell 
t G V n+1 with r C a n and p G int(r). Then / n (r) is a cell in "D 1 with 
g = f n (p) G int(/ n (r)). Since x n+ i is the unique cell in V 1 containing 
q in its interior, we must have x n +i = f n (j). Now define a n +i '■= t. 
Then f n ( 

°"n+i) — x n+i &s desired. Note that by construction <7 n+ i C cr„ 
for n G N. Hence (a n ) G 5, and we have $[(<7 n )] = (x n ). 

We define a map \l/ : S — > X as follows: if (a n ) G 5, then <J n+ \ C cr n 
for n G N and diam(cr n ) — >■ as n — > oo by our hypotheses. Hence the 
intersection f) neN o- n contains a unique point pGl. Set ^[(cr n )] = p. 

Now let if := * o : J^! — >■ X. Then this map is continuous on 
J%- We sketch the proof for this, leaving the details, which can easily 
be filled in, to the reader. If (x n ) and (y n ) are points in J£ that are 
"close" , then there exists large iV G N such that x\ — yi, . . . , xn = Vn- 
If (a n ) = $ _1 [(a; n )] and (r n ) = $ _1 [(y n )], then the argument used 
for establishing the injectivity of <3> shows that o\ — t±, . . . , crjv = tn- 
Hence if p = if[(x n )] and q = if[(y n )], then p,q G 0"at = G D w . 
By our hypotheses the diameter of a cell in D N is small if iV is large. 
Hence p and q are close if (x n ) and (y n ) are close. The continuity of if 
follows. 

The map if is surjective. To see this let p G X be arbitrary. By 
the bijectivity of $ it is enough to find a sequence (<r n ) G 5 with 
P G flngN* 7 "- Appropriate cells a n can be found as follows: Since the 
cells in V 1 cover X, there exists (Ji G P 1 with p G <7i. Since P 2 is 
a refinement of D 1 , the cells in V 2 contained in o\ cover o\. Hence 
there exists a cell o<i G T> 2 with p £ a 2 an d o"2 C <7i. Repeating this 
argument for we can find a cell (T3 G with <t 3 C o" 2 , and p G 03, 
etc. In this way we get a sequence (cr n ) as desired. 

Finally, in order to show that ip o Y, T = f o if = / o^o^" 1 , let 
(x n ) G S T be arbitrary, (a n ) = $ _1 [(a; ri )], and p = if[(x n )] be the 
unique point in the intersection f] ne ^<Jn- Define r n = f(a n+ i) for 
n G N. Then r n G X>" and r n+ i C r n for n G N. Hence (r„) G 5. If 
= $[(t„)] G J|, then y n = / n_1 (r n ) = / n (ff n +i) = x„+i. Hence 
(j/n) = 5 T [(^„)]. Moreover, /(p) G flneN 7 ""' and so fip) = <P[(Vn)] = 
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(ip o £ T )[(x n )]. On the other hand, f(p) — (f o </?)[(x n )]. The desired 
identity tp o £ T = f o ip follows. We conclude that (X, f) is a factor of 
(J^, S T ), and hence a factor of a subshift of finite type. □ 

Remark 9.2. Let <p: J£ — > X be as in the proof of the last proposition. 
If we define an equivalence relation ~ on Jif, by 

W ~ (l/n) <P[M] = <p[(Vn)] 

for (rr n ), (y n ) G J^, then the quotient space X := J^/~ is homeomor- 
phic to X and the map / : X — > X induced by £y on X is topologically 
conjugate to /: X — > X. 

We are now ready to prove Theorem 11.61 

Proof of Theorem \l.b\ Let / ' : S 2 — > S 2 be an expanding Thurston 
map, and k := deg(/) > 2. Fix a visual metric d for /, and let 
A > 1 be its expansion factor. In the following metric concepts refer 
to d. We consider tiles for (/, C) and color them black and white as in 
Lemma \6. 21 Choose a basepoint p G S 2 \ post(/) in the interior of the 
white 0-tile X° 

w 

Claim 1. sup dist(x, f~ n {p)) < A~ n , 

x&S 2 

where C(<) is independent of n. In other words, the set f~ n {p) forms 
a very dense net in S 2 if n is large. 

To see this let x G S 2 be arbitrary. Then x lies in some n-tile 
X n . If X n is white, then X n contains a point in f~ n (p) and so 
dist(x, f~ n (p)) < diam(X n ). If X n is black, then X n shares an edge 
with a white n-tile Y n . Then Y n contains a point in f~ n (p), and so 
dist(x, f- n {p)) < diam(X n ) + diam(F n ). 

From the inequalities in both cases and Lemma 18.101 we conclude 

dist(z,r>))<A- w , 

where C(<) is independent of x and n. Claim 1 follows. 

None of the points in S* 2 \ post(/) is a critical value for any of the 
iterates f n of /. Moreover, each iterate f n is a covering map f n : S 2 \ 
/- n (post(/)) 5 2 \post(/). Since p G S 2 \post(/), we have f~ n (p) C 
S 2 \ /- rt (post(/)) and 

(9.1) #/-» = deg(D = deg(/)" = /c™ 

for neN. In particular, 

f-\p) C 5 2 \ /- 1 (post(/)) C S 2 \ post(/), 
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and #/ 1 (p) = k. Let qi, . . . ,qu E S* 2 \post(/) be the points in / 1 (p). 
For i — 1, . . . , k we pick a path : [0, 1] — >■ S* 2 \post(/) with aj(0) = p 
and tti(l) = ft. 

Let J := {1, . . . , A;}, and consider the shift S: J w — > J w . We want 
to show that / is a factor of £, i.e., that there exists a continuous and 
surjective map f. J w — > S 2 with / o {p = o E. In order to define if, 
we first construct a suitable map ip that assigns to each word in J* a 
point in S 2 . 

Definition ofip. The map ip: J* — >■ S* 2 will be defined inductively such 
that 

whenever nGio an d w E J n C J* is a word of length n. For the empty 
word we set = p, and for the word consisting of the single letter 
i E J we set ip(i) := ft E / _1 (p). 

Now suppose that ip has been defined for all words of length < n, 
where n EN. Let w be an arbitrary word of length n+1. Then w = w'i, 
where w' E J* is a word of length n and i E J. So i])(w') E f~ n {p) 
is already defined. Since f n {ip{w')) = p and /": S* 2 \ /~™(post(/)) — > 
S 2 \ post(/) is a covering map, the path on has a unique lift with 
initial point i/)(w'), i.e., there exists a unique path 5, : [0, 1] — >■ S* 2 with 
5j(0) = ^(w) and f n o on = ai. We now define ip(w) := 5?j(l). Note 
that then 

r +i (^H) = r +1 (5,(i)) = = /(a) = ^ 

Hence ?/>(u>) E f~^ n+1 \p)- This shows that a map ip: J* ^ S 2 with 
the desired properties exists. 

Claim 2. f(ip(w)) = ip(T:(w)) for all non-empty words w E J*. 

We prove this by induction on the length of the word w. liw — i E J, 
then 

fMw)) = nm) = f(Qi) =p = m = 4>(m) = mn). 

So the claim is true for words of length 1. 

Suppose the claim is true for words of length < n, where n E N. Let 
w be a word of length n + 1. Then w = w'i, where w' is a word of 
length n and i E J. Let on be the path as above used in the definition 
of ip(w). Define fa := f o 5j. Then fa is a lift of by / n_1 . By 
induction hypothesis its initial point is 

fa(0) = /(5,(0)) = fi^iw')) = ^(£(u/)). 
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In other words, is the unique path as in the definition of ip used to 
determine -i/>(E(i</)i) from ^(E(w')), i.e., ij)(ll{w')i) — Hence 

i>(Z(w)) = j>{E(w')i) = A(l) = /(5i(l)) = /(VKi)) = /(V>(«0) 
as desired, and Claim 2 follows. 

Claim 3. For each n G N the map -^|J n : J™ — )■ f~ n (p) is a bijection. 
In other words, the map ip provides a "coding" of the points in f~ n (p) 
by words of length n. 

Again we prove this by induction on n. By definition of ip it is true 
for n = 1. 

Suppose it is true for some n G N. It suffices to show that the 
map ip\J n+1 : J n+1 — > f^^ n+1 \p) is surjective, since both sets J n+1 
and f~^ n+l \p) have the same cardinality k n+1 . So let x G f~^ n+1 \p) 
be arbitrary. Then f n (x) G and so there exists i E J with 

/ n (p) = ?*■ Since 

x G r ( " +1) (p) C S 2 \ /-(" +1 )(post(/)) C S 2 \ /-(post(/)), 

and f n : S 2 \f~ n (post(f)) — > S 2 \post(f) is a covering map, we can lift 
the path a.i by f n to a path 5j : [0,1]—)- S 2 whose terminal point is x (to 
see this, lift on traversed in opposite direction so that the initial point 
of the lift is x). Then / n (5i(0)) = ct;(0) = p, and so 5;(0) G f~ n (p). By 
induction hypothesis there exists a word w' G J n with ip(w') = 5j(0). 
Then Sj is a path as used to determine ip(w'i) from ip(w'). So if we set 
u> := u>'i G J n+1 , then 

ip(w) = if}(w'i) = 5j(l) = x. 

This shows that ip\J n+1 : J Tl+l — > f~^ n+r> (p) is surjective. Claim 3 
follows. 

Claim 4- If s G J w , then the points ip([s] n ), n G N, form a Cauchy 
sequence in S* 2 (recall that [s] n is the word consisting of the first n 
elements of the sequence s). 

By definition of ip the points T/>([s] n ) and ^>([s] n +i) are joined by a 
lift of one of the paths a±, . . . , oif. by Hence by Lemma f8. Ill we have 

(9-2) ^([s]„),V(H n+ i)<A- n , 

where C(<) is independent of n and s. Hence C0([s] n )) is a Cauchy 
sequence. 

Definition of if. If s G J u , then by Claim 4 the limit 

<p(s) := lim ip{[s) n ) 

n— >oo 

exists. This defines a map (p: J w — > S 12 . 
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Claim 5. f o ip = tp o E. 

To see this, let s G J u be arbitrary. Note that E([s]„) = [E(s)] n _i 
for neN. Hence by Claim 2 and the continuity of / we have 

/(?(«)) = lim f(i/>([s) n )) = hm ^(E([s]„)) = lim V([£(s)]n-i) = 
The claim follows. 

Claim 6. The map J w — > S 2 is continuous and surjective. 
Let s £ J u and n G N. Then (j£2J shows that 

oo 

(9.3) ^W 1 #].))^A- , <A- 

where C(<) is independent of n and s. Hence if s, s' G E and [s] n = 
[s'] n , then 

^),^'))<A-, 

where C(<) is independent of n, s, and s'. The continuity of y? follows 
from this; indeed, if s and s' are "close" in J w , then [s] n = [s'] n for 
some large n, and so the image points <p(s) and <^( s ') are close in 5* 2 . 

Since J w is compact, the continuity of tp implies that the image ^{J^) 
is also compact and hence closed in S 2 . The surjectivity of ip will follow, 
if we can show that (p has dense image in S 2 . 

To see this let x G S 2 and n G N be arbitrary. Then by Claim 1 
we can find a point y G f~ n (p) with d(x,y) < A~™, where C(<) is 
independent of x and n. Moreover, by Claim 3 there exists a word 
w G J" with ^(it?) = y. Pick s E J w such that [s] n = w. Then by (19.31) 
we have 

d(x, <p(s)) < d(x, y) + d(y, <p(s)) = d(x, y) + d(ip([s] n ), <p(s)) < A~ n , 
where C(<) is independent of the choices. Hence 

sup dist(x,</?(«r)) < A- n 

xes 2 

for all n, where C(<) is independent of n. This shows that tp{J n ) is 
dense in S* 2 and the claim follows. 

The theorem now follows from Claim 5 and Claim 6. □ 

The procedure that we employed to code the elements in f~ n (p) by 
words of length n is well-known \Ne\ Sect. 5.2]. 

It is a standard fact in Complex Dynamics that the repelling periodic 
points of a rational map on C are dense in its Julia set. The following 
statement is an analog of this for expanding Thurston maps. As we 
will see, it easily follows from the proof of Theorem II .61 
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Corollary 9.3. Let f ': S 2 —¥ S 2 be an expanding Thurston map. Then 
the periodic points of f are dense in S 2 . 

Proof. We use the notation and setup of the proof of Theorem II . 61 

It suffices to show that if x £ S 2 and n £ N are arbitrary, then there 
exists a point z £ S 2 with f n (z) = z and d(x, z) < A~ n . Here and in 
the following, C(<) is independent of x and n. 

To find such a point z, we apply Claim 1 in the proof of Theorem 11.61 
and conclude that there exists y £ f~ n {j>) with d(x,y) < A~ n . By 
Claim 3 in this proof there exists a word w £ J* of length n such 
that ip{w) = y. Let s be the unique sequence obtained by periodic 
repetition of the letters in w, i.e., s £ J" is the unique sequence with 
[s] n = w and S n (s) = s. Put z := y?(s). Then Claim 5 in the proof of 
Theorem 11.61 implies 

r( Z ) = r(v(s)) = ^ n (s)) = <p( 8 ) = z. 

Moreover, by ( 19. 3 j) we have 

z) = d^{w), <p(s)) = < A" n , 

and so 

d(x,z) < d(x,y) + d(y ) z) < A"" 
The statement follows. □ 

10. ISOTOPIES 

In this section we present some topological facts about isotopies that 
will be important throughout the paper. 

Let / = [0,1], and X and Y be topological spaces. Recall (see 
Section [3]) that an isotopy between X and Y is a continuous map 
H : X x / — )■ Y such that each map H t := H(-,t) is a homeomorphism 
of X onto V. If A C X, then i7 is an isotopy relative to A or rel. A if 
# t ( a ) = H (a) for all a £ A and t £ /. If <p : X -> F and V : X -»■ F 
are homeomorphisms, we say that and "0 are isotopic ( rel. A d X) ii 
there exists an isotopy if: X x 7 — >■ Y (rel. A) such that H = (p and 

#i = V- 

When we say that a family H t (where it is understood that t £ I) 
of homeomorphisms from X onto Y is an isotopy between X and F, 
we consider t as a variable in I and mean that the map (x,t) £ X x 
7 i — y Ht(x) is an isotopy. This is a slightly imprecise, but convenient 
way of expression. If X = Y then H t is called an isotopy on X. If 
A, B, C C X, then we say that B is isotopic to C rel. A or B can be 
isotoped into C rel. A if there exists an isotopy H : X x I — >■ X rel. A 
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with H Q = idx and Hi(B) = C . Note that this notion depends on the 
ambient space X containing the sets A, B, C. 

10.1. Equivalent expanding Thurston maps are topologically 
conjugate. Recall that two Thurston maps /: S 2 — > S 2 and g: S 2 — > 



S 2 on 2-spheres S 2 and S 2 are (Thurston) equivalent (see Definition [373]) 
if there exist homeomorphisms ho, hi: S 2 — > S 2 that are isotopic rel. 
post(/) and satisfy that h^o f = go hi. We then have the commutative 
diagram: 



(10.1) 



S 2 



S 2 



hi 



ho 



s 2 



s 2 



The maps / and g are topologically conjugate if there exists a homeo- 
morphism h : S 2 — >■ S 2 such that ho f = g oh. 

Obviously, the notion of Thurston equivalence is weaker than topo- 
logical conjugacy of the maps. We will show that under the additional 
assumption that the maps are expanding, we can promote an equiv- 
alence between two Thurston maps to a topological conjugacy. The 
idea for the proof of this statement uses well-known ideas in dynam- 
ics. A statement very similar to Theorem 110.41 below was proved by 
Kameyama |Ka] . Since his notion of "expanding" is different from ours, 
we will present the details of the proof. 

First, we state a lifting theorem that will be needed (see \Ka\ Lem. 4.3]). 

Proposition 10.1 (Isotopy lifting for branched covers). Let f : S 2 — 
S 2 and g: S 2 — >■ S 2 be Thurston maps, and ho,ho~. S 2 — > S 2 be home- 
omorphisms such that ho\ post(/) = ho\ post(/) and ho o f = g o ho- 
Suppose H : S 2 x / —> S 2 is an isotopy rel. post(/) with H = h . 
Then the isotopy H uniquely lifts to an isotopy H : S* 2 x / — > S 2 rel. 
/ _1 (post(/)) such that Hq = ho and g o H t = H t o f for all t £ I . 

So if we set hi := Hi and hi := Hi, then we have the following 
commutative diagram: 



S 2 



H : ho~hi 



s 2 



f 
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Proof. By an argument similar to the one used to establish (13. 4ft one 
can show that 

(10.2) fro(post(/)) = £ (post(/)) = post(^). 

This implies that 

# t (post(/)) = post (g) 
for all t E. I. Hence H t \S 2 \ post(/) is an isotopy between S 2 \ post(/) 
and S 2 \ post (g). 

Moreover, it follows from d 1 . 2 f) that 

/Jo(r 1 (post(/)))=^ 1 (post(^)). 

So the map h \S 2 \ / _1 (post(/)) can be considered as a lift of 

H \S 2 \post(f) = h \S 2 \post(f) 

by the (non-branched) covering maps 

/:S 2 \r 1 (post(/))^S 2 \post(/) 

and 

g:&\g- 1 (j^(g))^&\-pcBt(g). 

By the usual homotopy lifting theorem for covering maps (see [Hal 
p. 60, Prop. 1.30]) the isotopy H t \S 2 \post(/) lifts to a unique isotopy 
H t between S 2 \ /~ 1 (post(/)) and S 2 \ g^ipost^g)) such that 

^o=^oi^ 2 \r 1 (post(/)) 

&ndgoHt = H t of on S 2 \ / -1 (post(/)) for all t e I. 

Since H t is constant in t on post(/), each map H t has a continuous 
extension to S 2 , also denoted by H t . Then H t |/ _1 (post(/)) does not 
depend on t. Moreover, each map H t is a homeomorphism from S 2 onto 
S 2 , because an inverse of H t can be obtained by lifting the isotopy Hf 1 . 
So H t is an isotopy between S 2 and S 2 rel. /~ 1 (post(/)). It is clear 
that it has the desired properties. □ 

Note that if in the previous proposition H is an isotopy relative to 
a set M C S 2 with post(/) C M, then the lift H is an isotopy rel. 
f-\M). Indeed, if p e f~\M), then f(p) e M and so 

g(H t (p))=H t (f(p))=h (f(p))=:q 

for all t £ /. Thus 1 1— > H t (p) is a path contained in the finite set g~ l {q) 
and hence a constant path. 

For later use we record a simple lemma about preimages of sets. 
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Lemma 10.2. Let f: X — > X and g: Y Y be maps defined on some 
sets X and Y , and h , hi : X — > Y be bijections with g o h\ — ho o f. 
Then for every set A C X we have 

g-\h (A)) = M-T 1 ^))- 

Proof. Under the given assumptions, consider a set A C I, and let 
y G g^ 1 (h (A)) C Y be arbitrary. Since h± is a bijective, there exists 
x G X with h\(x) = y. Then 

ho{f{x)) = g{hi{x)) = g{y) G h {A), 

and so, since h Q : X — > Y is also a bijection, we have f(x) G A. 
This implies that x G f~ x (A) and y = h\{x) G h\{f~ l (A)). Thus 
g^(h (A)) c hif-^A)). 

For the other inclusion, let y G h±(f 1 (A)) be arbitrary. Then 

g(y) g (g ° h^r^A)) = (h o /)(r x (A)) c h (A), 

and so y G (7 _1 (/i (v4)). Thus, /ii(/ _1 (y4)) C (7 _1 (/to(^4))5 an d the claim 
follows. □ 

The following lemma will be of crucial importance. 

Lemma 10.3 (Exponential shrinking of tracks of isotopies). 

Let f: S 2 — >• S 2 and g: S 2 — >• S 2 be Thurston maps, and H n : S 2 x / — > 
S 2 be isotopies rel. post(/) satisfying g o H r t l+1 = o / for n G N 
and t G /. 

«s expanding and S 2 is equipped with a visual metric for g, then 
the tracks of the isotopies H n shrink exponentially as n — > oo; more 
precisely, if d is a visual metric for g with expansion factor A > 1, then 
there exists a constant C > 1 such that 

(10.3) sup diam d ({H t n (x) : t G I}) < CA~ n 

xeS 2 

for all n6N . 

Proof. For all n G N and t & I we have o H™ = H® o / n ; so for 
fixed x G S* 2 and n G No the path t H™(x) in S 12 is a lift of the path 
£ I—?- H®(f n (x)) by the map Recall that in the proof of Lemma [8.111 
we had to break up the path 7 into N pieces jj so that diam(7y) < 5o 
(see also (17. 3p ). Since H° is uniformly continuous we can choose the 
number N uniformly for all the paths t 1— > Hf(y), y G S 2 . Since g is 
expanding, Lemma 18.111 then implies that 

sup diam d ({#f (x) :*€/})< A~" 

xes 2 

for all n G N, where C(<) is independent of n. □ 
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Theorem 10.4 (Thurston equivalence implies topological conjugacy). 
Let f : S 2 — > S 2 and g: S 2 — > S 2 be equivalent Thurston maps that 
are expanding. Then they are topologically conjugate. More precisely, 
if we have a Thurston equivalence between f and g as in (110. II) . then 
there exists a homeomorphism h: S 2 — > S 2 such that h is isotopic to 
hi rel. / _1 (post(/)) and satisfies ho f = g oh. 

Since post(/) C / _1 (post(/)) and h and h\ are isotopic rel. post(/) 
this implies that h is also isotopic to h rel. post(/). 

Proof. The main idea of the proof is to lift a suitable initial isotopy re- 
peatedly and use the fact that by Lemma fl0.3l the tracks of the isotopies 
shrink exponentially fast. The desired conjugacy is then obtained as a 
limit. 

By assumption there exists an isotopy H® between S 2 and S 2 rel. 
post(/) such that h o f = g o hi, where h = H® and hi = H®. By 
Proposition 110.11 we can lift the isotopy H® between ho and hi to an 
isotopy H\ rel. / _1 (post(/)) D post(/) between hi and h 2 := Hi. Note 
that the map hi plays two roles here: it is the endpoint H® of the initial 
isotopy H®, and also a lift of ho. 

Repeating this argument we get homeomorphisms h n and isotopies 
H? between S 2 and S 2 rel. / _n (post(/)) D post(/) for all n e N such 
H?of = go F t n+1 , H£ = h n and = h n+x for all n e N and t G /. 
So we have the following "infinite tower" of isotopies: 



S 2 



H 2 : h 2 ~h 3 



s 2 



f 
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We want to show that for n — > oo the maps h n converge to a homeo- 
morphism that gives the desired topological conjugacy between / 
and g. 

To see this fix a visual metric d on S 2 , and assume that it has the 
expansion factor A > 1. Metric concepts on S 2 will refer to this metric 
in the following. Since g is expanding, Lemma 110.31 implies that 

(10.4) sup diam({H?(x) : t G I}) < A - " 

x&S 2 

for all neN, where C(<) is independent of n. In particular, 
dist(/i n+ i, hn) := sup dist(/i n (x),/i n+ i(z)) < A - " 

x&S 2 

for all ?i 6 N , and so there is a continuous map hoc'. S 2 — > S 2 such 
that h n — >■ /ioo uniformly on 5 2 as n -> oo. Since o / = g o we 
have hooo f = g o h^. 

The map /i^ is a homeomorphism. To see this we repeat the argu- 
ment where we interchange the roles of / and g. More precisely, we 
consider the isotopy (if 4 °) _1 between h$ 1 and h± . The corresponding 
tower of repeated lifts of this initial isotopy is given by the isotopies 
(if™) -1 between h~ l and h~ +l . By the argument in the first part of 
the proof we see that the maps h' 1 converge to a continuous map 
: S 2 — > S 2 uniformly on S* 2 as n — > oo . By uniform convergence 
we have o h^x) = lim^oo h^ 1 o h n (x) = x for all x & S 2 . Hence 
koo ° = id S 2. Similarly, o k^ = id^ 2 , and so k^, is a continuous 
inverse of h^. Hence hoo is a homeomorphism. 

The conjugating map h = hoc is isotopic to hi rel. / _1 (post(/)). 
To see this we will define an isotopy rel. /~ 1 (post(/)) that is obtained 
by concatenating (with suitable time change) the isotopies H 1 , H 2 , . . . 
and take h = as the endpoint at time t = 1. The precise definition 
is as follows. We break up the unit interval into intervals 



[0,1] 



r 




"1 3" 




u 




°'2. 




2' I 



U • ■ ■ U [1 - 2~ n , 1 - 2~ n ~ 1 ] U • ■ ■ U {1}. 



The n-th interval in this union is denoted by I n = [1 — 2 ",1 — 2 n l \. 
Let s n : I n -> I, s n (t) = 2 n+1 (t - (1 - 2~ n )), for n G N . We define 
H: S 2 x I ^S 2 by 

H(x,t) :=H n+1 (p,s n (t)) 

if p G S 2 and t G I n for some n G No, and H(p,t) = h(p) for p £ S 2 
and i = 1. We claim that H is indeed an isotopy between h± and h 
rel. /" 1 (post(/)). 
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Note that H is well defined, Hi = h, and Hi_i/ 2 n = h n+ i for n G No- 
Moreover, H t is a homeomorphism for each t G /, and H t \f~ 1 (post(f)) 
does not depend on t. To establish our claim, it remains to verify 
that H is continuous. It is clear that H is continuous at each point 
( P ,t)eS 2 x [0,1). 

Moreover, as follows from the uniform convergence h n — > h as n — > oo 
and inequality (j!0.4p , we have H t — > H\ uniformly on S 2 as t — > 1 . This 
together with the continuity of h = Hi implies the continuity of H at 
points (p, t) G S 2 x / with t = 1. □ 

Remark 10.5. The previous proof gives a procedure for approximat- 
ing the conjugating map h = h^. Indeed, as follows from the remark 
after the proof of Proposition 110.11 the map is constant in t on 
/~ n (post(/)) for all n G N . This implies that h n = h n+1 = ■ ■ ■ = 
/ioo on the set /~ n (post(/)), and so the map h n sends the points in 
/~ n (post(/)) to the "right" points in g~ n (post(g)). The isotopy 
then deforms h n to a map h n+ i such that the points in /~^ n+1 - ) (post(/)) 
have the correct images in g _ ( n+1 )(post(g)) as well, etc. Since by ex- 
pansion the union of the sets 

post(/) C /- 1 (post(/)) C r 2 (post(/)) C . . . 

is dense in 5* 2 , this gives better and better approximations of limit map 

To record an immediate consequence of Theorem 110. 4[ we introduce 
some terminology related to the notion of snowflake equivalent metrics 
defined in Section [HJ Let (X, d x ) and (Y, dy) be metric spaces. A 
homeomorphism h: X — > Y is called a snowflake equivalence if there 
exist constants a > and C > 1 such that 

^d x (x,x') a < d Y (h(x),h(x')) < Cd x (x,x') a 

for all x, x' G X. The spaces X and Y are called snowflake equivalent 
if there exists a snowflake equivalence between X and Y. Note that 
two metrics d and d! on a space X are snowflake equivalent as defined 
in Section if and only if the identity map idx : (X, d) — > (X, d') is a 
snowflake equivalence. 

Corollary 10.6. Let /: S 2 — > S 2 and g: S 2 — > S 2 be expanding Thurs- 
ton maps that are Thurston equivalent. Then S 2 equipped with any vi- 
sual metric with respect to f is snowflake equivalent to S 2 equipped with 
any visual metric with respect to g. Every homeomorphism h: S 2 — >■ S 2 
satisfying hof = gohisa snowflake equivalence. 
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Proof. By Theorem 110.41 we know that there exists a topological con- 
jugacy between / and g, i.e., a homeomorphism h: S 2 — >■ S 2 such that 
h ° / = g ° h. Let d be a visual metric on S 2 with respect to /, and d 
be a visual metric on S 2 with respect to g. Let A > 1 and A > 1 be 
the expansion factors of d and d, respectively. It suffices to show that 
h: (S 2 ,d) — > (S 2 ,d) is a snowflake equivalence. 

To see this pick a Jordan curve C C S 2 with post(/) C C. Then 
C = h{C) is a Jordan curve in S 2 with post(g) = /i(post(/)) C C. Since 
/i conjugates / and g>, it follows from Proposition 16.11 (iii) and (v) or, 
alternatively, from the uniqueness statement in Lemma l5^4"l that for each 
n G No the images of the cells in the cell decomposition T> n := T> n (f, C) 
of S 2 under the map h are precisely the cells in the cell decomposition 
V n = V n (g, C) of S 2 ; so we have 

(10.5) V n = {h{c) : c G V n } 

for all n G N . This implies that 

fh(h(x), h(x')) = m(x, x') 

for all x, x' G S 2 , where m = m g g and m = rriffi (recall Definition 18. 5p . 
Combining this with Proposition 18.91 (iii) we see that 

d{h(x),h(x')) x A-ft(K*)M*')) = %-m{x,x>) = A -« m («') x d( x y) a 

for all x, x' G S 2 , where a = log(A)/log(A) and the implicit multi- 
plicative constants do not depend on x and x'. It follows that h is a 
snowflake equivalence. □ 

10.2. Isotopies of Jordan curves. In the following S* 2 is a 2-sphere 
equipped with a fixed base metric. It will be the ambient space for all 
isotopies. In this subsection we study the problem when two Jordan 
curves J and K on S 2 passing through a given finite set P of points 
in the same order can be deformed into each other by an isotopy of S 2 
rel. P. If #P < 3 this is always the case (see Lemma [10.101 below) . 

For #P > 4 this is not always true as the example in Figure [31 
shows. Here K = S 1 is the unit circle and P = {1, i, —1, — i} C S 1 . 
The Jordan curve J (which contains P) is drawn with a thick line. The 
curves K = S' 1 and J are not isotopic rel. P. In fact, J may be obtained 
from S* 1 by a "Dehn twist" around the points — i and 1. Note that in 
this example we can make the Hausdorff distance (see (115. 3p ) between 
J and S 1 arbitrarily small. 

We will need the following statement. 
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Figure 3. J is not isotopic to S 1 rel. {1, i, — 1, — i}. 

Proposition 10.7. Suppose J is a Jordan curve in S 2 and P C J a set 

consisting of n > 3 distinct points pi, ■ ■ ■ ,p n ,p n +i = Pi in cyclic order 
on J. For n — 1, . . . ,n let aij be the unique arc on J with endpoints pi 
and such that int(aj) C J\P. Then there exists 5 > with the 
following property: 

Let K be another Jordan curve in S 2 passing through the points 
Pi, . . . ,p n in cyclic order, and let (3i for i = 1, . . . , n be the arc with 
endpoints pi and pi + \ such that int(/3j) C J \ P . If 

Pi c Af s ( ai ) 

for all i = 1, ... ,n, then there exists an isotopy H t on S 2 rel. P such 
that Hq = ids? and Hi(J) = K . 

In other words, if the arcs of the Jordan curve K are contained 
in sufficiently small neighborhoods of the corresponding arcs on of J, 
then one can deform J into K by an isotopy of S 2 that keeps the points 
in P fixed. Even though this statement seems "obvious", a complete 
proof is surprisingly difficult and involved. 

As we will see, the proof of this statement easily follows from two 
lemmas in [Buj . 

Lemma 10.8. Let Q C S 2 be a simply connected region, p,q G Q 
distinct points, and a and (3 arcs in Q with endpoints p and q. Then 
a is isotopic to f3 rel. {p, q} U S 2 \ Q. 

So arcs in a simply connected region with the same endpoints can 
be deformed into each other so that the endpoints and the complement 
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of the region stay fixed. The lemma follows from |Bul p. 413, A. 6 
Thm. (ii)]). 

Lemma 10.9. Suppose we have two Jordan curves J and K as in 



Proposition \10. 7| such that for each i = 1, . . .,n the arc on, is isotopic 
to (3i rel. P. 

Then J is isotopic to K rel. P. 

This is essentially |Bu, p. 411, A. 5 Thm.]. 



Proof of Proposition \10. 7[ For each arc cti there exists a simply con- 
nected region f2; that contains on but does not contain any element 
of P different from the endpoints of on. There exists 5 > such that 
Af s (oii) C f2j for all i = 1, . . . , n. Then by Lemma 110.81 every arc 
m N s (ai) with the same endpoints as «j can be isotoped to «j rel. P. 
The proposition now follows from Lemma 110.91 □ 

If j^P < 3 in Proposition 110. 7\ then J can always be isotoped to K 
rel. P. 

Lemma 10.10. Suppose J and K are Jordan curves in S 2 and P C 
J H K is a set with j^P < 3. Then J is isotopic to K rel. P. 

Proof. Suppose first that P consists of exactly three distinct points pi, 
P2, P3- Define the arcs «j and /3j as in Proposition 110.71 Then for 
each % = 1,2,3 the arcs and f3i have the same endpoints Pi and p i+ i 
and are contained the simply connected region Qi = S 2 \ {pi+2}, where 
indices are understood modulo 3. Hence by Lemma [10.81 each arc «j is 
isotopic to f3i rel. P. Again Lemma 110.91 implies that J is isotopic to 
K rel. P. 

If ftP < 2, we may assume that S" 2 = C. Then by applying the first 
part of the proof (by adding auxiliary points to P) one sees that both 
J and K are isotopic to circles on C rel. P. Hence J is isotopic to K 
rel. P. □ 

Lemma 10.11. Let S 2 and S 2 be oriented 2-spheres, and P C S 2 be 
a set with #P < 3. // a: S 2 — )■ S 2 and (3: S 2 — >■ S* 2 are orientation- 
preserving homeomorphisms with a\P = (3\P, then a and (3 are isotopic 
rel. P. 

Proof. The statement is essentially well-known. For the sake of com- 
pleteness we will give a proof, but will leave some of the details to the 
reader. These details can easily be filled in by using the facts about 
isotopies that will be discussed later before Proposition 112.31 In the 
proof of the uniqueness part of this proposition, we will use very similar 
arguments. 
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By considering a o one can reduce the lemma to the case where 
S 2 = S 2 and (3 = id^2. Then a fixes the points in P, and we have to 
show that a is isotopic to id S 2 rel. P. We first assume that #P = 3. 

Pick a Jordan curve K C S 2 with P C K, and let J = a(K). 
Then P C J fl K, and so by Lemma 110.101 the Jordan curve J can 
be isotoped into K rel. P. This implies that a is isotopic rel. P to 
a homeomorphism on S 2 with ai(if) = K. Let e be one of the 
three subarcs of K determined P. Since a\ fixes the three points in 
P, this map restricts to a homeomorphism of e that does not move the 
endpoints of e. Hence on e the map a>\ is isotopic to the identity on e 
rel. de. By pasting the isotopies on these arcs together, one can find 
an isotopy h: K x i — >■ if rel. P such that fto = ai|if and /ii = id^-- 
One can extend h to each of the complementary components of K 
to obtain an isotopy H: S 2 x I — > S 2 rel. P such that H 1 = idg2 
and H(p,t) = h(p,t) for all p G if and t G i. Then c*2 := Po is a 
homeomorphism on S* 2 that is isotopic to id,g2 rel. P such that a\\K = 
a<2\K. This implies that ai and ct2 are isotopic rel. K D P. If ~ 
indicates that two homeomorphisms on S 2 are isotopic rel. P, then we 
have a ~ «i ~ «2 ~ id^2, and so a ~ id^2 as desired. 

If #P < 2, then we pick a set P' C with #P' = 3 and P' D P. 
By the first part of the proof it suffices to find an isotopy rel. P of 
the given map a to a homeomorphism a' that fixes the points in P' . 
It is clear that such an isotopy can always be found; for an explicit 
construction one can assume that S 2 = C and can then obtain the 
desired isotopy by post-composing a by a suitable continuous family 
of Mobius transformations, for example. □ 

The following lemma will be crucial for the proof of the uniqueness 
statement on invariant Jordan curves. In its proof we will use the 
following topological fact: if D is a two-dimensional cell and (p: D — > S 2 
is a continuous map such that (p\dD is injective, then the set <^(int(P)) 
contains one of the two complementary components of the Jordan curve 
(p(dD). Indeed, by applying the Schonflies Theorem and using auxiliary 
homomorphisms we can reduce to the case where D = D, S 2 = C, 
(p\dB> = idgo, and oo ^ y?(P)- Then D C v 9 (®)- This follows from a 
simple degree argument and the statement can be generalized to higher 
dimensions; for an elementary exposition of this and related facts in 
dimension 2 see [Bur], in particular \Bur\ Cor. 3.5]. 

Lemma 10.12. Let V be a cell decomposition of S 2 with 1-skeleton 
E and vertex set V, and suppose that every tile in V contains at least 
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three vertices in its boundary. If J and K are Jordan curves that are 
both contained in E and are isotonic rel. V, then J = K . 

Proof. Let H: S 2 x / — > S 2 be an isotopy rel. V such that Hq = ids^ 
and Hx(J) = K. 

Note that if M C S 2 is a set disjoint from V, then it remains disjoint 
from V during the isotopy, i.e., if M n V = 0, then H t (M) n V = for 
all t G I. This follows from the fact that each map H t , t e [0, 1], is a 
homeomorphism on S 2 with H t \V = idv- 

Let e be an edge in T>. We claim that if H\(e) C E, then H\{e) = e. 
First note that H\{e) is an edge in T>. Indeed, since de C V and the 
isotopy H does not move vertices, the arc Hi(e) has the same endpoints 
as e. Moreover, int(e) D V = 0, and so f/i(int(e)) fl V = by what we 
have just seen. So ifi(int(e)) is a connected set in the 1-skeleton E of 
T> disjoint from the 0-skeleton V. By Lemma [4.51 there exists an edge 
e' in T> with f/i(int(e)) C int(e'). Since the endpoints of H\{e) lie in 
V, this implies that e' = H\(e). 

To show that e' = e we argue by contradiction and assume that 
e / e'. Then e and e' have the same endpoints, but no other points 
in common. Hence a = e U e' is a Jordan curve that contains two 
vertices, namely the endpoints of e and e', but no other vertices. Let 
Qx and f2 2 be the two open Jordan regions that form the complementary 
components of a. Then both regions and contain vertices. 

To see this note that the interior of every tile X is a connected set 
disjoint from the 1-skeleton E, and hence also disjoint from a. Hence 
int(X) is contained in Qi or ^2- Moreover, since the union of the 
interiors of tiles is dense in S 2 , both regions fl\ and must contain 
the interior of at least one tile. 

Now consider for example, and pick a tile X with int(X) C Qi. 
Then by our hypotheses the set X C Q\ = Qi U a contains at least 
three vertices. Since only two of them can lie on a, the set fl\ must 
contain a vertex. Similarly, must contain at last one vertex. 

A contradiction can now be obtained from the fact that during the 
isotopy H the set int(e) remains disjoint from the set of vertices, but 
on the other hand it has to sweep out one of the domains Q± or Q 2 and 
hence it meets a vertex. 

To make this rigorous, we apply the topological fact mentioned before 
the statement of the lemma. Let D be the quotient of the product space 
ex/ obtained by identifying all points (u, t), t e /, and by identifying 
all points (v, t), t £ /, where u and v are the two endpoints of e. Then 
D is a two-dimensional cell. Since the isotopy H does not move the 
points u and v, the map (p,t) h-> H t {p) on e x I induces a continuous 
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map ip: D — >■ S 12 . Moreover, ip\dD is a homeomorphism of <9B onto a. 
Hence Qi or fi 2 is contained in the set 

<p(wb(D))= |J ff t (int(e)). 

te(o,i) 

In particular, the set <^(int(/})) contains a vertex. This is a contradic- 
tion, because we know that no set H t (int(e)), t e /, meets V. Thus 
-ffi(e) = e as desired. 

Having verified the statement about edges, it is now easy to see that 
J = K. Indeed, J is a union of edges in V; to see this consider the 
components of the set J \ V. If 7 is such component, then 7 \ 7 C V. 
Moreover, 7 is contained in the 1-skeleton E, and does not meet the 
0-skeleton V. Again by Lemma \4. 51 the set 7 must be contained in the 
interior int(e) of some edge e. This is only possible if 7 = int(e). Hence 
7 = e. Since J is the union of the closures of these components 7, it 
follows that J is the union of edges e. For each such edge e we have 
Hi(e) C K C E and so Hi(e) = e by the first part of the proof. This 
implies J C K. Since J and K are Jordan curves, the desired identity 
J = K follows. □ 

11. Thurston maps with invariant curves 

Let /: S 2 — > S 2 be a Thurston map, C C S 2 be a Jordan curve with 
post(/) C C, and V n be the cell decomposition of S* 2 given by the 
n-cells for (/, C). 

A set M C S 12 is called f -invariant (or simply invariant if / is 
understood) if 

(11.1) f(M) C M or equivalents M C f~\M). 
Since the set post(/) is /-invariant, we have 

(11.2) post(/) C /- 1 ( P ost(/)) C r 2 ( P ost(/)) c . . . 

We know (see Proposition 16.11 (iii)) that flll.2p is equivalent to the 
inclusions 

V° C V 1 C V 2 C . . . 

for the vertex sets of the cell decompositions T> n . 

In general, a similar inclusion chain will not hold for the 1-skeleta 
E n := f~ n (C) of T> n , but if C is /-invariant, then we have 

C = E° C E 1 C E 2 C . . . 

Actually, more is true as the following statement shows. 



90 



MARIO BONK AND DANIEL MEYER 



Proposition 11.1. Let k,n E No, / : S 2 — )■ S 2 be a Thurston map, 
and C C S 2 be an f -invariant Jordan curve with post(/) C C. Then 
we have: 

(i) (T> n+k ,V k ) is a cellular Markov partition for f n . 

(ii) Every (n + k)-tile X n+k is contained in a unique k-tile X k . 

(iii) Every k-tile X k is equal to the union of all (n + k) -tiles X n+k 
with X n+k C X k . 

(iv) Every k-edge e k is equal to the union of all (n + k)-edges e n+k 
with e n+k C e k . 

Proof, (i) We know that the map f n is cellular for (V n+k ,V n ) (Propo- 
sition EH]); so we have to show that T> n+k is a refinement of T> n (see 
Definition 14.60 . By the invariance of C we have E n+k = f^ n+k ){C) D 
E k = f~ k (C), and so S 2 \ E n+k C S 2 \ E k . 

To establish the first property of a refinement, we will show that 
every (n + fc)-cell is contained in some fc-tile. 

Let a be an arbitrary (n+A;)-ceil. If a is a (n+&)-tile, then int(cx) is a 
connected set in S 2 \E n+k C S 2 \E k and hence contained in the interior 
of a fc-tile t (see Proposition 16.11) . It follows that a = int(cx) C r. 

If a is an (n + k)-edge or an (n + A;)-vertex, then it is contained in 
an (n + fc)-tile (Lemma 15.11 (iv) and (v)), and hence in some k-tile by 
what we have just seen. 

To establish the second property of a refinement, let r be an arbitrary 
fc-cell. We have to show that the (n + fc)-cells o contained in r cover r. 

If r consists of a k-vertex p, then p is also an (n + A;)-vertex, and the 
statement is trivial. 

If r is a k-edge, consider the points in V n+fc that lie on r. Note 
that this includes the elements of dr C V fc C \ n+k . By using these 
points to partition r, we can find finitely many arcs ai, . . . , chjv such 
that r = «i U ■ • • U ajv, each arc ai has endpoints in V n+fc D V fc and 
has interior int(aj) disjoint from \ n+k . Then for each i — 1, . . . , N the 
set int(a!j) is a connected set in E k \ \ n+k c E n+k \ \ n+k . It follows 
that int(aj) and hence also a« is contained in some (n + k)-edge o~i 
(Proposition 16.11 (v)). Since the endpoints of «j lie in V fc , they cannot 
lie in int(<7j), and so they are also endpoints of a^. This implies that 
«j = <7j. In particular, the (n + k)-edges <j\, . . . , a N are contained in r 
and form a cover of r. The statement follows in this case. 

Finally, let r be a k-ti\e. If p G int(r) is arbitrary, then p is contained 
in an (n + A;)-tile a. By the first part of the proof, a is contained in a 
k-ce\\. Since r is the only k-cel\ that contains p, we must have a C r. 
This implies that the union of the (n + fc)-cells contained in r cover 
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int(r). On the other hand, this union consists of finitely many tiles and 
is hence a closed set. It follows that the union also contains int(r) = r. 

(ii) We have just seen that every (n + fc)-tile X n+k is contained in a 
fc-tile X k . This tile is unique. For suppose X k is another fc-tile with 

X n+k c j(k Then 

^ int(X n+fc ) C int(X fc ) n int(X fc ), 
and so X k and X k have common interior points. This implies X k = X k . 

(iii) -(iv): Both statements were established in the proof of (i). □ 

Let / and C be as as in the previous proposition. Then by (i) the 
pair (D 1 ,!) ) is a cellular Markov partition for /, and this partition 
generates the cell decompositions T> n as in Proposition 14.101 If X n is 
any n-tile, then by (ii) there exist unique z-tiles X % for % = 0, . . . , n — 1 
such that 

X n c X n-1 c c X 

We refer to the statements (iii) and (iv) informally by saying that 
tiles and edges are "subdivided" by tiles and edges of higher order. Let 
S — S(f, C) denote the set of all sequences {X n }, where X n is an n-tile 
for n G No and 

X° D X 1 D X 2 D . . . 

Since tiles are subdivided by tiles of higher order, for each point p G S 2 
we can find a sequence {X n } G S such that p G f] n X n . Here it 
is understood that the intersection is taken over all n e No. In the 
following we use a similar convention for intersections of sets labeled 
by some index n, k, etc., if the range of the indices is clear from the 
context. 

In general, a sequence {X n } G S that contains a given point p E S 2 is 
not unique. Moreover, the intersection f] n X n may contain more than 
one point. It turns out that this gives a criterion when / is expanding. 

Lemma 11.2. Let f ' : S 2 — >■ S 2 be a Thurston map, and C C S 2 be 
an f -invariant Jordan curve with post(/) C C. Then the map f is ex- 
panding if and only if for each sequence {X n } G S(f,C) the intersection 
f] n X n consists of precisely one point. 

Proof. Fix a metric on S 2 that induces the standard topology on S 2 . 
If / is expanding and {X n } G S := S(f,C), then diam(X n ) — > as 
n — 7- oo. Hence f] n X n cannot contain more than one point. On the 
other hand, this set is an intersection of a nested sequence of nonempty 
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compact sets and hence nonempty. So the set f] n X n contains precisely 
one point. 

For the converse direction suppose that f] n X n is a singleton set for 
each sequence {X n } G S. To establish that / is expanding we have to 
show that 

lim max{diam(X) : X is an n-tile} = 0. 

n— >oo 

We argue by contradiction and assume that this is not the case. Then 
there exists S > such that diam(X) > S for some tiles X of arbitrarily 
high order. 

We define a descending sequence of tiles X° D X 1 D X 2 D . . . as 
follows. Let X° be a 0-tile such that X° contains tiles X of arbitrarily 
high order with diam(X) > 5. Since the tiles are subdivided by tiles of 
higher order, and so every tile is contained in one of the finitely many 
0-tiles (in our case there actually two 0-tiles), there exists such a 0-tile. 
Note that then diam(X°) > 5. Moreover, among the finitely many 1- 
tiles into which X° is subdivided there must be a 1-tile X 1 C X° such 
that X 1 contains tiles X of arbitrarily high order with diam(X) > 5. 
Again this implies that diam(X 1 ) > 5. Repeating this procedure we 
obtain a sequence {X n } G S such that diam(X n ) > 5 for all n G No- 
It is easy to see that this implies that the set f] n X n also has diameter 
> 5 > 0, and so it contains at least two points. This is a contradiction 
showing that / is expanding. □ 

Let / : S 2 — > S 2 be a Thurston map, C C S 2 be a Jordan curve with 
post(/) C S* 2 , and assume that #post(/) > 3. Recall the definition of 
the numbers D n = D n (f,C) in f)7.4p . We know that D n — > oo if / is 
expanding (see Lemma 18 .3 j) . If / is not necessarily expanding, but the 
Jordan curve C used in the definition of D n is invariant, then it follows 
from the previous discussion that the numbers D n are increasing, i.e., 
D n +\ > D n for all n e No- Moreover, one can show exponential increase 
of the numbers D n under the additional assumption that there exists 
ji gN with D no > 2. This is the content of the following lemma. 

Lemma 11.3. Let f : S 2 — > S 2 be a Thurston map with #post(/) > 3 ; 
let C C S 2 be a Jordan curve with post(/) C C and suppose that C is 
f -invariant, and let D n = D n (f, C) for n G N . Then for all n,k G N 
we have 

D n +k > D n Dk 

^/#P os t(/) > 4 ; and 

(11.3) D n+k >D n (D k -l) + l 

i/#post(/) = 3. 
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Figure 4. The proof of Lemma [Tl~3l 



Moreover, 
a : = 



lim -log(D n ) = sup-log(£> n ) < log(deg(/)). 

n-too 71 raGN Tl 



If in addition there exists uq G N with D no > 2, then a > and 
D n — > oo as n — > oo. 

Before we prove this lemma let us fix some terminology. An n- chain 
is a finite sequence of n-tiles X%, . . . ,X^, where Xi fl X i+ i ^ for 
i = 1, . . . , N — 1. It joins two disjoint sets A and 5 if A fl Xi 7^ and 
B fl Xtv 7^ 0. The chain joins two points x and y if it joins the sets {x} 
and {y}. The n-chain is called a simple chain joining A and S if there 
is no proper subsequence of Xi, . . . , X N that is also a chain joining A 
and B. If we put X_i := A and Xjy+i := B, then this is equivalent 
with the requirement that Xi fl Xj = whenever — l<z<j<A r + l 
and j — i > 2. 



Proof of Lemma [11.31 Case 1. #post(/) > 4. 

Let Xi, . . . , Xtv be a set of (n+A;)-tiles whose union is connected and 
joins opposite sides of C. We may assume that these tiles form a chain 
joining disjoint 0-edges E and E. To prove the desired inequality we 



will break this chain into M subchains X s 



X, 



where MgN, 



M, and 



si 



1 < s 2 < ■ ■ ■ < s M+1 = N + 1. The length 
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of each subchain (i.e., the number Si+\ — s$) will be at least D n . The 
number M of subchains will be at least D^. Thus N > D n Dk, and 
since the minimum over all N is equal to the desired inequality 

follows. 

To achieve the desired bound on the length we will ensure that each 
subchain X Si , . . . , X Si+1 ^i joins disjoint fc-cells. Then the length of such 
a subchain is at least D n by Lemma 17.101 

To control the number of subchains, we will associate to each one a 
fc-tile Y{. These fc-tiles Yi, . . . , Ym will form a fc-chain joining E and E, 
and hence opposite sides of C. Thus M, which is the number of fc-tiles 
in this chain, as well as the number of subchains, is at least Dk (by 
definition of this quantity; see (I7.4p ). 

We now provide the details of the construction, which is illustrated 
in Figure HI We will use auxiliary fc-cells ci, C2, . . . of dimension < 1. 
If Ci is 0-dimensional, then c, consists of a k- vertex pi, and we let 
W k (ci) := W k (pi) (see Definition 17. II) . If Cj is 1-dimensional, then c, is 
a fc-edge and W k (ci) is the edge flower of q as in Definition 17.41 

Since C is /-invariant, the cell decomposition T> k is a refinement of 
T> . Hence there exist disjoint fc-edges e C E and e C E with X\C\e ^ 
and X N n e 7^ 0. 

For some number M G N we will now inductively define £;-cells 
ci, . . . , CAf+i of dimension < 1, fc-tiles Y"i, . . . , 1m, and indices si = 
1 < s 2 < • • • < Sm+i = N + 1 with the following properties: 

(i) Ci = e, cm+i = e, and Cj fl c i+ i = for i = 1, . . . , M. 

(ii) a n Fi ^ for i = 1, . . . , M, c i+1 c <9^ for i = 1, . . . , M - 1, 
and ef]Y M ^ 0. 

(iii) X ai , . . . , is an (n + /c)-chain joining Cj and Cj+i for i = 
1,...,M. 

Note that (i) and (ii) imply that E nY 1 D e nY x ^ ®, E nY M D 
en Y M ^ 0, and Y { n F i+i D q +1 n F i+1 ^ for % = 1, . . . ,M - 1. Hence 
Y\, . . . , Ym will be a fc-chain joining the 0-edges E and E as desired. 

Let s\ = 1 and c\ = e. Suppose first that e meets H /fc (c 1 ). Since e is 
disjoint from e = C\ and hence from W k (ci), the points in efl VK*(ci) 
lie in dW (ci). By Lemma [7.51 (ii) there exists a fc-tile Yi that meets 
both ci and e D efl H /fc (ci). We let M = 1, set c 2 = e, and stop the 
construction. We have all the desired properties (i)-(iii). 

In the other case where e fl W h (c-\) = not all the (n + fc)-tiles 
Xx, . . . ,Xn are contained in W k (c\). So there exists a smallest index 
S2 > I such that X S2 meets S* 2 \ W k (c\). Then s 2 > s\ — 1, because 
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X\ meets e — c\ and is hence contained in W k (c\). To see this we 
use Lemma 17.51 (iii) and the fact that X\ is contained in some fc-tile. 
Moreover, for a similar reason we have X S2 C S 2 \W h (ci). By definition 
of s 2 the set X S2 _i is contained in W h {c\). Hence every point in the 
nonempty intersection X S2 _i nl S2 lies in dW k (ci). In particular, by 
Lemma l7T5l (iii) there exists a fc-cell c 2 C dW (ei) of dimension < 1 that 
has common points with both X S2 _i and X S2 , and a fc-tile Y\ C VK*(ci) 
with c\ fl Fi 7^ and C2 C <9Yi. Then c\ fl C2 = = C2 D e, and the chain 
X Sl = Xi, . . . , X S2 _i joins ci and c 2 . 

We can now repeat the construction as in the first step by using the 
chain X S2 , . . . , X^ that joins the disjoint fc-cells c 2 and e, etc. If in the 
process one of the cells q has dimension 0, we invoke Lemma [7.21 (ii) 
and (iii) instead of Lemma 17.51 (ii) and (iii) in the above construction. 
The construction eventually stops, and it is clear that we obtain cells 
and indices with the desired properties. 

Case 2. #post(F) = 3. 

Let Ei,E 2 ,E 3 be the three 0-edges. Consider a connected union K 
of (to + /c)-tiles joining opposite sides of C with N = D n+k elements. 
Then K meets /c-edges contained in the 0-edges, say fc-edges C 
for i — 1,2, 3. From K we can extract a simple (to + fc)-chain joining 
ei and e 2 as well as another simple chain that joins to one tile X 
in the chain joining e% and e 2 . Starting from this "center tile" X, we 
can find three simple (to + fc)-chains that join X to the edges e±, e 2 , e^, 
respectively, and have only the tile X in common. 

More precisely, for % = 1, 2, 3 we can find iVj G Kf and (to + /c)-chains 
X, XJ, . . . , Xjy. that join X and e,. Here the first tile X is the same 
in all chains and it is understood that the chain consists only of X if 
Ni = 0. Moreover, all the (to + fc)-tiles 

y\.,yv 1 ,...,yvj Vl ,yv 1 ,...,y\.jy 2 ,y\. 1 ,...,yvjy 3 

are pairwise distinct tiles from K. Thus their number is bounded by 
the number of (to + fc)-tiles in K. Since they still form a connected set 
joining opposite sides of C, we have N± + N 2 + X 3 + 1 = X = D n+ k- 

Pick a fc-tile Y with X C Y, and consider the chain X, X^ 1 , . . . , Xh . 
Suppose that Y D ei = 0. Since X C F we have Xi > 1 and the chain 
Xi, . . . , Xj^i joins y and e\. Hence this chain or a subchain must also 
join a fc-edge e C dY and ei. Then eflei = 0. As in the first part of the 
proof we can find fc-tiles Yi, . . . , Y^ joining e and e±, where Mi G N 
and Ni > M x D n . 

If Y PI ei 7^ 0, we set Mi = and do not define new fc-tiles. In any 
case we have that Y,Y±, . . . , Y^ is a chain joining Y and ei (again we 
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use the convention that this chain consists only of Y if M\ = 0). We 
also have Ni > M\D n (which is trivial if M\ = 0). 

Using a similar construction for the other indices i = 2,3, we obtain 
numbers Mj G No for each % = 1,2,3 that satisfy iVj > MiD n , and 
chains Y, Y{, . . . , Y^. of fc-tiles that join Y and e,. The union of these 
fc-tiles is a connected set joining opposite sides of C. Hence it contains 
at least D k distinct elements. On the other hand, the number of distinct 
fc-tiles in the union is at most Mi + M 2 + M 3 + 1 (note that the three 
chains may have other /c-tiles in common apart from Y). Hence D k < 
Mi + M 2 + M 3 + 1, and it follows that 

D n {D k -l) + l< D n {Mi + M 2 + M 3 ) + l<N 1 + N 2 + N 3 + l<D n+k , 

which is the desired inequality (111.31) . 

In order to prove the remaining statements first note that inequality 
(I11.3P is also true if post(/) = 4. A simple induction argument using 
(ril~3|) shows that if D N > 2 for some iV 6 N, then 

(11.4) D kN >D k N l + l 

for all fceN. For such N let k(n) = \n/N\. Noting that the sequence 
{D n } is non- decreasing and using (lll.4p . we obtain 

lim inf - \og(D n ) > lim inf - \og(D k{n)N ) 

n— >oo n n— >oo Tl 

> Km ^ k ^ ~ 1 i og ( DN ) = i_ log(^). 

n->oo n iV 

This inequality is trivially true if = 1, and so 

lim inf — log D n > sup — log D n . 

n-s>oo n ng N n 

On the other hand, 

lim sup - log(£>„) < sup - \og(D n ), 

and so 

a = lim -log(L> n ) = sup - log(Aj. 

Note that D n < #X™ < 2deg(/) n which implies a < log(deg(/)). 
Finally, if there exists n 6 N with D no > 2, then 

a = sup - ]og(D n ) > — log(D m ) > 0, 

nGN Tl U 

and it is clear from the definition of a that D n — > oo as n — > oo. □ 
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The last lemma shows that if / is a Thurston map with an invariant 
Jordan curve C C S 2 with post(/) C C, and there exists n G N 
such that D no = D no (f,C) > 2, then the numbers D n = D n (f,C) are 
actually exponentially increasing; indeed, if a > is as in the lemma 
and e > is arbitrary, then D n > e^ a ~ e ' n for large n. 

This situation will be important enough to warrant a separate defi- 
nition. 

Definition 11.4 (Combinatorial expansion). Let / : S 2 — > S 2 be a 
Thurston map. We call / combinatorially expanding if post(/) > 3, 
and there exists a Jordan curve C C S 2 that is /-invariant, satisfies 
post(/) C C, and for which there is a number no G N such that 
D no (f,C)>2. 

If / and C are as in the previous definition, then we say that / is 
combinatorially expanding for C. 

By definition of D n (f,C) the condition D no (f,C) > 2 means that 
no single no-tile joins opposite sides of C. If a map / as in Defini- 
tion 111.41 is expanding and C C S 2 is an /-invariant Jordan curve with 
post(/) C C, then / is also combinatorially expanding for C (in this 
case D n (f,C) —> oo; see Lemma The converse is not true in 

general, since a combinatorially expanding Thurston map need not be 
expanding. However, we will see in Section [13] that each combinatori- 
ally expanding Thurston is equivalent to an expanding Thurston map 
with an invariant curve. 

The condition of combinatorial expansion is indeed combinatorial in 
nature, because it can be verified just by knowing the combinatorics 
of the cell decompositions V> n = V n (f,C), n G No. This in turn is 
determined by the combinatorics of the pair (T) 1 ,!) ) and the map 
ceV 1 ^ /(c) G V° (see Remark ELTJ . 

We finish this section with a lemma on combinatorially expanding 
Thurston maps that will be useful later. 

Lemma 11.5. Let f ': S 2 — )■ S 2 be a Thurston map that is combi- 
natorially expanding for the Jordan curve C C S 2 , and suppose that 
D no (f,C) > 2 where n G N. 

(i) Ifn G No and e is an n-edge, then there exists an (n+ no) -vertex 
p with p G int(e). 

(ii) If n G No and X is an n-tile, then there exists an (n + no)-edge 
with mt(e) C int(X) ; and an (n+2no) -vertex p withp G int(X). 

Proof. In the previous statements and the ensuing proof it is under- 
stood that the term k-ce\\ for k G Nq refers to a cell in T> k = V k (f,C). 
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(i) Suppose e is an n-edge that does not contain (n + n )-vertices in 
its interior. By Proposition 111.11 (iv) the n-edge e is equal to the union 
of all (n + n )-edges contained in e. Thus e must be an (n + n )-edge 
itself. Let u and v be the endpoints of e, and X be an (n + n )-tile 
containing e in its boundary. Then K = X meets the two disjoint 
n-cells {u} and {v}. Hence by Lemma 17.101 the set K should consist 
of at least D no = D no (f,C) > 2 (n + n )-tiles. This is a contradiction 
proving the statement. 

(ii) Let X be an n-tile. By Proposition 111.11 (iii) we know that X is 
the union of all (n + n )-tiles contained in X. In particular, there exists 
an (n + n )-tile Y with Y G X. We claim that there exists an (n + n )- 
edge in the boundary of Y that meets int(X). Otherwise, BY flint (X) = 
0, and as Y G X, we must have dY C dX. Since both sets dY and dX 
are Jordan curves, this is only possible if dY = dX. Then Y meets all 
n- vertices contained in dX, and two distinct n- vertices in particular. 
As in the proof of (i), this leads to a contradiction. 

Hence there exists an (n + n )-edge e with e fl int(X) ^ 0. Since 
int(X) is an open subset of S 2 , we then also have int(e) fl int(X) ^ 0. 
Since T> n+n ° is a refinement of V, by Lemma [4. 71 we know that there is 
a unique cell r in V> n with int(e) C int(r). Then int(r) fl int(X) ^ 0, 
and so X = r by Lemma [4.21 Hence int(e) C int(X) as desired. 

By (i) there exists an (n + 2no)-vertex p with p e int(e). Then we 
also have p G int(X) as desired. □ 



12. Two-tile subdivision rules 

We have seen how a Thurston map / and a Jordan curve C G S 2 with 
post(/) C C can be used to define cell decompositions V n = V n (f,C) 
of S 2 . If C is /-invariant, then is a cellular Markov partition 

for /. 

In this section we will see that this process can be reversed. Starting 
with a pair (D 1 ,© ) of cell decompositions of S 2 , one can show that 
under suitable additional assumptions there exists a postcritically-finite 
branched covering map that is cellular for (D 1 ,!) ). As before we will 
refer to the elements in T>° as the 0-cells and the elements in V 1 as the 
1-cells, and speak of 1-edges, 0-tiles, etc. The map / is unique up to 
Thurston equivalence if additional data is provided, namely a labeling 
T) 1 -> D°. The concept of a labeling extracts the relevant combinatorial 
properties of the map r GD 1 (->■ f(r) G T>° if / is cellular for (D 1 , T>°). 
Here is the precise general definition. 
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Definition 12.1 (Labelings). Let D x and T>° be cell complexes. Then 
a labeling of (T> 1 , X>°) is map L: T) 1 — > T>° satisfying the following 
conditions: 

(i) dim(L(r)) = dim(r) for all r G V 1 , 

(ii) if a, t G T) 1 and aCr, then L(a) C L(t). 

(iii) if <j,t,c G X* 1 , a, r C c and L(cr) = L(r), then a = r. 

So a labeling is a map L: T> 1 — > T>° that preserves inclusions and 
dimensions of cells, and is "injective on cells" c G T) 1 in the sense of 
(iii). In particular, every cell of dimension in T> 1 is mapped to a 
cell of dimension in X>°. If v is a vertex in V 1 , i.e., if {v} is a cell 
of dimension in D 1 , then we can write L({v}) = {w}, where if is a 
vertex in T>°. We define L(v) = w. In the following we always assume 
that a labeling L : T> 1 — > T>° has been extended to the set of vertices 
of X? 1 in this way; this will allow us to ignore the subtle distinction 
between vertices and cells of dimension 0, i.e., sets consisting of one 
vertex. 

If we have a labeling L : V 1 — > V° we should think of each element 
t G T> 1 as "carrying" the label L(t) eD". In applications it is often 
more intuitive and convenient to allow more general index sets C of the 
same cardinality T>° as labeling sets for the elements in P 1 . In such 
situations we fix a bijection ip : T>° — > C and call a map V : V 1 — > C a 
labeling if^'^L': V 1 ->• V° is a labeling in the sense of Definition 1 12. II 
We will discuss this further below. 

Related to labelings is the concept of an isomorphism between cell 
complexes. 

Definition 12.2 (Isomorphisms of cell complexes). Let T> and V be 
cell complexes. A bijection 0: T> — > V is called an isomorphism (of 
cell complexes ) if the following conditions are satisfied: 

(i) dim(0(r)) = dim(r) for all t6D, 

(ii) if cr, r G V, then a C r if and only if 0(a) C 4>{t). 

If we are given another cell complex T>° and labelings L: T> — \ T>° 
and L':T>' — > V°, then an isomorphism 0: T> — > T>' is called label- 
preserving if L = V o (f). 

Let S 2 be an oriented 2-sphere, and D be a cell decomposition of 
S 2 . Recall (see Section [5]) that a flag in V is a triple (co, ci, C2), where 
Q is a cell in D of dimension i for i = 0,1,2 and Co C c\ C C2. In 
this case Co = {v} consists of a vertex v of V which must be one of 
the endpoints of ci, and ci is oriented by considering v as the initial 
and the other vertex in dc\ as the terminal point of c\. The cell c<i is 
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one of the two tiles in P that contain c\ in their boundary. The flag 
(c , Ci, c 2 ) is positively-oriented if c 2 lies on the left of the oriented edge 
Ci according to the given orientation of S 2 . 

If L : P 1 — > P° is a labeling of a pair (P 1 , P°) of cell decompositions 
of S 12 and (c , Ci, c 2 ) is a flag in P 1 , then (L(c ), £(ci), £(c 2 )) is a flag in 
P°. This follows from the definition of a labeling. So a labeling maps 
"flags to flags" . We say that the labeling is orientation-preserving if it 
maps positively-oriented flags in P 1 to positively-oriented flags in P°. 

If /: S 2 — > S 2 is cellular for (P^P ), then / induces a natural 
labeling L: P 1 — > P° given by L(r) = /(r) for r G P 1 . Moreover, if 
in addition f\X is orientation-preserving for each tile X in P 1 (which 
is always true if / is a branched covering map), then this labeling L is 
orientation-preserving. 

If a labeling L : P 1 — >• P° is given, then we say that a map / : S 2 — > 
S 2 that is cellular for (P^P ) is compatible with the labeling L if 
L(t) = f(r) for each r G P 1 , i.e., if the labeling induced by / is equal 
to the given labeling. 

In the proof of the next proposition we need some simple facts about 
homeomorphisms and isotopies. If a is an arc, then every homeomor- 
phism if : a — > a that fixes the endpoints of a is isotopic to the identity 
rel. da. Indeed, we may assume that a is equal to the unit interval 
/ = [0,1]. Then ip(0) = 0, ip(l) = 1, and ip is strictly increasing on 
[0, 1]. Define H: I x I ->■ I by 

H(s,t) = (1 -t)(p(s) +ts 

for s,t G /. Then for each t G /, the map H t = H(-,t) is strictly 
increasing on /. It follows that H is an isotopy. We have H t (0) = 
and -£^(1) = 1 for all t G /, and H = if and H 1 = id/. Hence if and 
id/ are isotopic rel. dl = {0, 1} by the isotopy H. 

Let X C S 2 be a closed Jordan region. If /i: x I — > dX is an 
isotopy with h(-, 0) = idgx, then there exists an isotopy H : X x 7 — )• X 
such that i7(-, 0) = idx and H(p, t) = h(p, t) for all p G dX and t £ I. 
So an isotopy /i on the boundary of X with h = idgx can be extended 
to an isotopy if on X with H = idx- To see this, we may assume 
that X = D. Then H is obtained from h by radial extension; more 
precisely, we define 

H(re is ,t)=rh(e is ,t) 

for all r G [0, 1] and s G [0, 2ir]. Then If is well-defined and it is easy 
to see that H is an isotopy with the desired properties. By using the 
Schonfles theorem and a similar radial extension one can also show that 
if X and X' are closed Jordan regions in S 2 , then every homeomorphism 
ip : dX — > dX' extends to a homeomorphism $ : X — > X'. 
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If if: X — >■ X is a homeomorphism with (/?|<9X = idgx, then </? is 
isotopic to idx rel. dX. Indeed, again we may assume that X = D. 
Then we obtain the desired isotopy by the "Alexander trick" : for zGD 
and t £ I we define H(z,t) = ttp(z/t) if |z| < t, and H(z,t) = z if 
|z| > t. It is easy to see that H is an isotopy rel. <9B with H = idx 
and Hi = if. 

If if, (f: X — > X are two homeomorphism with tp\dX = tf\dX, then 
we can apply the previous remark to ip = <f o if' 1 and conclude that if 
and <p are isotopic rel. dX. 

Proposition 12.3. Let (P^P ) be a pair of cell decompositions of an 
oriented 2-sphere S 2 with an orientation-preserving labeling. Assume 
that every vertex ofV° is also a vertex ofV 1 . 

Then there exists a postcritically-finite branched covering map f : S 2 — > 
S 2 that is cellular for (P 1 , P°) and is compatible with the given labeling. 
The map f is unique up to Thurston equivalence. 

Note that / is a Thurston map if deg(/) > 2, i.e., if / is not a 
homeomorphism. 

Proof. The existence of a map / as desired follows from the well-known 
procedure of successive extensions on the skeleta of the cell decomposi- 
tion P 1 . Indeed, let L : V 1 — > V° be an orientation-preserving labeling. 
If v G S 2 is a 1-vertex (i.e., a vertex in D 1 ), then L(v) is a 0- vertex (i.e., 
a vertex in T>°). Set f(v) = L(v). This defines / on the 0-skeleton of 
T> 1 . To extend this to the 1-skeleton of D 1 , let e be an arbitrary 1-edge. 
Then e 1 = L(e) is a 0-edge. Moreover, if u and v are the 1-vertices that 
are the endpoints of e, then u' = f(u) = L(u) and v' = f(v) = L(v) are 
distinct 0-vertices contained in e'. Hence they are the endpoints of e' . 
So we can extend / to e by choosing a homeomorphism of e onto e' that 
agrees with / on the endpoints of e. In this way we can continuously 
extend / to the 1-skeleton of V 1 so that f\r is a homeomorphism of r 
onto L(t) whenever r G T) 1 is a cell of dimension < 1. 

If X is an arbitrary 1-tile, then dX is a subset of the 1-skeleton of 
T) 1 and hence / is already defined on dX. Then f\dX is a continuous 
mapping of dX into the boundary dX' of the 0-tile X' = L(X). The 
map f\dX is injective. Indeed, suppose that u,v G dX and /(-u) = 
f(v). Then there exist unique 1-cells a, r C <9X of dimension < 1 such 
that u G int(cr) and v G int(r). Then 

/(«) = f(v) G int(/((r)) n int(/(r)) = int(L(a)) n int(L(r)) 

and so the 1-cells L(o) and L(r) must be the same. Since L is a labeling 
and a, r C X G P 1 , it follows that er = r. As the map / restricted to 
the 1-cell a = t is injective, we conclude u = v as desired. 
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Since every injective and continuous map of a Jordan curve into an- 
other Jordan curve is surjective, it follows that f\dX is a homeomor- 
phism of dX onto OX'. Hence / can be extended to a homeomorphism 
of X onto X'. These extensions on different 1-tiles paste together to a 
continuous map / : S 2 — > S 2 that is cellular and is compatible with the 
given labeling. Moreover, f\X is orientation-preserving for each 1-tile 
X as follows from the fact that the labeling is orientation-preserving. 
By Lemma (i) and (ii) the map / is a postcritically-finite branched 
covering map. This shows that a map with the stated properties exists. 

To show uniqueness suppose that g: S 2 — > S 2 is another such map. 
Then for each cell rGP 1 , the maps f\r and g\r are homeomorphisms 
of r onto L(t) G X>°. Hence p T = (<7|t) — 1 o (f\r) is a homeomorphism 
of r onto itself. The family ip T , r G P 1 , of these homeomorphism is 
obviously compatible under inclusions: if a, r G V 1 and a C r, then 
p T (p) = (p a (p) for all pea. 

Using this we can define a map (p : S 2 — > S 2 as follows. For p G S 2 
pick t G T) 1 with p G r. Then set <p(p) = (p T (p)- The compatibility 
properties of the homeomorphisms p) T imply that <p is well-defined. 
Indeed, suppose that r, r' are cells in V 1 with p G r D r 1 . There exists 
a unique cell uGD 1 with p G int(er). It follows from Lemma [4.31 (ii) 
that o C r R r'. Hence 

It is clear that g o ip = f. Moreover, ip\r = <p T is a homeomorphism 
of r onto itself whenever r G P 1 . This implies that <y9 is continuous as 
there only finitely many cells in P 1 , and that </? is surjective. The map 
ip is also injective as follows from the facts that <^(int(r)) = int(r) and 
that ip\r is injective for each r G and that S 12 is the disjoint union 
of the sets int(r), r G X* 1 . 

Hence S* 2 — )■ 5* 2 is continuous and bijective, and so a homeo- 
morphism of 5* 2 onto itself. Note that / and g agree on the set V 1 
of 1-vertices. Hence <p is the identity on V 1 . Moreover, the sets of 
postcritical points of / and g are contained in the set of 0-vertices and 
hence in V 1 . So Thurston equivalence of / and g will follow, if we can 
show that p is isotopic to id S 2 rel. V 1 . 

This again follows from a procedure based on successive extension on 
skeleta of V 1 . Indeed, let E 1 be the set of 1-edges, E l = \J{e : e G E 1 } 
be the 1-skeleton of T> , and e G E 1 be an arbitrary 1-edge. Since (p 
is the identity on vertices in V 1 , the map <p\e = ip e is isotopic to id e 
rel. de. Then these isotopies on edges paste together to an isotopy of 
ip | E 1 to id^i rel. V 1 . If X is a tile in D 1 , then this isotopy is defined 
on dX C E 1 , and we can extend it to an isotopy of a homeomorphism 
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on X that agrees with <p\dX on dX to idx- These extensions on tiles 
X paste together to an isotopy $: S* 2 x [0, 1] — > S 2 rel. V 1 such that 
$(•, 1) = id S 2 and p\E x = plE 1 , where <p> := $(•, 0). 

For each tile X e V 1 the maps <p\X and p\X are homeomorphisms of 
X onto itself that agree on dX C E 1 . As we have seen in the discussion 
before the statement of the proposition, this implies that <p\X and <p\X 
are isotopic rel. OX. By pasting these isotopies on tiles together, we 
can find an isotopy \1>: S 2 x [0, 1] ->■ S* 2 rel. E l with \P(-,0) = ip and 
1) = tp. The concatenation of the isotopies ^ and $ gives the 
desired isotopy rel. V 1 between ip and id 5 2. □ 

As we know from Section 0, every Thurston map / : S 2 — > S 2 arises 
from cell decompositions V 1 and T>° of S 2 as in the last proposition. 
This gives a useful description of a Thurston map in combinatorial 
terms. If one wants to study the dynamics of /, one is interested in 
the cell decompositions T> n obtained from pulling back T>° by f n as 
in Lemma 15.41 In general, in order to determine the combinatorics of 
the whole sequence V n , n G N (i.e., the inclusion and intersection 
patterns of cells on all levels), is not enough to just know the pair 
(D ,© 1 ) and the labeling r G V 1 h-» /(r) G T>°, but one also needs 
specific information on the pointwise mapping behavior of / on the cells 
in T> x . Indeed, suppose g is another map that is cellular for (P ,© 1 ) 
and induces the same labeling as /, i.e., /(r) = g(r) for all r G V 1 . 
Let T> n be the cell decomposition of S 2 obtained from T>° by pulling 
back by g n . Then one can show (by an argument very similar to the 
considerations in the proof of Lemma 112.91 below) that T> n and T> n are 
isomorphic cell complexes for fixed n G No (see Definition 112. 2p . In 
contrast, the intersection patterns of corresponding cells in D n and T> n 
on distinct levels n may be quite different. 

The situation changes if (D 1 ,!) ) is a cellular Markov partition for 
/, because then the combinatorics of T> n is completely determined by 
(D 1 ,© ) and the combinatorial data given by the labeling r G T> 1 \— > 
f(r) G T>° (see Remark [4. 111) . This suggests that if one wants to study 
Thurston maps as given by Proposition 112.31 from a purely combinato- 
rial point of view, then one should add the additional assumption that 
V 1 is a refinement of T>°. We will restrict ourselves to the case where 
X?° contains only two tiles. Then all the relevant assumptions can be 
condensed into the following definition. 

Definition 12.4 (Two-tile subdivision rules). Let S 2 be a 2-sphere. 
A two-tile subdivision rule for S 2 is a triple (T> 1 ,T>°, L) of cell de- 
compositions T>° and V 1 of S 2 and an orientation-preserving labeling 



104 



MARIO BONK AND DANIEL MEYER 



L : V° — > V . We assume that the cell decompositions satisfy the fol- 
lowing conditions: 

(i) T>° contains precisely two 0-tiles. 

(ii) T) 1 is a refinement of T>°, and V 1 contains more than two tiles. 

(iii) If k is the number of 0-vertices, then k > 3 and every tile in V 1 
is a fc-gon. 

(iv) The length of the cycle of every 1-vertex is even. 

Our concept of a two-tile subdivision rule is a special case of the 
more general concept of a subdivision rule. See [BS} ICFPOll |CFP06a, 
ICFKP^ IMe02j for work related to subdivision rules. The reason for 
the name two-tile subdivision rule is that the data given by 
determines how the two 0-tiles are subdivided by the cells in P 1 , and 
this together with the labeling L can be used to create a sequence of 
cell decomposition T> n where each cell r £ T> 1 is subdivided by the cells 
in V 2 in the same as as the cell L(r) £ T>° is subdivided by the 1-cells, 
etc. Our definition is tailored to generate Thurston maps, so a more 
accurate term would have been a "two-tile subdivision rule generating 
a Thurston map" , but we chose the shorter term for brevity. 

Conversely, suppose /: S 2 — > S 2 is a Thurston map with k : = 
post(/) > 3, and C C S 2 is an /-invariant curve with post(/) C C. 
If V° = V°(f,C), V 1 = V\f,C), and L: V 1 V° is the (orientation- 
preserving) labeling induced by /, then (V l ,V°,L) is a two-tile subdi- 
vision rule. This immediately follows from Proposition 16.11 and Propo- 
sition 111.11 

Let V° be a cell decomposition of S 2 with precisely two tiles X and 
Y. Then necessarily dX = dY. The set C := dX = BY is a Jordan 
curve which we call the Jordan curve ofT>°. Then C is the 1-skeleton 
of T>° and all vertices and edges of T>° lie on C. If k is the number of 
these vertices on C and T> 1 is another cell decomposition of S 2 , then 
a Thurston map that is cellular for (V l ,I) ) can only exist if each tile 
in T> 1 is a fc-gon, i.e., it contains exactly k vertices and edges in its 
boundary. Moreover, the length of each vertex cycle in V 1 has to be 
even, because it must be an integer multiple of the length of a vertex 
cycle in T>° which is always equal to 2. This motivated conditions (iii) 
and (iv) in Definition 112.41 

The next proposition immediately follows from Proposition 112.31 and 
gives a large supply of Thurston maps. 

Proposition 12.5. Let (V 1 ,!) , L) be a two-tile subdivision rule on 
S 2 . Then there exists a Thurston map /: S 2 — > S 2 that is cellular for 
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(V ,!) 1 ) and is compatible with the labeling L. The map f is unique 
up to Thurston equivalence. 

Moreover, the Jordan curve C ofV° is f -invariant and contains the 
set post(/). 

Proof. The first part is just a special case of Proposition 112.31 Note 
that / is a Thurston map; indeed, the number of 1-tiles is equal to 
2deg(/), and also > 2 by condition (ii) in Definition 112.41 (ii). So 
deg(/)>2. 

Since T> 1 is a refinement of T>°, the 1-skeleton C of T>° is contained in 
the 1-skeleton of T> 1 . Moreover, since / is cellular for (P 1 , T>°), this map 
sends the 1-skeleton of V 1 into the 1-skeleton of T>° . Hence f(C) C C, 
and so C is /-invariant. Each postcritical point of / is a vertex of T>° 
and hence contained in C. □ 

If the map / is as in Proposition 112.51 then we say that it realizes 
the two-tile subdivision rule. If, as usual, V° denotes the set of vertices 
of T>° and V 1 the set of vertices T> 1 , we then have crit(/) C V 1 and 
post(/) C V° (see Lemma T5.2p . Since the length of each cycle in T>° is 
2, a vertex v in V 1 is a critical point of / if and only if the length of the 
cycle of v in T> 1 is > 4 (see Remark 15. 3p . Hence if / and g both realize 
the subdivision rule, then crit(/) = crit(g) C V 1 . Moreover, since the 
orbit of any point in V 1 is completely determined by the labeling, we 
then also have post(/) = post ((7) C V°. 

Theorem 11.21 implies that every expanding Thurston map / with 
#post(/) > 3 has an iterate F = f n that is obtained from a two-tile 
subdivision rule as in the previous proposition. 

If one wants to discuss specific examples of Thurston maps that 
realize a given two-tile subdivision rule (P 1 , T>°, L), then it is convenient 
to represent the relevant data in a compressed form. As we will see, the 
information on L is completely determined by a pair of corresponding 
positively-oriented flags in T> 1 and T>°. See Lemma 112.71 below for 
a precise statement. To describe labelings for pairs (T> 1 ,T> ) as in 
Definition ll2.4l we proceed in the manner discussed after Definition 1 12. II 
and choose a more general index set C for the labeling of the elements 
in V° and V 1 . 

To set this up, it is useful to introduce some terminology first. Let X 
be a closed Jordan region on S 2 with distinct points v , . . . , Vk-i, = 
vo, k > 3, on its boundary. Here we use the cyclic group = 
{0, 1, . . . , k — 1} = Z//cZ as an index set. 

Suppose that the points vo, . . . , Vk-i are indexed such that if we start 
at vo and run through dX with suitable orientation, then the points 
Vq, . . . , Vk-i are traversed in successive order. If this is true and if with 
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this orientation of dX the region X lies on the left, then we call the 
points vi, . . . , Vk in cyclic order on dX, and otherwise, if X lies on the 
right, in anti- cyclic order on dX. If the points v , . . . , Vk-i are in cyclic 
or anti-cyclic order on dX, then dX is decomposed into unique arcs 
e , • • • ,efc_i; here ei for I G Z fc is the unique subarc of dX that has 
the endpoints V\ and Uj+i, but does not contain any other of the points 
i G Zfc \ {/, / + 1}. We say that the arcs eo, . . . , efc_i are in cyclic 
or anti-cyclic order on <9X, if this is true for the points Vq, . . . , 
respectively 

Let P be a cell decomposition of S* 2 . A chain of tiles X\, . . . , X^ in 
T> is called an e- chain if for z = 1, . . . , JV — lwe have Xj 7^ X i+1 and 
there exists an edge e« in Z> with e« C <9Xj fl dX i+ i . The e-chain joins 
the tiles X and K if X\ — X and Xn — Y. If X is an arbitrary tile 
if X?, then every tile Y in can be joined to X by an e-chain. This 
follows from the fact that the union of the tiles Fthat can be joined to 
X is equal to S 2 ; indeed, this union is a nonempty closed set, and it is 
also open, as follows from Lemma EH] (iv) and (v). Hence the union is 
all of S 2 . 

Similarly as in Lemma 16.2^ we will label the tiles in T> by the two 
symbols b and w, representing the two colors "black" and "white", 
respectively. So then each tile in T> will carry one of these colors. 

The following lemma will be the basis for the construction of label- 
ings. 

Lemma 12.6. Let D be a cell decomposition of S 2 , and denote by V 
the set of vertices, by E the set of edges, and by X the set of tiles in V. 
Suppose that the length of the cycle of every vertex in V is even and 
that there exists k > 3 such that every tile in X is a k-gon. 

Then for each positively-oriented flag (co, C\, 02) in D there exist maps 
Lv: V — > Zfc ; Le: E — > and \ X — > {b, w} with the following 
properties: 

(i) L v (po) = 0, where c = {p }, L E (a) = 0, and L x (c 2 ) = w, 

(ii) if X, Y G X are two distinct tiles with a common edge on their 
boundaries, then Lx(X) 7^ L^_(Y), 

(iii) if X is an arbitrary tile in X, and vq, . . . , Vk-i are the vertices 
on its boundary indexed by then we can choose the indices 
of the vertices so that Lv(fj) = i for each i G Z& ; and such 
that the order of the vertices on dX is cyclic i/Lx(X) = w and 
anti-cyclic z/L x (X) = b ; 

(iv) i/e6E and I = L E (e), then L v (de) = {/,/ + 1} ; 
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(v) if X is an arbitrary tile in X, and eo, . . . , tk-\ are the edges on 
its boundary indexed by Z fc; then we can choose the indices of 
the edges so that L^ei) = i for each i G Z^., and such that the 
order of the edges on dX is cyclic if L^(X) = w and anti-cyclic 
i/L x (*)=b, 

(vi) if (to, ti, r 2 ) is a flag in V, then the flag is positively-oriented if 
and only if there exists I G Z& such that Lv(to) = {I}, Le(tl) = 
I, Lx(t 2 ) = w, or L v (r ) = {/}, L E (ri) = I - 1, L x (r 2 ) = b. 

The maps L v , Le> and L x are uniquely determined by the properties 
(i)-(iv). 

Condition (ii) says that one of the tiles containing an edge is "black" 
and the other is "white". Moreover, by (iii) and (v) we can index the 
vertices v and edges e on the boundary of a tile by the label L^{v) G Z& 
and I/e(c) G respectively, so that the vertices and edges of a white 
tile are in cyclic order and the ones on a black tile are in anti-cyclic 
order. By (iv) the label L E (e) of an edge e G E is determined by the 
labels L v (u) and L v (v) of the two endpoints of e (here it is important 
that k > 3). 

Proof. We first establish the following statement. 

Claim. Suppose that J C S* 2 is a Jordan curve that does not contain 
any vertex (in V) and has the property that for every edge e the in- 
tersection e l~l J is either empty, or e meets both components of S 2 \ J 
and eH J consists of a single point. Then J meets an even number of 
edges. 

To see this pick one of the complementary components U of S* 2 \ J, 
and let d 1: . . . , d n , n G N , be the length of the cycles of the vertices 
contained in U ( for n = we consider this as an empty list). Let 
Ej be the set of all edges that meet J and E(/ be the set of all edges 
contained in U. From our assumption on the intersection property of 
J with edges it follows that an edge is contained in U if and only if its 
two endpoints are in U, and it meets J if and only if one endpoint is 
in U and the other in S 2 \ U. Hence 

di + ■ ■ ■ + d n = #Ej + 2#E C/ , 

because the sum on the left hand side counts every edge in Ej once, 
and every edge in E[/ twice. Since all the numbers d±, . . . , d n are even, 
it follows that the number #Ej of edges that J meets is also even, 
proving the claim. 

To show existence and uniqueness of the map Lx we proceed as 
follows. For every tile Y there exits an e-chain Y — c 2 , . . . , Y N — Y of 
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tiles joining the "base tile" C2 to Y. We put L^_(Y) = w or L^(Y) = b 
depending on whether N is even or odd. It is clear that if this is well- 
defined, then it is the unique choice for L^(Y). This follows from the 
normalization (i) and that fact that by (ii) the labels of tiles have to 
alternate along an e-chain. 

To see that L x is well-defined it is enough to show that if an e-chain 
Xq,X±, . . . ,Xn forms a cycle, i.e., if X = Xn, then N is even. To 
prove this we may make the additional assumption that N > 3 and 
that the chain is simple, i.e., that the tiles Xi, . . .X N are all distinct. 

We can choose edges for % — 1, . . . , TV such that ej C dX,i_i n <9X;. 
Then the edges e±, . . . , ejv are all distinct. For otherwise, = ej for 
some 1 < % < j < N. Then = Cj is contained in the boundary of 
the tiles Xj_i, Xi, Xj-i, Xj which is impossible, because three of these 
tiles must be distinct (note that N > 3). 

We now construct a Jordan curve J as follows. For each edge pick 
a point Xi G int(ej). Moreover, for i = 1,...,N, we can choose an 
arc ai C Xj with endpoints Xi and x i+ i such that int(ttj) C int(Xj). 
Here Xat+i := X\. Then J = a 1 U---Uo;7visa Jordan curve that 
has properties as in the claim above. The curve J meets the edges 
ei, . . . , ejv and no others. Hence N is even. Thus L x is well-defined, 
and it satisfies property (ii) and is normalized as in (i). 

To show the existence of Lv it is useful to quickly recall some basic 
definitions from the homology and cohomology of chain complexes. 
Denote by E D the set of oriented edges in V. Let C(X) and C(E D ) be 
the free modules over Z fc generated by the sets X and E D , respectively. 
So C(E ), for example, is just the set of formal finite sums Yl a i e i-> 
where Oj G and G E Q . Note that in contrast to other commonly 
used definitions of chain complexes we have e + e 7^ if e and e are the 
same edges with opposite orientation. 

There is a unique boundary operator b: C(X) — > C(E ) that is a 
module homomorphism and satisfies 

bX := b(X) = J2 e 

eCdX 

for each tile X, where the sum is extended over all oriented edges 
e C dX so that X lies on the left of e. 

Let e be an oriented edge and X be the unique tile with e C dX 
that is on the left of e. We put a(e) = 1 G or a(e) = — 1 G 
depending on whether L^_(X) = w (X is a white tile) or Lx(X) = b (X 
is a black tile). If e and eare the same edges with opposite orientation, 
then a(e) + a(e) = as follows from property (ii) of L X - 
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The map a can be uniquely extended to a homomorphism a : C(E G ) — > 
Zfc. In the language of cohomology it is a "cochain". This cochain a is 
a cocycle, i.e., 

(12.1) a(bX) = «( e ) = ±k = 0EZ k 

eCdX 

for every tile X, considered as one of the generators of C(X). Indeed, 
by our convention on the orientation of edges e C OX in the above 
sum, for each such edge we get the same contribution a(e) in the sum, 
and so, since X has k edges, the sum is equal to ±k = G 

Consider an arbitrary closed edge path consisting of the oriented 
edges ei, . . . ,e n ; so the terminal point of is the initial point of e i+ i 
for % — 1, . . . , n, where e n+ i := ex- We claim that 

(12.2) ^ a ( ei ) = 0. 

i=l 

Essentially, this is a consequence of the fact that we have H 1 (S 2 , Z&) = 
for the first cohomology group of S 2 with coefficients in This 
implies that the cocycle a is a coboundary. 

We will present a simple direct argument. To show (112. 2p it is clearly 
enough to establish this for simple closed edge paths, i.e., for closed 
edge paths where the union of the edges forms a Jordan curve J C S 2 . 
Let U be the complementary component of S 2 \ J so that U lies on the 
left if we traverse J according to the orientation given by the edges e^. 
If Xi, . . . , Xm are all the tiles contained in U, then 

b(X 1 + --- + X M ) = J2^ 

eCU 

where the sum is extended over oriented edges contained in U . Each 
edge on J is equal to one of the edges and it appears in the above 
sum exactly once and with the same orientation as ej. All other edges 
in U appear twice and with opposite orientations. Hence by (I12.ip . 

n M 

J2a(ei) = ^a(e) =^a{bXi) = 0. 

i=l eC jJ i=l 

We now define Lv : V — > Z& as follows. For v G V we can pick an 
edge path consisting of the oriented edges e±, . . . , e n that joins the base 
point p to v (this list of edges may be empty if v — p ). The existence 
of such an edge path follows from the connectedness of the 1-skeleton 
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of V (see Lemma EH] (vi)). Put 



n 



(12.3) 



This is well-defined, because we have (j!2.2p for every closed edge path; 
we also have the normalization Lv(po) = 0. 

The definition of Lv implies that if e is an oriented edge, and u is 
the initial and v the terminal point of e, then 



This means that if we go from the initial point u of e to the terminal 
point v, then the value of Lv is increased by 1 or decreased by — 1 
depending on whether the tile on the left of e is white or black. The 
desired property (iii) of Lv immediately follows from this. 

This shows existence of Lv- Conversely, every function Lv with 
property (iii) must satisfy fjl 2.4(1 . Together with the normalization 
Lvipo) — this implies that L v is given by the formula f 11 2 . 3 (1 . and so 
we have uniqueness. 

To define Le note that if e G E, then by (ii) we can choose a unique 
orientation for e such that the tile on the left is "white" , and the one 
one the right is "black" . If u is the initial and v the terminal point of e 
according to this orientation, and Ly(u) = I G then Lv(f ) =1 + 1. 
Now set Le(c) := I. Then Le has property (iv). Moreover, we also 
have the normalization (i) for Le; indeed, is c\ is oriented so that po 
is the initial point of ci, then c 2 lies on the left of ci, because the flag 
(c ,Ci,c 2 ) is positively-oriented. Since L x (c 2 ) = w, the tile c 2 is white 
and so L E (e) = L v (po) — 0. Uniqueness of L E follows from (iii) and 
the uniqueness of L V - 

We have proved (i)-(iv) and the uniqueness statement. It remains 
to establish (v) and (vi). 

To show (v) let X G X be arbitrary. Then by (iii) we can assume that 
the indexing of the k vertices t>o, • • • Vk-\ on dX is such that Lv(f i) = i 
for all i G and that fo, • • -ffe-i are met in successive order if we 
traverse dX. This implies that for each i E there exists a unique 
edge Ci C OX in T> with endpoints Wj and fj+i- Hence by (iv) we have 
Le(cj) = i. Moreover, by (iii) the edges e , . . . , ek-\ are in cyclic or anti- 
cyclic order on dX depending on whether L^_(X) = w or L^(X) = b. 
So (v) holds. 

Finally, to see that (vi) is true, let (t ,ti,t 2 ) be a flag in V. Then 
To = {u} for some u G V. The vertex u is the initial point of the 
oriented edge t\. Let v G V be the terminal point of t±, and define 
I = L v («). 



(12.4) 



L v (f ) = L v (m) + a(e). 
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Depending on whether the flag is positively- or negatively-oriented, 
the vertex v follows u is cyclic or anti-cyclic order on <9r 2 . So if the flag 
is positively-oriented, then by property (iii) we have L v (v) — I + 1 if 
Lx_{t~2) = w and Ly(v) = I — 1 if Lx(r 2 ) = b. Property (iv) implies 
that Lsiji) = I if L^_(t 2 ) = w and L e (ti) = Z — 1 if I/ X (t 2 ) = b. 

So if (to, t±, r 2 ) is positively-oriented, then the cells in this flag carry 
the labels /, I, w, or I, I — 1, b, respectively. 

Similarly, if (T ,r 1 ,r 2 ) is negatively-oriented, then we get the labels 
/, / — 1, w, or /, /, b for the cells in the flag. Statement (vi) follows from 
this. □ 

Lemma 12.7. Let (T> , D ) be a pair of cell decompositions of S 2 sat- 
isfying conditions (i)-(iv) in Definition \12.4\ and let (c^c^c^) and 
(00,01,02) be positively-oriented flags in T> 1 andT>°, respectively. Then 
there exists a unique orientation-preserving labeling L : T> 1 — >■ T>° with 
(L(c' ),L(c\),L(c' 2 )) = (c ,ci,c 2 ). 

In particular, (D 1 ,© ,/;) is a two-tile subdivision rule. 

Proof. For % = 0, 1 denote by V*, E l , X* the set of vertices, edges, and 
tiles of V\ respectively. 

To describe the labeling for (P 1 ,!) ) we proceed in the manner dis- 
cussed after Definition 112.11 and choose a particular index set £ for the 
labeling of the elements in T>° and D 1 . 

We let C be the set that consists of two disjoint copies of (one will 
be for the vertices, and one for the edges), and the set {b, w}, where 
again we think of w representing "white" and b representing "black" . 

We assign to c 2 G X° the color "white", and "black" to the other 
tile in X°. We assign 6 Zj. to the 0- vertex t> G Cq. Then there is a 
unique way to assign labels in to the other vertices on C := <9c 2 (and 
the corresponding cells of dimension 0) such that if Vq, Vx, . . . , Vk-i are 
the vertices indexed by their label, then they are in cyclic order on C as 
considered as the boundary of the white 0-tile and in anti-cyclic order 
for the black 0-tile. Each 0-edge e is an arc on C with endpoints v 1 and 
v i+1 for a unique I G Z k . We label e by I (where / is thought of to belong 
to the second copy of Z k ). Since (c , Ci, c 2 ) is a positively-oriented flag, 
and Vq is the initial point of ci, the edge c\ has the label 0. All this 
is just a special case of Lemma 112.61 If in this way we assign to each 
element in T>° a label in C, we get a bijection ip : V° — > C. Note that if 
(r , ti, r 2 ) is any positively-oriented flag in V°, then its image under ip 
has the form (/, /, w) or (/, I — 1, b) for some / G (cf. Lemma [12.6l (v)). 

For V 1 we invoke Lemma 112.61 directly to set up a suitable map 
(p: V 1 — > C. Since T> 1 satisfies the conditions of Lemma [12. 6[ we can 
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find maps L^: V 1 — > Z/-, L E '■ E 1 — > Z&, and Lx: X 1 — >■ {b, w} with 
the properties (ii)-(iv) stated in the lemma and the normalizations 
L v (v' ) = 0, where c' = {v' }, L E (c[) = 0, and L x (c 2 ) = w. The maps 
L v , L E , L x induce a unique map tp : V 1 — )■ £ such that </?(c) = Lx(c) if 
c is a 1-tile, </?(c) = L E (c) if c is a 1-edge, and y2(c) = L v (v) if c = {u} 
consists of a 1-vertex 

Now define L := o <^ : V 1 — > T>°. The map L assigns to each 
1-cell c the unique 0-cell that has the same dimension as c and carries 
the same label in C as c. 

It follows immediately from the properties of the maps ip and <p that 
L preserves dimensions, respects inclusions, and is injective on cells. 
Hence L is a labeling according to Definition 112.11 By our normaliza- 
tions the map L sends the flag (c' , c[, c' 2 ) to (cq, ci, C2). 

Moreover, L is orientation-preserving. Indeed, <p maps the cells 
To, 71,72 in a positively-oriented flag in P 1 to i, I, w, or to Z, Z — 1, 
b, respectively, where I G Z fc . These triples correspond to positively- 
oriented flags in T>°. It follows that L has the desired properties. 

To show uniqueness, we reverse the process. Given L with the stated 
properties, we use the same map ip : T>° — > C as above and define maps 
L v : V 1 ->■ Z fc , L E : E 1 -> Z fc , L x : X 1 ->■ {b, w} such that L x (c) = 
(ip o L)(c) if c is a 1-tile, Le(c) = (ip o L)(c) if c is a 1-edge, and such 
that = £)(c) if c = {f } consists of a 1-vertex 

Then we have normalizations Lv(v' Q ) = 0, L^i^) = 0, and Lx(c' 2 ) = 
w as in Lemma 112.61 (i). If we can show that Lv, L E , Lx have the 
properties (ii)-(iv) in Lemma [12. 6 1 then the uniqueness of L will follow 
from the corresponding uniqueness statement in this lemma. 

To see this let e G T) 1 be arbitrary, and X, Y G T) 1 be the two tiles 
that contain e in its boundary. Let u, v G V 1 be the two endpoints of 
e. We may assume that notation is chosen so that the flag ({u},e, X) 
is positively-oriented. Then ({v},e,Y) is also positively-oriented. It 
follows that the images of these flags under L are positively-oriented. 
Since L is injective on cells, and so L(u) 7^ L(v), this implies that 
L(X) 7^ L(Y). So L(X) and L(Y) carry different colors (given by ip) 
which implies that X and Y also carry different colors by definition 
of Lx- Hence Lx has property (ii) in Lemma [12.61 By switching the 
notation for u and v and X and Y if necessary, we may assume that X is 
a white tile. Since the flag ({L(u)} , L(e) , L(X)) is positively-oriented, 
and 4>(X) is white, it follows that for some / G Z& we have ip(L(u)) = I 
and ip(L(e)) = I. Hence Ly(«) = I and Le(c) = Z. Similarly, using 
that L(Y) is black and that ({L(v)}, L(e), L{Y)) is positively-oriented, 
it follows that L v (v) = 1 + 1. 
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In other words, if we run along an oriented edge e in V 1 so that a 
white tile lies on the left of e, then the label of the endpoints of e (given 
by Lv) is increased by one, and decreased by one if a black tile lies on 
the left. Hence Lv has the property (hi) in Lemma 112. 61 Moreover, we 
also see that the label Le(c) is related to the labels of its endpoints as 
in statement (iv) of Lemma 112.61 The uniqueness of L follows. □ 

Let / be a map realizing a two-tile subdivision rule (P 1 , T>°, L). We 
want to show that the property of / being combinatorially expanding 
for the Jordan curve C of T>° is independent of the realization. In 
contrast, this is not true for expansion of the map (see Example ll2.1ip . 
We require a lemma. 

Lemma 12.8. Let f : S 2 — » S 2 and g: S 2 — >■ S 2 be Thurston maps. 
Suppose that #post(/) > 3 ; thatC C S 2 is an f -invariant Jordan curve 
with post(/) C C, and that ho, hi: S 2 — > S 2 are orientation-preserving 
homeomorphisms satisfying ho\ post(/) = h\ \ post(/), ho o f = g o hi, 
andh (C) = h x {C). 

Then f is combinatorially expanding for C if and only if g is combi- 
natorially expanding for C := h (C) = hi(C). 

Proof. We have post (g) = h (post(f)) = /ii(post(/)) (see the proof 
of (J23D). Hence #post(#) = #post(/) > 3. Moreover, C C S 2 is a 
Jordan curve with post (g) C C. This curve is (/-invariant, since 

g(C) = g(h (C)) = hi{f{C)) C h(C) = C. 

So the statement that g is combinatorially expanding for C is meaning- 
ful (see Definition 111.41) . 

Pick an orientation of C. By our assumptions the map cp := h^ 1 o h 
fixes the elements of post(/) pointwise and the Jordan curve C setwise. 
Since #post(/) > 3 and post(/) C C, this implies that <p preserves the 
orientation of C. Since <p is an orientation-preserving homeomorphism 
on S 2 , the map tp sends each of the complementary components of C 
to itself. Thus, ip is cellular for V° := V(f, C) and we have <p(c) = c for 
each cell c G T>°. As in the proof of Proposition 112.31 this implies that 
<p is isotopic to id^2 rel. post(/). Hence ho = hi o <p is isotopic to hi = 
hi o ids2 rel. post(/), and so there exists an isotopy H°: S 2 x I — >■ S 2 
rel. post(/) with H® = h and H± = h%. 

As in the proof of Proposition 110.41 based Proposition 110.11 we can 
repeatedly lift the initial isotopy H°. In this way we can find isotopies 
H n : S 2 xl ^S 2 rel. post(/) such that H?of = go H? +1 and # n+1 = 
Hi for all n 6 No and tel. Note that H n for n > 1 is actually an 
isotopy rel. /" 1 (post(/)) D post(/). 



114 



MARIO BONK AND DANIEL MEYER 



Define homeomorphisms h n := Hq for n G No (note that for n = 
and n = 1 these maps agree with our given maps h and h{). Then 
K ° / = 9 ° frn+i , and so 

(12.5) ho o = g n oh n 

for all n G N . 

We have h n \ post(/) = h$\ post(/) which implies 

(12.6) /i n (post(/)) =post((/) 

for all n G N - Moreover, /i n |/ _1 (post(/)) = /ii|/ _1 (post(/)) and so 

(12.7) / in (/- 1 (post(/))) = ^(postQ?)) 

for n 6 N as follows from (112.61) and Lemma 110.21 

Our hypotheses imply that if c is a cell in V°(f,C), then h (c) is a 
cell in V°(g,C). Since the set 

P n := Wc):c6D"(/,C)} 

is a cell decomposition of S 2 , it follows from this and (112.51) that g n 
is cellular for (V n ,V°(g,C)). Since g n is also cellular for the pair 
(V n (g,C),V°(g,C)), the uniqueness statement in Lemma 15.41 implies 
that T> n = T> n (g, C) for all n G No- In other words, the n-cells for (g, C) 
are precisely the images of the n-cells for (/, C) under the homeomor- 
phism h n . 
We also have 

(12.8) h n (C) = C 

for each n G N . This can be seen by induction on n as follows. The 
statement is true for n = and n = 1 by our hypothesis and by the 
definition of C. Assume that h n (C) = C for some n G N. Then by 
Lemma 110.21 and the induction hypotheses we have 

J := h n+1 (C) c h n+l {f-\C)) = g-\K{C)) = g-\C). 

It follows from (112. 7p that {H^)oh~ l is an isotopy on S 2 rel. g~ x (post(g)) . 
It isotopes C = h n {C) C g~ l (C) into J = h n+ \{C) rel. g~ x ^post(g)) . So C 
and J are Jordan curves contained in the 1-skeleton g~ l (C) of T> x (g, C) 
that are isotopic relative to the set g -1 (post(g)) of vertices of ^(g^C). 
Lemma [10.121 implies that J = C, and (112.81) follows. 

Now (112.81) and (112. 6p imply that a chain of n-tiles for (/, C) joins 
opposite sides of C if and only if their images under h n form a chain 
joining opposite sides of C. Since the images of the n-tiles for (/, C) 
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under h n are the precisely the n-tiles for (g,C), we have D n (f,C) = 
D n (g,C) for each n e No- The statement follows. □ 

Now we can show the desired realization independence of combina- 
torial expansion. 

Lemma 12.9. Let (V l ,V°,L) be a two-tile subdivision rule on S 2 and 
C be the Jordan curve of V° . Suppose that the maps f : S 2 — > S 2 
and g: S 2 — > S 2 both realize the subdivision rule and that #post(/) = 
#post(^) > 3. Then f is combinatorially expanding for C if and only 
if g is combinatorially expanding for C . 

Proof. Let V° and V 1 be the set of vertices of T>° and T> , respectively. 
Then P := post(/) = post(#) cV°C V 1 . 

It follows from the proof of the uniqueness part of Proposition 112.31 
that there exists a homeomorphism hi : S 2 — > S 2 isotopic to id^2 rel. 
V 1 D post(/) = post(g) that satisfies / = jo/i 1 . Moreover, hi(e) = e 
for each edge e in D 1 . Since V 1 is a refinement of V° and so the 
1-skeleton C of T>° is contained in the 1-skeleton of X* 1 , this implies 
h\(C) = C. Define h = idg2. Since hi is isotopic to id#2 rel. P we have 
h\\P = id^2 \P = h \P. Moreover, h o / = g o hi, hi(C) = C = ho(C), 
and both ho and hi are orientation-preserving homeomorphisms on 
S 2 . This shows that the hypotheses of Lemma [12.81 are satisfied (with 
S 2 = S 2 ), and so / is combinatorially expanding for C if and only if g 
is combinatorially for C = ho(C) = hi(C) = C. □ 

Based on the previous lemma we say that a two-tile subdivision rule 
(T> 1 ,T>°, L) is combinatorially expanding if one (and hence each) map 
/ that realizes the subdivision rule is combinatorially expanding for 
the Jordan curve C of V°; here we tacitly assume that the hypothesis 
#post(/) > 3 of the previous lemma is true. 

12.1. Examples of two-tile subdivision rules. We present some 
examples of two-tile subdivision rules. A first example can be obtained 
from the map g in Section [L2l and the subdivision rule as indicated in 
Figure [TJ 

Example 12.10. Our next example is as follows. The white 0-tile is 
the (closure of the) upper half-plane, the black 0-tile is the (closure 
of the) lower half-plane in C. The O-vertices are the points — 1,0, oo. 
Thus the 0-edges are [— oo, —1], [—1, 0], [0, oo]. The cell decomposition 
T>° is indicated to the right of Figure |5j 

The white 1-tiles are the first and third quadrant, the black 1-tiles 
are the second and forth quadrant. The 1- vertices and their labelings 
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Figure 5. The two-tile subdivision rule for z 2 — 1. 




Figure 6. Tiles of order 7 for Example [12. 101 



follows. The point oo is the only 1-vertex labeled oo, the 1- 
vertices —1,1 are labeled 0, the 1-vertex is labeled —1. The cell 
decomposition is indicated to the left in Figure [5j 

Here and in the following a point that is marked "a i— > b" is a 1- 
vertex a that is also a 0-vertex and that is labeled by the 0-vertex b. 
Thus the map realizing the two-tile subdivision rule will map a to b. 
Similarly "(->■ 6" marks a 1-vertex that is labeled by the 0-vertex 6; thus 
the realizing map will map this 1-vertex to b. 

The pair (T) l ,T) ) together with this orientation-preserving labeling 
L is a two-tile subdivision rule. It is straightforward to check that 
we can choose the map p: S 2 ->■ S 2 that is generated by (V\V°,L) 
according to Proposition 112.51 as the map fi(z) = z 2 — 1. 

This two-tile subdivision rule is not combinatorially expanding. Namely, 
the point oo is the only preimage of itself by p. Thus every n-tile con- 
tains oo. Since the n-tiles cover the whole sphere, there has to be an 
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Figure 7. The barycentric subdivision rule. 

n-tile containing both 0, oo. This shows that the subdivision rule in 
not combinatorially expanding. In fact, for all n there exist two n-tiles 
that contain all postcritical points — 1,0, oo. Figure [6] shows the tiles 
of order 7. 

Example 12.11 (The barycentric subdivision rule). We glue two equi- 
lateral triangles together along their boundaries to form a polyhedral 
surface S 2 that is conformally equivalent to C. The two triangles are 
the 0-tiles. We can find a conformal equivalence of S 2 with C such that 
the triangles correspond to the upper and lower half-planes, and the 
vertices to the points — 1,1, oo. For convenience we identify the ver- 
tices with — 1, 1, oo; they are the 0- vertices. The 0-edges are the three 
edges of the triangles. The bisectors divide each triangle (each 0-tile) 
into 6 smaller triangles. These 12 small triangles are the 1-tiles. The 
labeling of the 1- vertices is indicated in Figure [71 Again we obtain a 
two-tile subdivision rule. We can realize this subdivision rule by a map 
/ 2 that conformally maps 1-tiles to the 0-tiles. Under the indicated 
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Figure 8. Tiles of order 4 for the barycentric subdivi- 
sion rule. 



identification of S 2 with C, the map is then given by 

f(z)-l 54 ^ ~ ^ 
h[z) ~ 1 ~ (.2 + 3)3 ' 

see |CFKPl Example 4.6]. The subdivision rule is combinatorially ex- 
panding. The map fi however is not expanding. This follows from 
Proposition 119. II as the point 1 is both a critical and a fixed point of r. 
One can show that the Julia set of f'2 is a Sierpihski carpet, i.e., a set 
homeomorphic to the standard Sierpihski carpet. 

It is possible however to choose a different realization of the two-tile 
subdivision rule with the given labeling as in Figure [7] by a map fi that 
is expanding. Namely, we use affine maps to map the 1-tiles (the small 
triangles in the barycentric subdivision rule of the equilateral triangles) 
to the 0-tiles. In this case the n-tiles are Euclidean triangles for each 
n G N. The collection of all n-tiles is obtained from the (n — 1)- 
tiles similarly as the 1-tiles where constructed from the 0-tiles: one 
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subdivides each Euclidean triangle representing an (n — l)-tile by its 
bisectors. It is clear that the diameters of n-tiles tend to as n — > oo. 
Hence f'2 is expanding, and so this map is an example of an expanding 
Thurston map with periodic critical points. 

Example 12.12. The next example is given by a subdivision rule 
similar to the one that was realized by the map g from Section II. 2( 
see Figure [Q Again we start with a sphere that is obtained by glueing 
together two squares (these are the two 0-tiles) along their boundary. 
The four vertices are the O-vertices that divide the common boundary 
into four 0-edges. Each of the two squares, or more precisely 0-tiles, 
is divided into four squares of half the side-length. These 8 smaller 
squares are 1-tiles. The edges of these squares are 1-edges. We slit 
the sphere along one such 1-edge (say in the white 0-tile) and glue 
in two small squares at the slit, as indicated to the left in Figure M 
In this way we obtain two additional 1-tiles. Topologically we have 
subdivided the white 0-tile into six 1-tiles; the black 0-tile is subdivided 
into four 1-tiles. The labeling (meaning the coloring) of the 1-tiles can 
be seen from Figure [9j Here only the 1-vertices that are labeled by one 
specific 0-vertex have been indicated to keep the picture simple and 
avoid unnecessary detail. 

Again we obtain a two-tile subdivision rule. It is realized by a 
Thurston map f% that is combinatorially expanding. It is not equiv- 
alent to a rational map, since f 3 has a Thurston obstruction. In the 
present case, where #post(/ 3 ) = 4 and f 3 has a hyperbolic orbifold (see 
for example \Mi\ Appendix E] or |McAd] Appendix A]) a Thurston ob- 
struction is given by a Jordan curve 7 C S' 2 \post(/3) with the following 
properties: 

• The Jordan curve 7 is non-peripheral, i.e., each component of 
5* 2 \ 7 contains two postcritical points. 

• Each non-peripheral component 7, of f^ 1 ^) is homotopic to 7 
inS 2 \post(/ 3 ). 





Figure 10. The 2-by-3 subdivision rule. 



• If dj is the degree of the map fs : 7j — > 7, then we have 

j J 

Thurston's theorem implies that a Thurston map / with hyperbolic 
orbifold and #post(/) = 4 is equivalent to a rational map if and only 
if it has no Thurston obstruction (see [DH] ) . Figure [9] shows an ob- 
struction for the map f^. 

Example 12.13 (The 2-by-3 subdivision rule). We present another ex- 
ample of an expanding Thurston map f± that is not (Thurston) equiva- 
lent to a rational map. In a sense, this is the easiest example. However, 
it has a parabolic orbifold. Thus Thurston's criterion, as explained in 
the last example, does not apply. 

The map f'4 will be a Lattes-type map (see |Yi] for precise definitions) 
and can be constructed in the same fashion as the Lattes map g from 
Section [L2l namely, define ip: C — > C by setting ij)(x + yi) = 2x + 3yi 
for x,y G R. Then f±: C — > C is the unique map that makes the 
diagram fll.2p commutative (with g replaced by f±). This map is a 
realization of the two-tile subdivision rule shown in Figure IT01 We form 
a pillow P by glueing two unit squares together along their boundaries. 
The two squares, as well as the four common sides and vertices of the 
squares, form the 0-tiles, 0-edges, 0-vertices, respectively. 

Each of the two faces (i.e., squares) of the pillow is divided into 6 
rectangles as shown in the figure. These 12 rectangles are the 1-tiles. 
Their sides and vertices are the 1-edges and 1-vertices. The coloring of 
1-tiles, as well as the labeling of the 1-vertices, is indicated on the left 
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of Figure fTUl The map / 4 sends each of the 12 rectangles affinely to one 
of the two squares forming the faces of the pillow. This implies that 
each n-tile is a rectangle with side lengths l/2 n and 1/3™. In particular, 
/ 4 is an expanding Thurston map. 

The fact that / 4 is not equivalent to a rational map is well-known 
(sec [DH, Prop. 9.7]). An argument for this fitting into the framework 
of our present work can be sketched as follows. In our outline we will 
rely on some results and concepts that we will be discussed later on. 

To reach a contradiction, suppose that / 4 is equivalent to a rational 
map R: C — > C. Then R is a Thurston map with no periodic critical 
points and is hence expanding (Proposition 119.1]) . So by Theorem 110.41 
the maps / 4 and R are topologically conjugate. This in turns implies 
by Theorem 11.91 that if our pillow P is equipped with a visual metric 
d for / 4 , then (P, d) is quasisymmetrically equivalent to the standard 
2-sphere (i.e., C equipped with the chordal metric). In particular, if 
X° is a 0-tile (i.e., one of the faces of the pillow P) equipped with a 
visual metric d, then it can be mapped into the standard 2-sphere by 
a quasisymmetric map. 

Now there are visual metrics for / 4 with expansion factor A = 2 
(it is not hard to see this directly; it also follows from the general 
argument in the proof of Theorem 1 1 . 71 presented in Section [THJ indeed, 
if C is the boundary of the pillow (which is / 4 -invariant), then we have 
D 1 = Di(/ 4 ,C) = 2 in (flO]) ). If d is such a metric, then (X°, d) is 
bi-Lipschitz equivalent to a Rickman's rug R a . Here by definition the 
Rickman's rug R Q for < a < 1 is is the unit square [0, l] 2 C IR 2 
equipped with the metric d a given by 

d a ((xi,yi), (£2,2/2)) = \xi - x 2 \ + \yi - y 2 | a 

for (xi,yi), (£2,2/2) £ [0, l] 2 . In our case, (X°,d) is bi-Lipschitz equiv- 
alent to R a with a = log 2/ log 3. It is well-known that no quasisym- 
metric map can lower the Hausdorff dimension 

dim H {Ra) = 1 + log 3/ log 2 > 2 

of R a (see |Hel Theorem 15.10]); in particular, R a and hence also 
(X°,d), cannot be mapped into the standard 2-sphere by a quasisym- 
metric map. This is a contradiction showing that / 4 is not Thurston 
equivalent to a rational map. 

Example 12.14. We conclude this section by giving a whole class 
of examples that are similar to Example 112.121 The map fe defined 
below will be used to illustrate the construction of the invariant curve 
in Example 115.11 see Figure [181 
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Figure 11. The subdivision rule realized by 1 — 2/z 2 



The simplest two-tile subdivision of this class is given as follows. 
Consider a right-angled, isosceles Euclidean triangle T (thus its angles 
are ir/2, tt/4, vt/4). The perpendicular bisector of the hypotenuse di- 
vides T into two triangles similar to T (scaled by the factor y/2). Glue 
two copies of the triangle T together along their boundaries to form a 
pillow (i.e., a topological sphere) as before. The two faces of the pillow 
(i.e., the two copies of T) are the 0-tiles, and the common sides and 
vertices of theses faces are the 0-edges and 0- vertices. 

We divide each of the 0-tiles (i.e., each face of the pillow) along 
the perpendicular bisector of the hypotenuse. The four triangles thus 
obtained are the 1-tiles. Their vertices and sides are the 1-vertices and 
1-edges. If the labeling is as indicated on the right of Figure [TTJ then 
we obtain a two-tile subdivision rule that can be realized by the map 
fs(z) = 1 — 2/z 2 (this is actually a Lattes map). 

As in Example 112. 12\ we can "add a flap" to modify the subdivision 
rule. More precisely, we cut the pillow along the 1-edge that is the 
perpendicular bisector of the hypotenuse of the white 0-tile. We take a 
copy of the pillow, scale it by the factor 1 / \/2, and cut it along one leg. 
We then glue the two sides of the slit to corresponding sides of the slit 
on the original pillow. This is indicated on the left in Figure [121 where 
we also show the coloring of 1-tiles and the labeling of the 1-vertices. 

We also show the same subdivision rule in Figure [13j Here the two 
triangles drawn with a thick line are the 0-tiles, the white is drawn 
to the right, the black to the left. Their edges are the 0-edges, their 
vertices the 0- vertices. To obtain a topological sphere we have to match 
the two pairs of 0-edges with the same markings. 

The white 0-tile is subdivided into four 1-tiles, the black 0-tile into 
two 1-tiles. The labeling of the 1-vertices is shown in Figure [HJ As 
before this yields a two-tile subdivision rule. It can be realized by the 
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Figure 12. Adding a flap. 
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Figure 13. The subdivision rule realized by / 6 . 



rational map /g given by 

/.(*) = i + 

where w = e 4?rl / 3 . 

The previous example can be modified as follows. Instead of adding 
one flap to the 1-edge bisecting the white 0-tile in Figure [TTJ we can 
add n flaps. Similarly we can glue in m flaps at the 1-edge bisecting 
the black 0-tile. The resulting subdivision rule can be realized by the 
rational map fj given by 

m = i + 



where d = n + m + 2 and u = e 



2ni 



-1 
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Figure 14. Tiles of order 4 of the map / 6 . 



The map /g will be used to illustrate the construction of an invariant 
Jordan curve C with post(/e) C C. The tiles of order 4 are shown in 
Figure [HJ 

More examples can be found in |CFKP] and |Me02j . In |Me02] and 
|Me09a] two-tile subdivision rules realizable by rational maps were used 
to show that certain self-similar surfaces are quasispheres, i.e., qua- 
sisymmetric images of unit sphere in M. 3 . More general examples of 
subdivisions can be found in |CFP06b] . 

The Figures El [BJ and [TH show symmetric conformal tilings. This 
means that if two tiles share an edge, they are conformal reflections 
of each other along this edge. Then the tiling can be obtained by 
successive reflections, and so each tile encodes the information for the 
whole tiling. 

13. COMBINATORIALLY EXPANDING THURSTON MAPS 

The purpose of this section is to establish the following fact. 
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Proposition 13.1. Let F: S 2 — >■ S 2 be a Thurston map that has an 
invariant Jordan curve C C S 2 with post(F) C C. If F is combi- 
natorially expanding for C, then there exists an expanding Thurston 
map F : S 2 — > S 2 that is Thurston equivalent to F and has an F- 
invariant Jordan curve C C S 2 with post(F) C C. Moreover, there 
exist orientation-preserving homeomorphisms h , hi : S 2 — > S 2 that are 
isotopic rel. post(F) and satisfy h oF = Fohi and ho(C) = C = h\{C). 

So up to Thurston equivalence every combinatorially expanding Thurs- 
ton map with an invariant Jordan curve can be promoted to an expand- 
ing Thurston map with an invariant curve. 

The proof will occupy the rest of the section. The idea is to introduce 
a suitable equivalence relation ~ on the sphere S 2 on which F acts and 
use Moore's Theorem (see Theorem 113.41) to show that the quotient 
space S* 2 /~ is also a 2-sphere. The map F will then be the induced 
map on 5* 2 /~. 

So let F: S 2 — > S 2 be a Thurston map as in the proposition. We 
fix an invariant F- Jordan curve C C S 2 with post(F) C C for which 
F is combinatorially expanding. As before we denote by X n , E n and 
V" the set of n-tiles, n-edges, and n-vertices, respectively, of the cell 
decomposition V" = V n (F,C) defined in Section [61 A subset r C S 2 
is called a tile if it is an n-tile for some n G No- We use the terms 
edge, vertex, cell in a similar way. In particular, in this section the 
term "cell" will always be used with this specific meaning. We will use 
the term topological cell to refer to the more general notion of cells as 
defined in Section HI 

Since C is F- invariant, T> n+k is a refinement of T> n for all n,k G 
No. For each X G X n+fc there exists a unique Y G X n with X C 
Y. Conversely, each n-tile Y is equal to the union of all (n + fc)-tiles 
contained in Y, and similarly each n-edge e is equal to the union of all 
(n + fc)-edges contained in e (all this was proved in Proposition lll.lj ). 
We will use this fact that cells are subdivided by cells of the same 
dimension and higher order repeatedly in the following. 

As in the beginning of Section [TT] we denote by S = S (F, C) the set 
of all sequences {X 11 } with X n G X n for n G N and 

X° D X 1 D X 2 D . . . 

We know (see Lemma Til. 21) that expansion of a Thurston map with an 
invariant curve is characterized by the condition that f] n X n is always 
a singleton set if {A n } G S. This may not be that case for our given 
map F, and so we want to identify all points in such an intersection 
f] n X n . This will not lead to an equivalence relation, since transitivity 
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may fail. As we will see, this issue is resolved if we define the relation 
as follows. 

Definition 13.2. Let x,y G S 2 be arbitrary. We write x ~ y if and 
only if for all {X n }, {Y n } G S with x G f] n X n and y G f] n Y n we have 
X n nr/0 for all n G N . 

Recall from (17.41) that D n = D n (F,C) denotes the minimal num- 
ber of n-tiles forming a connected set K n joining opposite sides of C. 
Since F is combinatorially expanding for C (see Definition 111.41) . we 
have #post(F) > 3 and so the term "joining opposite sides" is mean- 
ingful (see Definition 17. 6p . Moreover, there exists no G N such that 
D no (F, C) > 2, and so by Lemma [11.31 we have D n = D n (F, C) — > oo as 
n — > oo. In combination with Lemma [7.101 this implies that if t, a are 
disjoint fc-cells and K n is a connected set of n-tiles with a D K n ^ 
and r D K n ^ 0, then the number of tiles in K n tends to infinity and 
so cannot stay bounded as n — > oo. We will use this fact in the proof 
of the following lemma. 

Lemma 13.3. The relation ~ is an equivalence relation on S 2 . 

Proof. Reflexivity and symmetry of the relation ~ are clear. To show 
transitivity, let x,y,z G S 2 be arbitrary and assume that x ~ y and 
y ~ z. Let {X n },{Z n } G S with x G f] n X n and z e f] n Z n be 
arbitrary. We have to show that X n fl Z n ^ for all n G No- 

If this is not the case, then there exists no G No such that X n °r\Z n ° = 
0. To reach a contradiction, pick a sequence {Y n } G S with y G f] n Y n . 
Since x ~ y and y ~ z, we have X n nT^fl and Y n n Z n ^ for all 
n G N . Then X n °nF n D X n nF n ^ and Z n °nY n D Z"nr n ^ for 
all n > no- So the n-tile Y n connects the disjoint no-tiles X no and Y n ° 
for all n > uq. As we discussed, this is impossible by Lemma [7. 101 □ 

It is clear that ~ is the "smallest" equivalence relation such that all 
points in an intersection f] n X n with {X n } G S are equivalent. 

If x G S 2 we denote by [x] C S 2 the equivalence class of x with 
respect to the equivalence relation ~, and by 

S 2 = s 2 /~={[x] :xeS 2 } 

the quotient space of S* 2 under ~. So S 2 consists of all equivalence 
classes of ~. Such an equivalence class is both a point in S 2 and 
a subset of S 2 . We equip S 2 with the quotient topology. Then the 
quotient map n: S 2 — » S 2 , x G S 2 [x], is continuous. 

The quotient space S 2 is a topological 2-sphere. Our first goal 
is to show that S is a topological 2-sphere. For the moment consider 
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an arbitrary equivalence relation ~ on the sphere S 2 . We call it closed 
if {(x,y) G S 2 x S 2 : x ~ y} is a closed subset of S* 2 x S 2 (in the older 
literature the term "upper semicontinuous" is often used instead). This 
is equivalent to the following condition: If {x n } and {y n } are arbitrary 
convergent sequences in S 2 with x n — > x and y n — > y as n — > oo, and 
x n ~ y n for all neN, then x ~ The equivalence classes of a closed 
equivalence relation on S" 2 are closed and hence compact subsets of S 2 . 

We need the following key theorem (see |Mooj for the original proof, 
\Da\ p. 187, Thm. 1] for a stronger statement, and [Cat Supplement 1] 
for a general discussion on the 2-sphere recognition problem). 

Theorem 13.4 (Moore 1925). Let ~ be an equivalence relation on a 
2-sphere S 2 . Suppose that 

(i) the equivalence relation ~ is closed, 

(ii) each equivalence class of ~ is a connected subset of S 2 , 

(iii) the complement of each equivalence class of ~ is a connected 
subset of S 2 , 

(iv) there are at least two distinct equivalence classes. 
Then the quotient space S* 2 /~ is homeomorphic to S 2 . 

Here it is understood that S 2 /~ is equipped with the quotient topol- 
ogy 

To apply this theorem in our situation, we need some preparation. 

Lemma 13.5. Let x,y G S 2 be arbitrary. Then the following condi- 
tions are equivalent: 

(i) x ~ y, 

(ii) there exist {X n },{Y n } G S with x E f] n X n , y e f] n Y n , and 
X n n Y n + for all n G N 0; 

(iii) for all cells a,r C S 2 with x G a, y G r, we have a fl r ^ 0. 

Proof. The implication (i)=^(ii) is clear. 

To show the reverse implication (ii)=^(i), we assume that there exist 
{X n }, {Y n } G S with x G f] n X n , y G fin*™* and X n fl F n 7^ for 
all n G No. We claim that if {£/"}, {V n } G S are two other sequences 
with x ef] n U n and y G f] n V n , then U n n V n 7^ for all n G N . To 
reach a contradiction assume that £/ n ° fl V n ° = for some uq G No- 
We then have 

U no f]X n D {x}^dl and V n ° n Y n D {y} ^ 

for all n G N. Moreover, X n fl F n 7^ 0, and so for each n G N , the 
:= X n U F n is connected, consists of two n-tiles, and meets the 
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disjoint no-tiles U n ° and V n °. As before this contradicts Lemma [7.101 
Hence x ~ y as desired. 

The implication (iii)=^(i) is again clear. To prove (i)=^(iii), suppose 
that x ~ y. We argue by contradiction and assume that there exist 
cells a, r with x G a, y G r and cr fl r = 0. 

By subdividing the cells if necessary we may assume that a and r 
are cells on the same level no- 

There are sequences {X"}, {Y n } G S with x G fln^™' 2/ £ fln^™' 
<7 C X n ° and r cY n °. Since x ~ y, we have l n nr^0 for all n. 

This implies that for n > Uq the set K n = X n U F n is connected and 
consists of at most two n-tiles. Moreover, 

K n H a D X n n a D {x} ^ 0, 

and similarly, X™ fl r 7^ 0. Hence K n connects the disjoint no-cells 
a and r. Since F is combinatorially expanding, this is impossible by 
Lemma 17.101 for large n. This gives the desired contradiction. □ 

We now describe the geometry of the equivalence classes of ~. This 
will be used in verifying the conditions in Theorem 113.41 

Lemma 13.6. Let M C S 2 be an arbitrary equivalence class with re- 
spect to ~. Then for each n G No there exists a simply connected region 
Q n C S 2 with the following properties: the set Q n consists of n-tiles, 
we have Q n+1 C Q" for all n G No, and 

(13.1) M = p|£r = p|n n . 

n n 

Proof. We consider three cases. In each case it is enough to define the 
sets fl n for n > m, where m G No is suitably chosen. We put Q n = S 2 
for n < m. We will establish (I13.ip by showing that |~) n Q n C M and 
M C H„ ^" in all cases. 

Case 1. M contains a vertex. 

In this case M = [v] where v is an m- vertex for some m G No- Then 
v is also an n- vertex for n > m. Let fl n = W n (v) for n > m be 
the n- flower of v (see Definition 17. ip . Then Q n is a simply connected 
region and fl n consists of n-tiles as follows from Lemma 17.21 (i) and 
(ii). Moreover, the definition of an n-flower and Lemma I4T7I imply that 

n m d n m+1 d n m + 2 .... 

Let x G f] n Q n be arbitrary. We want to show that x G M = [v]. If 
this is not the case, then there exists n$> m and an no-tile X n ° such 
that x G X n °, but v G" X n °. On the other hand, since i6fl", for each 
n > n there exists an n-tile Y n such that v, x G V n . Then y n meets 
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the disjoint no-cells {v} and X n ° for all n > uq. This is impossible by 
Lemma 17101 It follows that f) n W C M. 

If y $l Q n = W n (v) for some n > m, then there exists an n-cell r 
such that v £" r and y £ r. Since f is a vertex, this implies t> 7^ ?/ by 
Lemma [13.51 So M = [u] C f] n il n , and we have 

p|H n CMC P|ir, 

n n 

showing that the three sets in this inclusion chain are the same. 
We conclude that the sets fl n have all the desired properties. 

Case 2. M does not contain a vertex, but meets an edge. 

In this case we can find m £ No, an m-edge e m and a point x £ e m 
such that M = [x]. By our assumption, x is not a vertex and hence an 
interior point of each edge that contains x. So a; £ int(e m ), and, since 
the (m + l)-edges subdivide e' m , there exists a unique (m + l)-edge 
e m+i sucri ^at x £ int(e m+1 ) C e m+1 C e m . Repeating this procedure, 
we obtain a nested sequence of n-edges e n for n > m such that x is an 
interior point of each e n . 

There exist precisely two distinct n-tiles X n and Y n that contain e n 
on their boundaries. Define 

Q n = int(X n ) U int(e n ) U int(F n ). 

Then Q n is the union of two disjoint open Jordan regions and an open 
arc contained in the boundary of both regions. Hence Q n is simply 
connected. Moreover, H™ = X n U Y n consists of two tiles. 

An interior point of X m+l close to int(e m+1 ) belongs to X m or to Y m , 
since x m UY m is a neighborhood of each point in int(e m ) D int(e m+1 ). 
This is only possible if X m+1 C X m or X m+1 C Y m (see the first part 
of the proof of Lemma [4.7p . We may assume that notation is chosen 
so that X m+1 C X m . We then must have Y m+1 C Y m . Repeating 
this argument and switching notation for X n and Y n as necessary, we 
see that we may assume X m D X m+1 D X m+2 ... and Y m D Y m+1 D 
Y m+2 .... In particular, we have Q n+1 C Q n for all n > m. 

Let z £ Hn^™ be arbitrary. We want to show that z £ M — [x\. 
Suppose this is not true, and pick a sequence {Z n } £ S with z £ f] n Z n . 
Since x £ f] n X n , x £ f] n Y n and 1 / 2 by assumption, by condition 
(ii) in Lemma 113.51 there exists uq > m such that X n ° fl Z n ° = and 
Y n n ^n = 0_ This is a b SU rd, since z £ nH" = Z na n (X™° UF n °). 
We conclude that H n ^ n C M. 

Suppose z ^ Q n ° for some no > m. Then there exists an no-tile or 
an n -edge r with 2; £ r that does not meet the interior of e n °. Let u 
and v be the endpoints of e n °. Since these points are vertices, they do 
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not belong to M by assumption. Hence the set 

p|e n C C M 

n n 

does not contain u or v either. It follows that there exists n\ > n$ such 
that u,v G" a := e ni . Then x G a, z G r, and a PI r = 0, because 

a n r = e ni n r C (e n ° \ {«, «})nr = 0. 

This implies that x ^ z by condition (iii) in Lemma [13.51 (iii). There- 
fore, M C f]^™' an d so ^e sets Q n have all the desired properties. 

Case 3. M does not meet any edge. 

Pick a point x G M and a sequence G 5 with x G f"| n X n . 

Define f2 n := int(X") for n G No- Then the sets Q n are nested sim- 
ply connected regions, and Q = X n is an ra-tile. It follows from 
Lemma 113.51 (ii) that 

f)tt n C [x] =M. 

n 

It remains to show that [x] C f] n Q n . 

If this is not the case, then there exists a point y G S 2 with x ~ y, 
and no G No such that y G" fi n °. Since TT is an no-tile, the boundary 
of Q n ° is a union of no-edges. Since M does not meet any edge, we 
have y ^Q n ° = X n °. 

Now pick a sequence {Y n } G 5 with y G f)„ Th en Z n = X n n 
F n 7^ for all n G No- The sets Z n , n G No, are nonempty nested 
compact sets. Hence there exists a point z G f] n Z n . Then x ~ 2 and 
so 2 G M. 

On the other hand, we have y G" X n ° and so X n ° 7^ Y n °. Hence the 
intersection Z n ° consists of no-cells on the boundary of X n ° and of Y n °, 
and is hence contained in a union of no-edges. Since zeMfl Z n ° this 
means that M meets an edge contradicting our assumption. □ 

Corollary 13.7. Each equivalence class M o/~ is a compact connected 
set with connected complement S 2 \ M . 

Proof. Let M be an arbitrary equivalence class of ~. By Lemma [13.61 
the set M is the intersection of a nested sequence of compact and 
connected sets. Hence M is also compact and connected. 

The complement of an open simply connected set in S 2 is connected. 
So Lemma 113.61 also shows that the complement S 2 \ M of M is a 
union of an increasing sequence of connected sets. Hence S 2 \ M is 
connected. □ 
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Lemma 13.8. Let ~ be the equivalence relation on S 2 as in Defini- 
tion \13.B. Then the quotient space S 2 = S 2 / ~ is homeomorphic to 
S 2 . 

Proof. By Lemma [13.3l our relation ~ is indeed an equivalence relation. 
It remains to verify the conditions (i)-(iv) in Theorem 113.41 

Condition (i): Let {x n } and {y n } be convergent sequences with x n — > 
x and y n — )■ y as n — )■ oo, and suppose that x n ~ y n for all n G N. 
We have to show that x ~ y. Suppose this is not the case. Then 
the equivalence classes [x] and [y] are disjoint. By Lemma 113.61 for 
sufficiently large n there exist simply connected nested regions U n and 
V n such that 

[ X ] = f]U n = f)U n and [y] = f| V" = 

n n n n 

Since [x] and [y] are disjoint, the sets U n and V n will also be disjoint 
for sufficiently large n, say U n ° D V^ n ° = 0. On the other hand, since 
U n ° D [x] and V n ° D [y] are open, there exists n\ G N such that 
a; ni G f/ n ° and y ni G V™ . Since JJ n ° and \^ n ° consist of no-tiles and 
are disjoint, this means that there exist rio-tiles a and r with x ni G a, 
y ni G r and a PI r = 0. Hence x ni 7^ ?/ ni by Lemma 113.51 This is a 
contradiction. It follows that ~ is closed. 

Conditions (ii) + (iii): The statements were proved in Corollary 113.71 
Condition (iv): There are at least two equivalence classes, because 
no two distinct vertices are equivalent by Lemma 113.51 and each post- 
critical point of F (there are at least 3 such points) is a vertex. 

This shows that the conditions in Moore's theorem are satisfied, and 
so S 2 is indeed a sphere. □ 

Quotients of cells and the induced cell decompositions on S 2 . 

We now study what happens to our cells under the quotient map 
7r: S 2 — > S 2 . If A C S 2 is an arbitrary set, we denote by A its image 
under the projection map n. So A = n(A) = {[x] : x G A}. We will see 
that if a is an arbitrary cell (i.e., an n-cell for (F, C) and some n G No), 
then a is a topological cell of the same dimension (Lemma 113. 13[) . 
Moreover, the images a of the n-cells a form a cell decomposition of 
S 2 (Lemma [mH). 

Consider an equivalence class M C S 2 of ~. Depending on the 
cases in the proof of Lemma 113.61 we associate to M a nested sequence 
c m D c m+1 D . . . of n-cells c n , where n > m G N, as follows: 

If M = [v], where v is an m- vertex we set c n := {v} for all n > m. 
When M does not contain a vertex, but meets an m-edge we set c n := 
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e n for all n > m, where e m D e m+1 D . . . is the nested sequence of edges 
from Case 2 of the proof of Lemma 11.5. Finally, when M does not 
meet an edge, we set c n = X n for all n > m, where X m D X m+1 D . . . 
is the nested sequence from Case 3 of the proof of Lemma 113.61 Note 
that in all cases f] c n C M. 

The following lemma shows that the sequence c m D c m+l D . . . can 
be used to give a criterion when a cell r intersects the equivalence class 
M. 

Lemma 13.9. Let M be an arbitrary equivalence class with the asso- 
ciated nested sequence of cells c m D c m+1 D . . . defined as above. If 
t is an arbitrary cell, then r D M ^ if and only if c n C r for all 
sufficiently large n. 

Proof. Case 1. M — [v], where v is an m- vertex. Then r D M ^ 
if and only if r D {v} = c m = c m+1 = . . . . This immediately follows 
from Lemma [13.51 

Case 2. M does not contain a vertex, but meets an edge. Then 
c' m D c m+1 D . . . is the nested sequence of edges e m D e m+1 D . . . as 
defined in the proof of Lemma 113.61 in this case. Then r D M ^ if 
and only if e n C r for all large n. 

Indeed, since ^ e n C M, it is clear that the second condition 
implies the first one. Conversely, suppose r D M ^ 0. By subdividing 
r if necessary, we may assume that r is a fc-cell with k > m. Then r 
has nonempty intersection with Q k = int(X fc ) Uint(e fc ) Uint(y fc ) D M, 
where the notation is as in Case 2 of the proof of Lemma 113.61 Since 
the interiors of fc-cells are pairwise disjoint, this is only possible if r is 
an A;-edge and r = e k , or if r is a fc-tile and r = X k or r = Y k . In any 
case e k C r, and so e n C r for all large n. 

Case 3. M does not meet an edge. Then c m D c m+1 D . . . is the 
nested sequence of tiles X m D X m+l D . . . as defined in the proof of 
Lemma 113.61 in this case. 

Then rflM ^ if and only if X n C r for large n. Again one direction 
is clear. For the other direction we can again assume that r is a fc-cell 
with k > m. As we have seen in the proof of Case 3 of Lemma 113.61 
the set M lies in the interior of each tile X n . So if r R M ^ 0, then 
r meets the interior of X k . This is only possible if r is a fc-tile and 
r = X k . Obviously, we then have X n C r for large n. □ 

The following lemma states that if we pass to the quotient space 
5* 2 = S* 2 /~, then we do not create "new" intersections or inclusions 
between cells. 
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Lemma 13.10. If a and r are cells, then a fl r = a fl r. Moreover, 
we have a Gr if and only if a C r. 

Proof. The inclusion aflrCanris trivial. 

For the other inclusion let M be an arbitrary equivalence class and 
suppose that M (considered as a point in S 2 ) is an element of the set 
a fl t C S* 2 . Then M (considered as a subset of S 2 ) meets both cells 
a and r. By Lemma 113.91 there exist n-cells c n C M such that both 
c" C o and c n C r for all sufficiently large n. In particular, for such 
n we have MnffflrDc"^!. Hence M (now again considered as a 
point in S 2 ) lies in a fl r, and we have aflrCcrriras desired. 

In the second statement the implication aCr^aCris trivial. 
For the other implication assume that a C r. Let and n be the 
orders of cr and r, respectively. For the moment we make the additional 
assumption that k > n. 

By Lemma [11.51 there exists a vertex v such that v G int(cr) (note 
that this is trivial if a is a O-dimensional cell). Then [v] G a C r, and 
so [v] Dt 0. Lemma [13.51 (iii) implies that t> G r showing that 

(13.2) int(a)nr^0. 

Since k > n, the cell decomposition P fe containing cr is a refinement of 
the cell decomposition D n containing r. Therefore, as we have seen in 
the first part of the proof of Lemma 14.71 the relation (113.21) forces the 
inclusion a C r. 

If k < n, we subdivide a into cells of order n. By the previous 
argument, r will contain each of these cells, and so we always have 
have a C r as desired. □ 

Lemma 13.11. Let M C S 2 be an equivalence class and E C S 2 be a 
finite union of edges. Then E fl M is connected. 

Proof. By subdividing the edges in the union representing E, we may 
assume that E consists of fc-edges rf , . . . , rjy-, where k is large enough. 
Again we consider three cases for M using the notation of the proof of 
Lemma 113.61 

Case 1. M — [v], where v is a vertex. Then, as we have seen in the 
proof of Case 1 of Lemma [13.9[ rf D M ^ if and only if v G r*. By 
passing to larger k and subdividing the edges r* if necessary, we may 
assume that t> G if and only if v is one of the two endpoints of rf. If 
v is an endpoint of rf , then there is a unique nested sequence of edges 
rf D Tj fe+1 D . . . such that r" for n > k is an n-edge with one of its 
endpoints equal to v. 



134 



MARIO BONK AND DANIEL MEYER 



It follows from the representation of M as in Case 1 of the proof of 
Lemma [13.6I that M fl rf = fln^T ^ { v }- m particular, this set is a 
point or an arc and hence connected. It follows that E fl M is empty 
or consists of a union of connected sets that share the point v. Hence 
E n M is connected. 

Case 2. M meets an edge, but does not contain a vertex. We use 
notation as in Case 2 of the proof of Lemma D.3.61 We may assume that 
k > m, where m is as in the proof of this lemma. As we in this proof, 
the only fc-edge that meets M is e k . So E n M = e k n M or E H M = 0, 
depending whether e k is among the edges rf , . . . , t% or not; moreover, 
e k fl M = P) n e n as follows from the representation of M as in Case 2 
of the proof of Lemma II 3. 6 [ In particular, e k D M is a point or an arc, 
and hence connected. It follows that E D M is connected. 

Case 5. M does not meet an edge. Then Ef]M = is connected. □ 

For the first main result of this subsection we will need a 1-dimensional 
version of Moore's Theorem. It can easily be derived from the topolog- 
ical characterization of arcs and topological circles (in equivalent form 
this as stated as two exercises in |Daj p. 21, Ex. 2 and 3]). We will give 
a simple direct proof for the convenience of the reader. 

Lemma 13.12. Let J be an arc or a topological circle, and ~ be an 
equivalence relation on J. Suppose that 

(i) each equivalence class of ~ is a compact and connected subset 
of J, 

(ii) there are at least two distinct equivalence classes. 

Then the quotient space J = J / ~ is an arc or a topological circle, 
respectively. 

Proof. We may assume that J is equal to the unit interval [0, 1] or the 
unit circle <9B C C. We denote by [u] C J the equivalence class of a 
point u G J, and by n : J — > J / '~ the quotient map that sends each 
point u G J to [u] (considered as a point in J/~). By our assumptions, 
in both cases J = [0, 1] and J = <9B each set [u] is a subarc of J 
(possibly degenerate). This implies that the equivalence relation ~ is 
closed. Indeed, suppose (u n ) and (v n ) are two sequences in J with 
u n ~ v n for n G N, u n — > u G J and v n — > v G J as n — >■ oo. Let 
a n := [«„] = [v n ] for n G N . If in the sequence ai, «2, • • • one of the 
sets a n appears infinitely often, then, by passing to a subsequence if 
necessary, we may assume that a := a± = cti = .... Then (u n ) and 
(v n ) are sequences in a. Since a is a closed set, we conclude u, v G a, 
and so, since a is also an equivalence class, we have u ~ v as desired. 
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If none of the sets appears a n appears infinitely often in the sequence, 
then necessarily diam(o;„) — > as n — > oo, as J does not carry infinitely 
many pairwise disjoint arcs with diameter bounded away from 0. This 
implies \u n — v n \ — > as n — > oo, and so u = v; again we have u ~ v 
showing that ~ is closed. 

Since ~ is closed, the quotient space J/~ is Hausdorff; this follows 
from the fact that the complement of the "diagonal" in J x J is an 
open set, and hence a neighborhood for each of the points it contains. 
Moreover, the space J / ~ is also compact, since it is the continuous 
image of J under the continuous map n. So J/~ is a compact Hausdorff 
space in both cases J = [0, 1] and J = dB. 

Now we restrict ourselves to the case J = [0, 1]. For u,v G [0, 1] we 
define [u] < [v] iff u < v. This is well-defined, and a total order for the 
equivalence classes of ~, i.e., for u,v G J we have precisely one of the 
cases [u] < [v], [v] < [u], or [u] = [v]. 

We want to show that J / ~ is homeomorphic to [0, 1]. For this it 
suffices to find a surjective and continuous map h: [0, 1] — > [0, 1] such 
that h(u) = h(v) for u,v G [0, 1] if and only if u ~ v. For then h will 
descend to a continuous bijection h of the compact Hausdorff space 
J/~ onto [0, 1]. Then h is a homeomorphism as desired. 

We now construct h. By enumerating the sets [u] for u G [0, 1] fl Q 
we can find a sequence of closed subintervals Io,h, ... of [0, 1] with 
I = [0], l\ = [1] such that the intervals I , I±, . . . are pairwise distinct 
equivalence classes for ~ and such that 

D:={Jl n 

n 

is dense in [0, 1]. Note that by our hypotheses we have J ^ I±. More- 
over, whenever x,y G [0,1] and [u] < [v], then there exists n G N 
with [u] < I n < [v]; otherwise, each q G [x,y] fl Q, and hence each 
point in [u,v], would be contained in one of the sets [u] and [v]; this 
is impossible since [u] and [v] are closed disjoint sets with non-empty 
intersection with [u,v], and [u, v] is connected. So between any two 
distinct equivalence classes there is always one of the sets J„; this and 
Jo 7^ h imply that the list J , /i, . . . is infinite. 

We now inductively pick a number y n G [0, 1] for each set /„ so 
that /„ < I k if and only if y n < y k . This is done as follows. Let 
yo = and y± — 1, and suppose numbers y , . . . ,y n with the desired 
properties have been chosen for the sets Iq, . . . , /„, where n > 1. For 
some bijection 0: {0, . . . , n} — > {0, . . . , n) with 0(0) = and 0(n) = 1, 
we have 

^(o) = lo < 1 4>(i) < ■ ■ ■ < I^ri) = h- 



136 



MARIO BONK AND DANIEL MEYER 



Then there exists a unique number I G {0, . . . , n — 1} such that 

I<t>{i) < In+i < 

Define y n +\ '■= j(l/4>(i) +y<t>(i+i))- It is clear that this gives a correspon- 
dence I n -H- y n for n G N as desired. 

If I n < Ik, then there exists m > max{n, A;} such that I n < I m < I k . 
This and the definition of y n imply that the set D' := {y n : n G No} is 
dense in [0, 1]; indeed, if we use the relation < to successively order the 
values ?/o = 0, yi — 1, y2, ■ ■ ■ , and y n < y k are immediate neighbors in 
this ordering up to some point, then eventually another value y m will 
fall in the "gap" (y n , y k ) cutting it in half, and so all gaps between the 
values y n will become small. 

There exists a unique function h: D — > D' such that h\I n = y n 
for all n G No- Then h is non- increasing, and we can extend it to a 
non-increasing function on [0,1], also denoted h, by setting 

h(u) := sup{/i(t) : t G D n [0, u]} for u G [0, 1]. 

Then h is a non-increasing function on [0, 1] with a dense image in 
[0,1]. Hence h is continuous (at each point left-hand and right-hand 
limit exist and agree with the function value), and surjective. 

It remains to verify that h(u) = h(v) if and only if u ~ v. Suppose 
first that u, v G [0,1] and u ~ v. If u — v, then h(u) = h(v). If 
u ^ v, then [u] = [v] is a non-degenerate interval, and so it must be 
among the intervals Io, ii, . . . by density of D, say [u] = [v] = I n . Then 
h(u) — y n — h(v) by definition of h. 

Conversely, suppose that u,v G [0,1] and u ^ v. Without loss of 
generality u < v. Then [u] < [v] and we can choose intervals I n and Ik 
with fc,n6N such that [u] < I n < I k < [v]. Then the properties of h 
imply 

h(u) < h\I n = y n < h\I k = y k < h(v), 

and so h(u) ^ h(v) as desired. This completes the proof that J / ~= 
[0, l]/~ is homeomorphic to [0, 1], and hence an arc. 

Note that the images of the endpoints of J, i.e., and 1, under the 
quotient map it are the endpoints of the quotient arc J/~. Indeed, the 
endpoints of an arc a are precisely the points p & a for which a \ {p} 
is connected. Note that [0, 1] \ [0] is a half-open interval and hence 
connected. Hence 

(J/~)\{7r(0)} = 7r([0,l]\[0D 

is connected as the continuous image of the connected set [0, 1] \ [0]. 
So 7r(0) is one of the endpoints of J/~, and a similar argument shows 
that 7r(l) is the other endpoint. 
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We now turn to the case J = <9B. Then by our hypotheses we can 
pick points u, v G <9B with u ^ v. In particular, u ^ v. Let a and (3 
be the two subarcs of <9B with endpoints u and t> . Define p = tt(u), 
q = ir(v), a = n (a), (3 = 7r(/3). Then p ^ q, and our hypotheses imply 
that a fl (3 = {p, q} (a connected set in <9B that meets both a and /3 
must meet u or v). By the first part of the proof (consider ~ restricted 
to a and 0), the sets 5 and (3 are arcs, and they have the endpoints 
p and q. So they have precisely their endpoints in common. Every 
compact Hausdorff space that can be represented as a union of two 
such arcs is homeomorphic to <9B. Hence J = <9B/~ is homeomorphic 
to <9B and thus a topological circle. □ 

Lemma 13.13. Let r be a an edge or a tile. Then r is an arc or a 

closed Jordan region, respectively. Moreover, 8r = 8r . 

Here 8t (and similarly Or) refers as usual to the boundary of a cell 
r as defined in Section HI So 8t is the topological boundary of r in S 2 
if t is a tile, and equal to the set consisting of the two endpoints of r 
if r is an edge. If r is O-dimensional cell, i.e., a singleton set consisting 
of a vertex, then 8t = 0, and the statement in the lemma is trivially 
true. So the lemma can be formulated in an equivalent form by saying 
that if r C S 2 is a cell (in one of the cell decompositions V n (F,C)), 
then r C S 2 is a cell (in the general topological sense) of the same 
dimension, and the boundary of r is the image of the boundary of r 
under the quotient map. 

Proof. Suppose first that r is an edge. Then our equivalence relation 
~ on S 2 restricts to an equivalence relation on r whose quotient space 
can be identified with the subset r of S 2 . The equivalence classes on 
r have the form r fl M, where M C S 2 is an equivalence class with 
respect to ~. 

Each set r fl M is compact, as ~ is closed, and connected by Lem- 
ma 113.111 Moreover, r meets a least two distinct equivalence classes, 
as its endpoints are vertices and hence not equivalent. Lemma 113.121 
implies that r C 5* 2 is indeed an arc. 

Let u and v be the two endpoints of r. Then [u] fl r is a compact 
connected subset of r containing u. Hence this set is a subarc of r with 
one endpoint equal to u. This implies that the set r \ [u] is connected, 
and so the set 7r(r\ [u]) = r\ {vt(m)} is also connected. Therefore, it{u) 
is an endpoint of r (a similar argument was presented in the proof 
of Lemma [13. 12j) . By the same reasoning we see that 7r(t>) is also an 
endpoint of r. Since u and v are distinct vertices, we have u ^ v and 
so 7t{u) 7^ tt(v). Hence 8r = {^(u), tt(v)} = n({u, v}) = dr. 
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If r is a tile, say an n-tile, then r is a closed Jordan region whose 
boundary J = dr is a topological circle consisting of finitely many 
edges. By the Schonflies Theorem we can write S 2 as a disjoint union 
5 2 = Hi U J U n 2 , where Q\ and Q 2 are open Jordan regions bounded 
by J. Then r coincides with one of the sets Oi or Q 2 , say t = Q±. 

The set J C S 2 is also a topological circle as follows from the fact 
that ~ is closed, Lemma H3.1H and Lemma [13. 121 So we can also write 
S 2 as a disjoint union S 2 = D\ U J U D 2 , where D\ and D 2 are open 
Jordan regions in S 2 bounded by J. If we take preimages under the 
quotient map tt: S 2 — )■ S 2 , we get the disjoint union S 2 = n~ 1 (Di) U 
7r _1 (J) U 7r _1 (D 2 ). Since point preimages under tt, i.e., equivalence 
classes, are connected, the map tt is monotone, and hence preimages of 
connected sets are connected |Da[ p. 18, Prop. 1]. So the sets tt~ 1 (Di) 
and tt~ 1 (D 2 ) are open connected sets disjoint from 7r _1 (J) D J. It 
follows that each of the sets 7r _1 (D 1 ) and tt~ 1 {D 2 ) is contained in one 
of the regions Qi and Q 2 . 

These sets cannot be contained in the same region ty. Indeed, if 
7r _1 (Di) U tt~ 1 (D2) C Vt\, for example, then Q 2 C 7r _1 (J), and so 
7r(fi 2 ) C J. This means that every point in f2 2 is equivalent to a point 
in J. This is impossible, because f2 2 contains the interior of an n-tile, 
and hence a k- vertex for some k > n (see Lemma 111.51 (ii)). Such a 
vertex is not equivalent to any point in J by Lemma 113.51 

By what we have just seen, we may assume that indices are chosen 
such that 7r _1 (Di) C Vt x and^ -1 ^) C Vt 2 . ThenUi = D X \JJ C tt^) 
and tt(Oi) fl D 2 = 0. Hence r = 7r(fii) = Di is a closed Jordan region. 
Moreover, dr = dD\ = J = dr. □ 

The next lemma summarizes some of the results in this subsection. 

Lemma 13.14. Let n,k e No- Then we have: 

(i) For each r G T> n the set r is a topological cell in S 2 of the same 
dimension as r. 

(ii) For a,r G T> n , we have a = r if and only if a — r. 

(iii) D n := {r : r G T> n } is a cell decomposition of S 2 . 

(iv) The map t G T> n y r G P n an isomorphism between the cell 
complexes T> n andT> n . 

(v) X> n+fc zs a refinement ofT> n . 

Proof, (i) This follows from Lemma [13. 131 

(ii)-(iii) Let a and r be arbitrary n-cells, and suppose that int(tx) fl 
int(r) 7^ 0. Pick a point p G int(cr) fl int(r). Then p G a fir = cr fl r 
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(see Lemma 113.101) . and so there exists x G a fl r with tt(x) = p. 
Then x G int(cr), for otherwise x G da and so p = n(x) G da (see 
Lemma [13. 13p . contradicting the choice of p. Similarly, x G int(r). So 
x G int(er) fl int(r) which implies that a = t. Statement (ii) follows. 

This shows that the topological cells r for r G T> n are all distinct, 
and no two have a common interior point. Moreover, there are finitely 
many of these cells, and they cover S 2 , because the cells in T> n cover 
S 2 . Finally, for a cell r we have dr = dr (Lemma 113. 13p . Since dr is 
a union of cells in V n , it follows that dr is a union of cells in T> n . This 
shows that T> n is a cell decomposition of S 2 . 

(iii) By (i) and (ii) the map r G T> n \- > r G T> n is a bijection be- 
tween T> n and T> n that preserves dimensions of cells. By Lemma 113.101 
the map also satisfies condition (ii) in Definition 112.21 Hence it is an 
isomorphism between cell complexes. 

(iv) This immediately follows from the definitions and the fact that 
jyn+k - g a refinement of V n . □ 

The induced map F on S 2 . We will now show that F induces a 
map on the sphere S 2 and study the properties of this map. 

Lemma 13.15. Suppose thatx,y G S 2 and x ~ y. Then F(x) ~ F(y). 

Proof. Let x,y G 5* 2 with x ~ y be arbitrary. Pick {X n }, {Y n } G 5 
with x e f]X n and y e f\ n Y n . Define ?7 n = F(X n+1 ) and \/ n = 
F(Y n+l ) for n G N . Then U n and 1/ n are n-tiles, and so {U n }, {V n } G 
S. Moreover, F(x) G f] n U n and G f] n V n . Since x ~ y we have 
X"nr/0 for all n G N. Hence 

u n nv n = F(x n+1 ) n F(r n+1 ) d F(x n+1 n r n+1 ) ^ 

for all n G No- Lemma 113.51 (ii) now implies that F(x) ~ F(y) as 
desired. □ 

By the previous lemma the map F: S 2 — >■ S 12 given by 

F([ar]) = [F(x)] for x G S 2 

is well-defined. Then F o n = n o F, and it follows from the properties 
of the quotient topology that F is continuous. 

In the following V n = {r : r G V n (F,C)} for n G N will denote 
the cell decomposition of S 2 as provided by Lemma 113.141 As the next 
lemma shows, the map F n has injectivity properties similar to F n . 
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Lemma 13.16. Let r be a n-cell, n G N. Then F n is a homeomor- 
phism ofr onto a, where a = F n {r). In particular, F n is cellular for 
(V n ,V°). 

Proof. Note that F n is a homeomorphism of r onto a. Hence 
F n (r) = (F n o tt)(t) = (tt o F n ){r) = a 

showing that F n maps r onto a. 

So it remains to show the injectivity of F n on r, or equivalently, that 
if x,y G r and F n (x) ~ F n (y), then x ~ Since every vertex and 
every edge is contained in a tile, we may also assume that r is an n-tile. 

If x,y G r and F n (x) ~ F n (y), then we can pick sequences {X fc } 
and in 5 such that X n = Y n = t and x G f\^ fe > 1/ e f|fc yfc - 

Then F n (X fc+n ) and F n {Y k+n ) are jfe-tiles for jfe G N . Moreover, 
the sequences {F n (X k+n )} and {F n (F fc+n )} are in S, and F n (x) G 
p| fcj pn(X*+ n ), F n (y) G n fe ^ n (^ fc+n )- Since F n (x) ~ F n (y), this im- 
plies that F n (X k+n )nF n (Y k+n ) ^ for all k G N . Since X k+n , Y k+n C 
r for > and F n |r is injective, we conclude that X k+n fl Y k+n ^ for 
k > 0. Since X n = y n = r, we also have X fc = Y k for = 0, . . . , n — 1. 
Hence X k fl Y k ^ for all A; > 0. Lemma 113.51 (ii) then shows that 
x ~ y as desired. 

The fact that F n is cellular for (T> n ,V°) follows from the first part 
of the proof and the fact that F n is cellular for (V n ,V°). □ 



The auxiliary homeomorphisms ho and h±. We now want to de- 
fine certain homeomorphisms ho,h\: S 2 — > S 2 that make the following 
diagram commutative: 



S 2 



hi 



s 2 



s 2 



ho 



s 2 



For the definition of h recall that S* 2 is the union of two 0-tiles X® 
and X® with common boundary C. The Jordan curve C is further 
decomposed into k = #post(F) > 3 0-edges and 0- vertices. If we 
consider the images of these cells of order under the quotient map it, 
then by Lemma fl 3. 141 we get a cell decomposition T>° of S 2 . It contains 
two tiles X® and X° whose common boundary is the Jordan curve 
C = tt(C) (this follows from the second statement in Lemma 113. 13j) . 
and k distinct vertices and edges on C. There are no other cells in T>°. 
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By constructing successive extensions of maps sending the z-skeleton 
of the cell decomposition T>° to the i-skeleton of T>° for % = 0, 1, 2 (as 
in the proof of the first part of Proposition 112. 3| ). one sees that there 
exists a (non-unique) homeomorphism ho- S 2 — > S 2 such that 

h (r) = t 

for all 0-cells r. In particular, if v is a 0- vertex (i.e., a point in post(F)), 
then ho(v) = ir(v). We orient S 2 so that ho is orientation-preserving. 
Now let r be an arbitrary 1-cell in S 2 . Then F(t) is a 0-cell, and 

by Lemma [13.161 the map F\r is a homeomorphism of r onto F(t) = 
ho(F(r)). Hence the map 

<p T := (F(r)- 1 o h o (F\t) 

is well-defined and a homeomorphism from r onto r. If x G r, then 
y = ip T (x) is the unique point y G r with F(y) = ho(F(x)). 
If a and r are two 1-cells in S 2 with a C r, then 

y? T |o- = 

Indeed, if x G a, then y = ip a (x) G a C r and = ho(F(x)). Hence 
^(s) = y = <p T ( x ) by the uniqueness property of y?-,-^)- 

If a point x G S 2 lies in two 1-cells r and r', then y3 r (x) = ^Pt'{ x )- 
Indeed, there exists a unique 1-cell a with x G int(er). Then cr C r fl r' 
by Lemma [4.31 (ii), and so by what we have just seen we conclude 

This allows us to define a map hi : S 2 — > S 2 as follows. If x G S 2 , 
pick a 1-cell r in S 2 with x G r, and set 

= </? T (x). 

Then hi is well-defined. 

Lemma 13.17. The map hi : S 2 — > S 2 is an orientation-preserving 
homeomorphism of S 2 onto S 2 satisfying ho o F = F o hi and hi(r) = t 
for each cell t in T> 1 . 

Proof. We have hi\r = ip T for each 1-cell r. Hence hi is continuous 
if restricted to an arbitrary 1-cell, and hence continuous on S* 2 . The 
definition of hi and (p T imply that h a F = F o hi and hi(r) = r for 
each 1-cell r C S 2 . We want to show next that hi is a homeomorphism 
onto S 2 . 

Surjectivity is clear, because S 2 is equal to the union of all sets 
r = hi(r), where r runs through all 1-cells. 
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To show injectivity, let y G S 2 be arbitrary. There exists a 1-cell r 
of minimal dimension such that y G r. If a is any other 1-cell with 
y G a, then r C a. To see this, first note that by Lemma 113.101 we 
have y G r fla = r fl a. Now if r is not contained in a, then it follows 
from Lemma T4.3I (i) that the set r fl a is a union of 1-cells of dimension 
strictly less than the dimension of r. The image of one of these 1-cells 
under the quotient map 7r has to contain y, contradicting the definition 
of r. 

Since y G r — hi(r), there exists a point x G r with hi(x) = y. 
We claim that y has no other preimage under hi. Indeed, suppose 
that x' G S 2 and h\(x') = y. Pick a 1-cell o with a;' G a. Then 
y G h 1 (a) = a, and so t C ff. Hence x G a. The map /zi|cx = <£> CT is 
injective on o. Since G a and h x (x) = y = hi(x'), we conclude 
x = x' as desired. The injectivity of /ii follows. 

It remains to show that h 1 is orientation-preserving. Pick some 
positively-oriented flag (co, ci, C2) in £>°. Since D 1 is a refinement of X>°, 
there exists a subflag in V 1 , i.e., a flag (c?o, 0^1,^2) in P 1 with <ij C q 
for i = 0,1,2. Then (^0,^1,^2) is also positively-oriented. The image 
of (co,ci,C2) under ho is the flag (cb,ci,ca). This flag is positively- 
oriented, because ho is orientation-preserving. The image of (do, di, c?2) 
under hi is the flag (do, di, ^2). This is a subflag of (cq, ci, C2) and hence 
positively-oriented. It follows that /ii maps one positively-oriented flag 
to a positively-oriented flag. Thus /ii is orientation-preserving. □ 

We are now ready to prove the main result of this section. 

Proof of Proposition \13.1\ Consider the map F: S 2 — )■ S 2 defined ear- 
lier. Since F = ho o F o h^ 1 , the map F is a branched covering map 
on S 2 , and hi and /io are orientation-preserving homeomorphisms, it 
follows that the map F is a branched covering map on S 2 . Moreover, 
we have crit(F) = fo 1 (crit(i 7 ')). 

If v is a 1- vertex, then {v} is a 1-cell of dimension 0, and so hi({v}) = 

{v} = {ir(v)}. Hence hi(v) = ir(v). Since F(crit(F)) C post(F), every 
point in crit(F) is a 1- vertex. 
It follows that 

post(F) = [J F n (crit(F)) = (J F n (hi(crit(F))) 

neN neN 

= |J F n (vr(crit(F))) = [j (vr o F n )(crit(F)) = 7r(post(F)). 

neN neN 

In particular, post(F) is a finite set which implies that F is a Thurston 
map. 
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The Jordan curve C = ir(C) satisfies 

post(F) = 7r(post(F)) C vr(C) = C. 

Since F{C) C C, we also have 

F(C) = {Fo tt)(C) = (tt o F){C) C tt(C) = C. 

This shows that C is invariant with respect to F and contains the set 
of postcritical points of F. 

The Jordan curve C is the union of the 0-edges e. By definition 
of ho we have h (e) = e — 7r(e) for each such 0-edge e and hence 
/io(C) = 7r(C) = C Since P 1 is a refinement of X>°, the curve C can 
also be represented as a union of 1-edges. By Lemma 113.171 we have 
hi(e) — e — 7r(e) for each 1-edge e, and hence h\{C) = tt(C) = C. 
Finally, every point in post(F) is both a 0- vertex and a 1- vertex. This 
implies that h (v) = ir(v) = hi(v) for all v £ post(F). So h and hi are 
orientation-preserving homeomorphism S 2 — » S* 2 that map the Jordan 
curve C to the same image C and agree on the finite set post(F) C C. 
It follows that h^ 1 o ho is cellular for (T)°,T) ). As in the proof of the 
second part of Lemma 112.31 this implies that h^ 1 o h is isotopic to 
id^2 rel. post(F), and hence h and hi are isotopic rel. post(F). This 
implies that F and F are Thurston equivalent. 

It remains to show that F is expanding. Since C C 5* 2 is an F- 
invariant Jordan curve with post(F) C C, we can do this by verifying 
the condition in Lemma ll 1.21 

Note that V°(F, C) = V°. Moreover, since F n is cellular for (V n , D°), 
it follows from^Lemma El that V n (F,C) = V n for all n E N . So the 
n-tiles for (F, C) are precisely the sets X, where X is an n-tile on S 2 for 
(F, C). Moreover, for two tiles X and Y for (F, C) we have X C Y if and 
only ifXcF (see Lemma EHD}. So if Z° D Z 1 D Z 2 . . . is a nested 
sequences of n-tiles Z n for (F,C), then we can find a corresponding 
nested sequences {X n } £ 5 such that Z n = X™ for all n £ No- Thus, 
in order to establish that F is expanding, it suffices to show that if 
{X n } £ S is arbitrary, then the intersection C] n X n contains precisely 
one point. 

It is clear that this intersection contains at least one point. We argue 
by contradiction and assume that C] n X n contains more that one point, 
or equivalently, there exist two distinct (and hence disjoint) equivalence 
classes M and N with respect to ~ such that M n := M PI X n ^ and 
N n := N R X n ^ for all n £ No- Since equivalence classes and tiles 
are compact, in this way we get descending sequences M° D M 1 D 
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. . . and N° D N 1 D . . . of nonempty and compact sets. Hence the 

sets f|n M ™ = M n PL xn and C\n Nn = N n f)n x " are nonempty. 
So there exists points x G M D f] n X n and y E N D f) n X n . Since 
x and ?/ lie in different equivalence classes, they are not equivalent. 
On there other hand, we have x,y G f] n X n and {X n } G S. Hence 

x ~ y by Lemma [13.51 (ii). This is a contradiction showing that F is 
expanding. □ 

Corollary 13.18. Let F: S 2 S 2 be a Thurston map that has an in- 
variant Jordan curve C C S 2 with post(F) C C. If F is combinatorially 
expanding for C , then there exists an orientation-preserving homeomor- 
phism 0: S 2 — > S 2 that is isotopic to the identity on S 2 rel. post(F) 
such that <f)(C) = C and G = ° F is an expanding Thurston map. 

Note that post(G) = post(F) and G{C) = C. So the corollary says 
that if a Thurston map F is combinatorially expanding for an invariant 
Jordan curve C C post(F), then by "correcting" the map by post- 
composing with a suitable homeomorphism we can obtain an expanding 
Thurston map G with the same invariant curve and the same set of 
postcritical points. 

Proof. Using the notation of Proposition [T3~T1 define <fi = h^oh^. Then 
(ft is isotopic to the identity on S 2 rel. post(F) and 4>{C) = C. Moreover, 
G = 4> o F = h^ 1 o F o hi, and so G is topologically conjugate to the 
expanding Thurston map F, and hence itself an expanding Thurston 
map. □ 

Corollary 13.19. Let (V l ,TJ°, L) be a two-tile subdivision rule on S 2 
suppose that it can be realized by a Thurston map F: S 2 — )■ S 2 that is 
combinatorially expanding for the Jordan curve C of T>° and for which 
its set post(-F) is equal to the set V° of ^-vertices. Then the subdivision 
rule with the labeling can be realized by an expanding Thurston map G. 

In general we only have post(F) C V°. The stronger assumption 
post(-F) = V° is not very essential in the corollary. We added it for 
convenience in order to avoid some cumbersome technicalities in the 
proof. 

Proof. Let G and be as in Corollary ll3.18l Then post(F) = post(G) = 
V°, and so V° = V°(F,C) = V°{G,C). Since is isotopic to the iden- 
tity, this map is orientation-preserving. Since 0(C) = C and is the 
identity on post(F) = post(G), the map is cellular for (T>°, V°). Since 
F is cellular for (I) 1 ,!) ), the map G = o F is cellular for 
and we have G(c) = F(c) for each cell c G T> 1 . Since F realizes the 
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Figure 15. The map / is not combinatorially expand- 
ing, but equivalent to the expanding map g. 

subdivision rule with the given labeling, this shows that G is also a 
realization. Since G is expanding, the claim follows. □ 

Proposition 113.11 shows that for a Thurston map with an invariant 
Jordan curve containing all its postcritical points, combinatorial expan- 
sion is sufficient for the existence of a Thurston equivalent map that 
is expanding. The question arises whether combinatorial expansion is 
necessary as well. The answer is negative, as the following example of a 
Thurston map / will show. The map / has an invariant Jordan curve C 
containing all its postcritical points. It is not combinatorially expand- 
ing for C (and hence not expanding), yet equivalent to an expanding 
Thurston map g. 

Example 13.20. The map /: S 2 — » S 2 is illustrated in the top of 
Figure [TJ3 It has four postcritical points, which are the vertices of 
the pillow shown in the top right. The front shows the white 0-tile, 
the back is the black 0-tile. The subdivision of the 0-tiles is indicated 
in the top left of the figure. Here we have cut the pillow along three 
0-edges. The left shows the subdivision of the white 0-tile, the right 
the subdivision of the black 0-tile. On the left the preimages of one 
postcritical point (a 0-vertex) are given. So we only show the labels of 
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1-vertices that the labeling sends to the 0-vertex on the bottom left of 
the pillow. 

The boundary of the pillow is the Jordan curve C containing all 
postcritical points of /. It is invariant under /, but the map / is 
not combinatorially expanding for C: for arbitrarily large n there will 
always be an n-tile (contained in the white 0-tile) joining the 0-edges 
on the left and on the right. 

We will see that / is Thurston equivalent to the map g: S 2 — > S 2 , 
indicated in the bottom of Figure [151 The map g is a Lattes map, 
obtained similarly as the example in Section [L2l as a quotient of ip : C — > 
C, ip(z) = 3z. It is clear that g is expanding. 

We fix a homeomorphism ho : S 2 — » S 2 that maps the boundary of 
the pillow of / (i.e., the curve C) to the boundary of the pillow of g, 
and the postcritical points of / to the postcritical points of g. Let 
V 1 and V 1 denote the cell decompositions of S 2 and S 2 , respectively, 
into 1-cells as indicated on the left of Figure [151 As in the proof of 
Proposition 112.31 there is a homeomorphism hi: S 2 — > S 2 that maps 
the curve C C S 2 to the curve C C S 2 indicated in the figure, is cellular 
with respect to (V 1 ,!) 1 ), and satisfies 

g o hi = h o f. 

Obviously, the map hi is isotopic to ho rel. post(/). Thus / and g are 
Thurston equivalent. 

Note that g has an invariant curve C (different from C of course) 
that contains all its postcritical points. 

14. Auxiliary results on graphs 

The main result in this section is Lemma 114.51 which gives a criterion 
when a Jordan curve C in a 2-sphere S 2 can be isotoped relative to a 
finite set P C C into the 1-skeleton of a given cell decomposition T> of 
S 2 . We first discuss some facts about graphs that are needed in the 
proof. Since all the graphs we consider will be embedded in a 2-sphere, 
we base the concept of a graph on a topological definition rather than 
a combinatorial one as usual. 

A (finite) graph is a compact Hausdorff space G equipped with a 
fixed cell decomposition T> such that dim(c) < 1 for all c G T>. The 
cells c in D of dimension 1 are called the edges of the graph, and the 
points v G G such that {v } is a O-dimensional cell in T> the vertices of 
the graph. 

An oriented edge e in a graph is an edge, where one of the vertices 
in de has been chosen as the initial point and the other vertex as the 
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terminal point of e. An edge path in G is a finite sequence a of oriented 
edges ei, . . . ,ejv such that the terminal point of ej is the initial point 
of e i+ i fori = 1, . . . , N — 1. We denote by | or j = ei U ■ • • U the 
underlying set of the edge path. The edge path a joins the vertices 

a, b G G if the initial point of e x is a and the terminal point of is b. 
The number N is called the length of the edge path. The edge path is 
called simple if ej and ej are disjoint for 1 < i < j < N and j — % > 2, 
and ej n e,- consists of precisely one point (the terminal point of e« and 
initial point of ej) when j — % + 1. If the edge path a is simple, then 
| a; j is an arc. The edge path is called a loop if the terminal point of 

is the initial point of e\. 

A graph is connected (as a topological space) if and only if any 
two vertices a,b G G, a ^ b, can be joined by an edge path. The 
combinatorial distance of two vertices a and b in a connected graph G 
is defined as the minimal length of all edge paths joining the points 
(interpreted as if a = b). The vertices a, b G G are called neighbors if 
their combinatorial distance is equal to 1, i.e., if there exists an edge e 
in G whose endpoints are a and b. A vertex q G G is called a cut point 
of G if G \ {q} is not connected. A vertex q G G is not a cut point if 
and only if all vertices a,b G G\ {q}, a ^ b, can be joined by an edge 
path a with q ^ \a\. 

Lemma 14.1. Let G be a connected graph without cut points. Then 
for all vertices a,b,p G G with a ^ b there exists a simple edge path 7 
in G with p G I7I that joins a and b. 

Proof. Since G is connected, there exist edge paths in G joining a and 

b. By removing loops from such a path if necessary, we can also obtain 
such an edge path in G that is simple. Among all such simple paths, 
there is one that contains a vertex with minimal combinatorial distance 
to p. More precisely, there exists a simple edge path a in G with 
endpoints a and b, and a vertex q G |a| such that the combinatorial 
distance k G No of q and p is minimal among all combinatorial distances 
between p and vertices on simple paths joining a and b. If k = then 
g = p and we can take j — a. 

We will show that the alternative case k > 1 leads to a contradic- 
tion. By definition of combinatorial distance, there exists an edge path 
joining q to p consisting of k > 1 edges. The second vertex q' on this 
path as travelling from q to p is a neighbor of g whose combinatorial 
distance to p is k — 1 and hence strictly smaller that the combinatorial 
distance of q to p. In particular, q' G" |a| by choice of q and a. We 
will obtain the desired contradiction if we can show that there exists a 
simple edge path a in G that joins a and b and passes through q'. 
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Figure 16. Constructing a path through a,b,p. 



For the construction of cr we apply our assumption that G has no 
cut points; in particular, q is no cut point and hence there exists an 
edge path ft with q £ \ft\ that joins q' to a vertex in the (nonempty) set 
A = \a\ \ {q}. We may assume that ft is simple and that the endpoint 
r 7^ q' of ft is the only point in \ft\ fl A. 

Moreover, we may assume that r lies between a and q on the path a 
(the argument in the other case where r lies between q and b is similar) . 
Now let a be the edge path obtained by traveling from a to r along 
a, then from r to q' along ft, then from q' to q along an edge (this is 
possible since q and q' are neighbors), and finally from q to b along a. 
See the illustration in Figure [T6j Then a is a simple edge path in G 
that passes through q' and has the endpoints a and b. This gives the 
desired contradiction. □ 

Now let S 2 be a 2-sphere, and D be a cell decomposition of S 2 . 
We denote the set of tiles, edges, and vertices in V by X, E, and V, 
respectively. In the following the term cell, tile, etc., refers to elements 
in these sets. 

Let M C X be a set of tiles. We denote by \M\ its underlying set; 

so 



|M| 



\JX. 



The set 



(14.1) 




xeM 
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admits a natural cell decomposition consisting of all cells contained in 
Gm- Obviously, no such cell can be a tile, so with this cell decomposi- 
tion Gm is a graph. 

Similarly as in Section [121 we ca U a sequence of tiles X = Xi, . . . , X N = 
Y an e-chain joining X and Y if for i = 1, . . . ,N there exists an edge 
e.j with ti C <9Xj_i fl dXi. A set M of tiles is e-connected if every two 
tiles in M can be joined by an e-chain. 

Lemma 14.2. Let M C X be a set of tiles that is e-connected. Then 
the graph Gm is connected and has no cut points. 

Proof. Let a, b G Gm be arbitrary vertices with a ^ b. We can pick tiles 
X and Y in M such that a is a vertex in X and b is a vertex in Y. By 
assumption there exists an e-chain A 1? A 1; . . . , X^ in M with X\ = X 
and X N = Y. The vertices of a tile A, lie in Gm', they subdivide the 
Jordan curve dXi such that successive vertices on dXi are connected 
by an edge and are hence neighbors in Gm- An edge path a in Gm 
joining a and b can now be obtained as follows: starting from a G dXo, 
use edges on the boundary of A to find an edge path in Gm that joins 
Po = a to a, vertex p\ of X\. This is possible, since Ao and Ai have a 
common edge and hence at least two common vertices. Then run from 
Pi along edges on dXi to a vertex p 2 of A 2 , and so on. Once we arrived 
at a vertex p k of A/., we can reach 6 by running from to Pk+i = b 
along edges on X k . In this way we obtain an edge path a in Gm that 
joins a and 6. 

A slight refinement of this argument also shows that we can construct 
the path a so that it avoids any given vertex q in Gm distinct from 
a and b. Indeed, choose po = a as before. Since Ao and X\ have at 
least two vertices in common, we can pick a common vertex p\ of Ao 
and Ax that is distinct from q. There exists an arc on dX (possibly 
degenerate) that does not contain q and joins p and p\. This arc 
(if non-degenerate) consists of edges and if we follow these edges, we 
obtain an edge path in Gm that does not contain q and joins p and 
P\. In the same way we can find an edge path in Gm that avoids q 
and joins p\ to a vertex p 2 G dXi fl <9A 2 , and so on. Concatenating all 
these edge paths we get a path a as desired. 

This shows that Gm is connected and has no cut points. □ 

Lemma 14.3. Let M C X be a set of tiles that is e-connected, and let 
a,b,p G \M\ be distinct vertices. Then there exists a simple edge path 
a in Gm with p G |a| that joins a and b. 

In particular, this applies if M consists of a single e-chain. 

Proof. This follows from Lemma 114.21 and Lemma 114.11 □ 
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Lemma 14.4. Let 7: J — )■ S 2 be a path in S 2 defined on a closed 
interval J C R and M = M(*y) be the set of tiles having nonempty 
intersection with 7. Then M is e-connected. 

Proof. We first prove the following claim. If [a, 6] C 1, a: [a, b] — > S 2 
is a path, and X and Y are tiles with a(a) G X and a(6) G K, then 
there exists an e-chain Xi = X, X 2 , . . . , X^ = Y such that X{ D a 7^ 
for alH = l,...,iV. 

In the proof of this claim, we call an e-chain X\, . . . , Xpj admissible 
if X\ = X and Xi D a 7^ for all i = 1, . . . , iV. So we want to find an 
admissible e-chain whose last tile is Y. 

Let T C [a, 6] be the set of all points t G [a, 6] for which there exists 
an admissible e-chain Xi, . . . ,X^ with a(t) G X^. We first want to 
show that b G T. 

First note that the set T is closed. Indeed, suppose that (t k ) is 
a sequence in T with t*. — >■ G [a, 6] as — >■ 00. Then for each 
fceN there exists an admissible e-chain X\, . . . , X% k with ct(tfc) G X^ fc . 
Define Z k = X^ k to be the last tile in this chain. Since there are 
only finitely many tiles, there exists one tile, say Z, among the tiles 
Zi, Z 2 , Z 3 , . . . that appears infinitely often in this sequence. Since 
ct{tk) — > a(too), we have 01 (tk) G Z for infinitely many k, and tiles 
are closed, we conclude a (too) £ Z. By definition of Z there exists an 
admissible e-chain X±, . . . , X^ with X^ = Z. Then a (too) G Z = X^, 
and so too G T. 

Obviously, a G T and so T is nonempty. Since T is also closed, the 
set T has a maximum, say m G [a, b\. We have to show that m = 6; we 
will see that the assumption m < b leads to a contradiction. 

Consider p = a(m). Then there exists an admissible e-chain Xi, . . . , X^ 
with pG 2 := X^j. 

If p G int(Z), then a(t) G Z and so t G T for t G (m, 6] close to m. 
This is impossible by definition of m. 

If p does not belong to int(Z), then p must be a boundary point 
of Z. Suppose first that p is in the interior of an edge e C dZ. By 
Lemma 15.11 (iv) there exists precisely one tile Z' distinct from Z such 
that e C dZ'. Moreover, Z U Z' is a neighborhood of p, and so points 
a(t) with t G (to, 6] close to m belong to Z or Z' . Since Z' contains 
p and hence meets a, and Z and Z' share an edge, X 1; . . . , X/v, Z' is 
an admissible e-chain. It follows that t G T for t G (to, 6] close to to. 
Again this is impossible by definition of to. 

If p is a boundary point of Z, but not in the interior of an edge, then 
p is a vertex. The tiles in the cycle of p form a neighborhood of p, and 
so a point a(t) for some t G (to, 6] close to to will belong to a tile Z' 
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in the cycle of p. It follows from Lemma 15.11 that any two tiles in the 
cycle of a vertex can be connected by an e-chain consisting of tiles in 
the cycle. Hence there exits an e-chain Z = Z\, . . . , Z^ = Z' such that 
p G Zj for j = 1, . . . , K. In particular, a fl Zj ^ for j = 1, . . . , K, 
and so X 1; . . . , = Z = Z\,..., Z^ = Y' is an admissible e-chain. 
Since a(t) G Z' — Zk, we have t G T, again a contradiction. 

We have exhausted all possibilities proving that b G T as desired. So 
there exists an admissible e-chain X\ — X, . . . , X^ with a(b) G X^. If 
X N = Y, then we are done. If X N ^ Y, then a(b) G dX N fl dY, and 
so a(b) is an interior point of an edge e with e C dX N fl dY, or a(b) 
is a vertex. As in the first part of the proof, one then can extend the 
admissible e-chain X\ = X, . . . , Xn to obtain an admissible e-chain 
whose last tile is Y. The claim follows. 

The claim now easily implies the statement of the lemma. Indeed, 
pick a point a G J and fix a tile X G X with 7(a) G X. Then 
X G M = M(7). If Y G M is arbitrary, then there exists b G J with 
7(6) G Y. If 6 > a, then we apply the claim to the path a = 7) [a, 6], 
and if b < a to the path a = 7] [6, a]. This shows that we can find an 
e-chain in M that joins F G M to the fixed tile X. Hence any two tiles 
in M can be joined by an e-chain in M. □ 

For the formulation of the next statement, we need a slight general- 
ization of Definition 17. 61 Let C C 5* 2 be a Jordan curve, and P C C be 
a finite set with j^P > 3. The points in P divide C into subarcs that 
have endpoints in P, but whose interiors are disjoint from P. We say 
that a set K C S* 2 joins opposite sides of (C, P) if k = #post(/) > 4 
and meets two of these arcs that are non-adjacent (i.e., disjoint), or 
if k = ^post(/) = 3 and K meets all of these arcs (in this case there 
are three arcs). 

In the following proposition and its proof, metric notions refer to 
some fixed base metric on S' 2 . 

Lemma 14.5. Let C C S 2 be a Jordan curve, and P C C a finite set 
with k = j^P > 3. Then there exists eo > with the following property: 
Suppose that V is a cell decomposition of S 2 with vertex set V and 
1-skeleton E. //PcV and 

maxdiam(c) < e , 

cev 

then there exists a Jordan curve C C E that is isotopic to C rel. P and 
so that no tile in T> joins opposite sides of (C, P). 

Proof. Fix an orientation of C and let pi, . . . ,pk be the points in P in 
cyclic order on C. The points in P divide C into subarcs Ci,...,Ck 
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such that for i = 1, . . . , k the arc Ci has the endpoints pi and pi + \ and 
has interior disjoint from P. Here and in the following the index i is 
understood modulo k, i.e., Pk+i = Pi, etc. Note that Ci P\C i+ i = {pi+i} 
for i = 1, . . . , k. There exists a number 5q > such that no set K C S 2 
with diam(K) < <5 joins opposite sides of (C, P) (this can be seen as 
in the discussion after (17. 3p ). 

Now choose 5 > as in Proposition 110.71 for J = C and n = k. We 
may assume that 35 < 5o. 

We break up C into subarcs 

(14.2) ai,7i,a 2 ,72, • • • ,7fc ; tti ; 

arranged in cyclic order on C, such that Pi is an interior point of «j and 
we have C B(pi, 5/2) for each i — 1, . . . , k. The arcs in (114.21) have 
disjoint interiors, and two arcs have an endpoint in common if and only 
if there are adjacent in this cyclic order in which case they share one 
endpoint. So each "middle piece" 7, does not contain any point from 
P and is contained in the interior of Cj. 

We choose < e < 5/4 so small that the distance between non- 
adjacent arcs in (114.21) is > 10eo and so that 

dist(pi,7i_i L)7i) > 10e 

for i — 1, . . . , k. 

Now suppose we have a cell decomposition T> of S 2 such that P is 
contained in the vertex set V of T> and 

maxdiam(c) < e . 

cev 

Our goal is to find a Jordan curve C C S 2 consisting of arcs C[ that 
are unions of edges, have endpoints pi and Pi+i, and satisfy 

C[ c N\Ci) 

for i — 1, . . . , k. 

Let Aj be the set of all tiles intersecting on and Cj be the set of all 
tiles intersecting 7^, for all i — 1, . . . , k. Recall that for a given set of 
tiles M, we denote by \M\ the union of tiles in M. Let Ai := | A,| and 
Ci = |Q|. Note that 

Ai C N eo (oti) and ac^( 7! ). 

Furthermore 

AiUdUA l+1 c Ar eo (a i )UAT eo (7 i )UAr eo (a m ) 

(14.3) C B( Pi ,5)uM eo (j i )UB(p i+u 5) 

C Af s (Ci), 




and the natural cyclic order of these sets is 

(14.4) A 1 ,C 1 ,A 2 ,C 2 ,...,A k ,C k ,A l . 

By choice of eo we have that if two of the sets in f |14.4j) are not adjacent 
in the cyclic order, then their distance is > 8eo and so their intersection 
is empty. Moreover, for i — 1, . . . , k the only one of these sets that con- 
tains Pi is Ai. The construction that follows is illustrated in Figure [T71 
Here the two large dots represent two points Pi,pi + i and the thick line 
the curve C. 

Consider the graphs Ga±, of all edges in Ai, Ci, see (114. ip . Note 
that there is at least one tile contained in both Aj and Cj, namely 
any tile containing the point where ai, 7< intersect. Thus G&. and Gc t , 
similarly Gq % and G^ i+1 , are not disjoint. 

Pick a simple edge path c[ in Gq connecting Ai,A i+ i. Let q be a 
subarc of |cj| whose initial point Vi lies in Ai, whose terminal point v[ 
lies A i+ i, and that has no other points in common with Ai and A i+ i. 
The points Vi and v[ are vertices. To see this, suppose that v iy for 
example, is not a vertex. Then, since Vi G d { and is an edge path, 
there exists an edge e C c, such that G int(e). But then necessarily 
e C Ai and cannot be the only point of q that belongs to Ai. 

Note that v [_ x G Cj_i and Vi G Ci are distinct vertices in Ai. Recall 
that Pi G Ai . Thus it follows from Lemma 114.41 and Lemma 114.31 that 
there exists an arc aj C Ai with pi G a, that consists of edges and has 
the endpoints v' i _ 1 and f,. Since Pi Cj_x U Cj, we have u^,^ 7^ Pi, 
and so G int(cij). 

If we arrange the arcs and q in cyclic order 

Oi, Ci, 02, C2 . . . , 0^, Cfe, ai, 



then two of these arcs have nonempty intersection if and only if they are 
adjacent in the order. If two arcs are adjacent, then their intersection 



154 



MARIO BONK AND DANIEL MEYER 



consists of a common endpoint. Therefore, the set 

C' :— a\ U Ci U a 2 U c 2 U • • • U U 

is a Jordan curve that passes through the points Pi, ■ ■ ■ ,Pk- Moreover, 
C consists of edges and is hence contained in the 1-skeleton E of T>. 

By construction each vertex pi is an interior point of the arc cij. Thus 
it divides a« into two subarcs a~ and af consisting of edges such that 
Pi is a common endpoint of a~ and af, and such that a~ shares an 
endpoint with q_i and af one with q. Then 

C'i ■= af U Q U a m 

for i = 1, . . . , k is an arc that consists of edges and has endpoints pi 
and Pi+i- The arcs C[, . . . ,C' k have pairwise disjoint interior. Moreover, 

C = C' l VJ---VJC , k) 

and by fll4.3j) we have 

Hence by Proposition 110.71 and choice of 5, the curve C is isotopic to 
C re\. P. 

It remains to show that no tile in T> joins opposite sides of (C',P). 
To see this, we argue by contradiction. Suppose that there exists a 
tile X in V that joins opposite sides of (C',P). Then K := J\f s (X) 
joins opposite sides of (C,P), since C[ C Af & {Ci) for alH = 1, . . . , k. By 
choice of 5q we then have 

6 < diam( J fsT) < 25 + diam(X) < 25 + e < 35 < 5 , 

which is impossible. □ 

15. Invariant curves 

This section is central for this work. We will prove existence and 
uniqueness results for invariant Jordan curves of expanding Thurston 
maps. We will also show that if an invariant Jordan curve exits, then 
it can be obtained from an iterative procedure. We start by looking at 
a specific example that will illustrate some of the main ideas. 

Example 15.1. Let S 2 = C and f : S 2 — > S 2 be the map defined 
by f(z) = 1 + (u - l)/z 3 for z G S 2 , where to = e 4ni/3 . Note that 
/ = is one of the maps considered in Example 112. 141 It realizes the 
subdivision rule shown in Figure [12] and Figure [131 

Note that f(z) = t(z 3 ), where r(w) = 1 + (cj — l)/w is a Mobius 
transformation that maps the upper half-plane to the half-plane above 
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Figure 18. The invariant curve for Example 115.11 
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the line through the points u and 1 (indeed, r maps 0,l,ootooo,u;,l, 
respectively). We have crit(/) = {0, oo} and post(/) = {u, 1, oo}. 

One can obtain an /-invariant Jordan curve C G S 2 with post(/) C C 
as follows. We start by choosing a Jordan curve C° C S 2 containing all 
postcritical points of /. Here we let C° be the (extended) line through 
uj and 1 (i.e., the circle on C through to, 1, oo). 

Now consider / _1 (C°) = IJfc=o where 

R k = { re ikn/3 : < r < 00} 

is the ray from through the the sixth root of unity e lk7T ^ 3 ; see the top 
right in Figure O We choose a Jordan curve C 1 C S 2 such that 

C 1 C r\C°), post(/) C C\ and C 1 is isotopic to C° rel. post(/). 

This is not always possible, but in our specific case there is a unique 
Jordan curve C 1 C with post(/) C C 1 , namely C 1 = R U R 4 , 

the union of the two rays through u and through 1. Since #post(/) = 
3, the requirement that C l is isotopic to C° rel. post(/) is automatic for 
our specific map / by Lemma flO .101 Let H : S 2 x / — y S 2 be an isotopy 
rel. post(/) that deforms C° to C\ i.e., H = id 5 2 and #i(C°) = C 1 . 

Given the data C°, C 1 , and H, there are two ways to obtain an f- 
invariant Jordan curve isotopic to C° rel. post(/) and isotopic to C 1 rel. 
/- 1 (post(/)). 

For the first approach we consider the Thurston map / := Hi o /. 
Since C 1 C f-\C°) we have /(C 1 ) C C°, and so 

f(C 1 ) = (H 1 of)(C 1 )GH 1 (C°)=C 1 . 

Thus C 1 is /-invariant. The two-tile subdivision rule given by V 1 = 
P 1 (/, C 1 ), V° = V°(f, C 1 ), and the labeling induced by / is as in Figure 
[TBI The map / is combinatorially expanding for C 1 ; indeed, no 2-tile 
for (ffC 1 ) joins opposite sides of C 1 . Thus by Corollary 113.181 there 
is a homeomorphism 0: S 2 — > S 2 isotopic to the identity on S 2 rel. 
post(/) = post(/) such that (piC 1 ) = C l and g = (f> o / is expanding. 
Since / is also expanding (this follows from Proposition ll9.1l below) and 
g is Thurston equivalent to /, there is a homeomorphism h: S 2 — > S 2 
such that h o f — g o h (Theorem I10.4p . Then C := /i _1 (C 1 ) is an 
/-invariant Jordan curve containing post(/). In Theorem 11.31 we give 
a general existence result, which is proved in the same fashion. 

For the second approach we use Proposition 110.11 to lift H = H° by 
the map / to an isotopy H 1 with = id^2. Then we lift H 1 to an 
isotopy H 2 with Hq = 16.32, etc. In this way, we find a sequence of 
isotopies H n and inductively define C n+l := H™(C n ). We will see in 



EXPANDING THURSTON MAPS 



157 



Proposition 115.131 that the sequence {C n } of Jordan curves converges 
in the Hausdorff sense to an /-invariant Jordan curve C containing all 
postcritical points of / as desired. This is illustrated in Figure [18j 

In fact in our example there is a unique /-invariant Jordan curve 
C C C with post(/) C C. To see this, note that since #post(/) = 3, 
every such curve C is isotopic rel. post(/) to the curve C° chosen above. 
So we can find an isotopy K : S 2 x I — >■ S 2 rel. post(/) with K = id 5 2 
and Ki(C) = C°. By Proposition we can lift K to an isotopy 
K: S 2 xl ^ S 2 rel. / -1 (post(/)) with K = id 5 2 &ndK t of = fo K t 
for t E I. Then by Lemma 110.21 we have 

C := K X {C) C K x {f-\C)) = f-\K x @)) = f-\C°). 

So C is a Jordan curve in S 2 with C C and post(/) C C. 

Since C 1 is the unique such curve, we conclude C = Ki(C) — C 1 . In 
particular, C is isotopic to C 1 rel. / _1 (post(/)) by the isotopy K. So 
every /-invariant Jordan curve C with post(/) C C lies in the same 
isotopy class rel. / _1 (post(/)) as C l . Hence by Theorem II .41 (which we 
will prove momentarily) there is at most one such Jordan curve C. The 
uniqueness of C follows. 

15.1. Existence and uniqueness of invariant curves. We start 
with establishing uniqueness results. 

Proof of Theorem \l-4\ Let / ' : S 2 — > S 2 be an expanding Thurston 
map, and suppose that C and C are /-invariant Jordan curves in S 2 
that both contain the set post(/) and are isotopic rel. / _1 (post(/)). 
We have to show that C = C. 

Under the given assumptions there exists an isotopy H° : S 2 xl — >■ S 2 
rel. /- 1 (post(/)) with H° = id S 2 and H?(C) = C. Since post(/) C 
/ _1 (post(/)), the map H° is also an isotopy rel. post(/). Hence by 
Proposition llO.ll we can find an isotopy H 1 : S 2 xl — >• 5* 2 rel. / _1 (post(/)) 
with Hq = id^2 and / o H\ = H® o / for all t E I. Repeating this ar- 
gument, we obtain isotopies H n : S 2 x I — >■ S 2 rel. / _1 (post(/)) with 
H£ = id 5 2 and / o H? +l = H? o f for all t E I and n E N . 

Claim: H"(C) = C for n E N . To see this we use induction on n. 
For n = the claim is true by choice of H°. 

Suppose that H™(C) = C for some n E N . Then Lemma ri0.2l and 
the identity / o H™ +1 = H r { o / imply that 

H^\r\c)) = r\H?(c)) = r\c). 
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Since C and C are /-invariant, we have the inclusions C C / 1 {C) and 
C C f~\C). In particular, 



is a Jordan curve contained in / 1 (C). Moreover, C and C are isotopic 
rel. / -1 (post(/)) (by the isotopy H n+l ). Since C and C are isotopic 
rel. / _1 (post(/)) by our hypotheses, it follows that C and C are also 
isotopic rel. / _1 (post(/)). Both sets are contained in / -1 (C). 

Now / -1 (C) is the 1-skeleton of the cell decomposition V 1 (f,C). 
This cell decomposition has the vertex set / _1 (post(/)). Moreover, 
since / is expanding, post(/) > 3, and so every tile in V 1 (f,C) has 
at least three vertices. So the hypotheses of Lemma 110.121 are satisfied 
and we conclude that C = C = ff" +1 (C). The claim follows. 

Fix a visual metric on S 2 . Then the tracks of the isotopies H n shrink 
at an exponential rate as n — > oo (Lemma 110.31) . Since Hq = ids2, it 
follows that Hi — > ids? uniformly as n — > oo. Since H^iC) = C for all 
n G N by the claim, we conclude C — C as desired. □ 

Corollary 15.2 (Inv. curves in a given isotopy class rel. post(/)). 
Let f ': S 2 —¥ S 2 be an expanding Thurston map and C C S 2 be a 
Jordan curve with post(/) C C. Then there are at most finitely many 
f -invariant Jordan curves C C S 2 with post(/) C C that are isotopic 
to C rel. post(/). 

Proof. Let C be such an /-invariant Jordan curve. Then there exists 
an isotopy H : S 2 x I — > S 2 rel. post(/) with H = id 5 2 and Hi(C) = C. 
Lifting H we get an isotopy H : S 2 x / — > S 2 rel. / _1 (post(/)) such 
that Hq = ids2 and / o Hf — H t o / for all t E. I. Since C is /-invariant, 
we have C C / _1 (C). So Lemma [10.21 implies that 



is contained in / _1 (C). Any such Jordan curve is a union of edges 
in the cell decomposition D 1 (/, C) (see the last part of the proof of 
Lemma 110. 12(1 . In particular, there are only finitely many distinct 
Jordan curves contained in / _1 (C). This implies that there are only 
finitely many isotopy classes rel. / _1 (post(/)) represented by curves 
C satisfying the assumptions of the corollary. Since an /-invariant 
Jordan curve C C S 2 with post(/) C C is unique in its isotopy class 



C := H?+\C) C H^\r\C)) = f-\C>) 





□ 
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Figure 19. Invariant curves for the Lattes map g. 

Corollary 15.3. Let f : S 2 — >• S 2 be an expanding Thurston map with 
post(/) = 3. Then there are at most finitely many f -invariant Jordan 
curves C C S 2 with post(/) C C. 

Proof. Pick a Jordan curve C C S 2 with post(/) C C. Since we have 
#post(/) = 3, by Lemma 1 10. 101 every Jordan curve C C S 2 with 
post(/) C C is isotopic to C rel. post(/). The statement now follows 
from Corollary 115.21 □ 

In contrast to the case #post(/) = 3, expanding Thurston maps / 
with #post(/) > 4 can have infinitely many distinct invariant Jordan 
curves containing the set of postcritical points. 

Example 15.4 (Infinitely many invariant curves). Let g be the Lattes 
map from Section 11.21 In the following it is advantageous to use real 
notation and consider the maps ip and p used in the definition of g as in 
(11.21) as maps on IR 2 . Then i/j(u) = 2u for u G IR 2 . Moreover, for u±, U2 € 
IR 2 we have p(ui) = p(u2) if and only if m 2 = ±u\ +7 for 7 G L = 21?. 
Recall that the extended real line IR (which is the boundary of the 
pillow) is (/-invariant and contains {—1, 0, 1, 00} = post(g). Let S = dQ 
be the boundary of the unit square Q = [0, l] 2 C IR 2 , and G be the 
standard square grid, i.e., the union of the horizontal and vertical lines 
through the points in Z 2 . Then p\S is injective and p(S) = p(G) = IR. 
So the (yf-invariant curve IR is obtained by mapping the boundary S of 
the fundamental domain Q of Z 2 or the standard grid G by p. One 
can obtain other ^-invariant Jordan curves by mapping the boundaries 
of other fundamental domains of Z 2 or other grids by p. 
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To explain this, consider a (2 x 2)-matrix r G SL 2 (Z). We identify 
r with the linear map u \— > tu on IR 2 induced by left-multiplication 
of u G IR 2 (considered as a column vector) by the matrix r. Define 
Qt '■= T (Q), St '■= 9Q T = t(S), and the corresponding grid G T = t{G). 
Since r is a linear map and t(L) = L, it follows that for U\,Ui G M 2 
we have p{r{ui)) = p(r(-u 2 )) if and only if w 2 = ±w 2 + 7, where 7 G L. 
This implies that p\S T is injective, and so C T := p(S T ) C C is a Jordan 
curve. Moreover, p{G T ) = p(S T ). Since ip o r = r o ^, we have 

^(G T ) = ^(r(C7)) = r(V(G)) C t{G) = G T , 

and so 

g(C T ) = g(p(G T )) = p(^(G T )) c p(G T ) = C T . 

Hence C T is ^-invariant. Since Z 2 C G r , we also have post(g) = p(Z 2 ) C 
p(G T ) = C T . So C T is an (7-invariant Jordan curve that contains the set 
post (g). An example of this construction is indicated in Figure The 
curve C T is drawn in thick on the right. 

The curve C T determines the grid G T uniquely; indeed, one obtains 
generating vectors of the two lines in G T through by locally lifting C T 
near p(0) = G post(g) C C T to by the map p. The whole grid G T 
is obtained by translating these two lines by vectors in Z 2 . 

This implies that the map r G SL 2 (Z) i-» C T is four-to-one; indeed, if 
r, cr G SL 2 (Z), then, as we have seen, C T = C a if and only if G T = G a . 
On the other hand, G T = G a if and only if a -1 o r G SL 2 (Z) is one of 
the four rotations (by integer multiples of 7r/2) that preserve the grid 
G. In particular, there exist infinitely many g-invariant Jordan curves 
CcC with post ( g) C C. 

We now turn to existence results. As the following example shows, 
for a Thurston map /: S 2 — > S 2 an /-invariant Jordan curve C C S 2 
with post(/) C C need not exist. 



Example 15.5. Consider the map /: C — > C defined by 

4 

f(z) = t — : 

for 2 G C. The critical points of / are and 00. The forward orbits 
of the critical points of / under iteration can be represented by the 
so-called ramification portrait: 

(15.1) 
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The labels over the arrows indicate the local degree if it is different 
from 1. It follows that the set of postcritical points of / is given by 
post(/) = {— i, 1, i}. So / is a Thurston map. This map is also 
expanding as follows from Proposition 119.11 below. 

Lemma 15.6. Let f be the map from Example \15.5[ Then there is no 
f -invariant Jordan curve CcC with post(/) C C. 

Proof. We have f(z) = tp(z A ) for z6C, where 

vo — 1 ' — 

(15.2) tp(w) = i t, weC, 

w + i 

is a Mobius transformation that maps the upper half-plane to the unit 
disk (note that ip maps 0, 1, oo to —i, 1, i, respectively). Let C := <9B 
be the unit circle. Then 

/-l(C) = [J R k , where R k = {re ikn/i : < r < oo}. 

fe=0,...,7 

The postcritical points lie on distinct rays R k - Two such rays 

have the points and oo in common and no other points. Thus there is 
no Jordan curve in / _1 (C) containing all postcritical points, see Figure 
[201 As we will see in Theorem ll.3[ the existence of such a Jordan curve 
is a necessary condition for the existence of an /-invariant Jordan curve 
CcC with post(/) C C (in our specific case where #post(/) = 3 the 
choice of C does not matter since all Jordan curves that contain post(/) 
are isotopic rel. post(/)). Hence there is no /-invariant Jordan curve 
C C C with post(/) C C. One can also see this by a simple argument 
directly. 

Indeed, suppose that C C C is a Jordan curve with post(/) C C and 
/(C) C C. The unit circle C = 83 is also a Jordan curve containing the 
set post(/). Hence by Lemma fl . 1 01 there exists an isotopy H : C x I — > 
C rel. post(/) such that H = idg and H\{C) = C. 
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By Proposition 110. li the isotopy H can be lifted to an isotopy H : C x 
I — > C rel. post(/) such that H = idg and H t o / = / o H t for all t E I. 
Since C C / _1 (C), it follows from Lemma [10.21 that 

h 1 (c) c Hi(r\c)) = r\H x {c)) = r\c). 

This means that the Jordan curve C '■— Hi(C) is contained in 
Moreover, it contains all postcritical points, since C does, and the points 
in post(/) stay fixed under the isotopy H. As we have seen above, no 
such Jordan curve exists and we get a contradiction as desired. □ 

By a similar (though somewhat more lengthy) argument one can 
show that the Lattes map f(z) = ^(z + 1/z) does not have an f- 
invariant curve C with post(/) C C. Another such example can be 
found in jCFPlOl Section 4]. 

We now turn to the proof for the necessary and sufficient criterion 
for the existence of an invariant Jordan curve as formulated in Theo- 
rem [L3j Note that in (In]) of this theorem the condition on / is meaning- 
ful. Indeed, / = Fjo/ is a branched cover of S 2 with crit(/) = crit(/). 
Since H x is isotopic to 16.32 rel. post(/) we have post(/) = post(/), and 
so / is a Thurston map. 

Furthermore, C is a Jordan curve with post(/) = post(/) C C. Since 
C = iZi(C) C f-\C), we have that f(C) = H x o f(C) c H X {C) = C. 
Hence C is invariant with respect to /, and it makes sense to require 
that / is combinatorially expanding for C. 

Proof of Theorem ] l.iA (i) =Kii): Suppose C is as in (i). Then in (ii) 
we let C = C = C, and the isotopy H be such that H t = id^2 for all 
t G I. Then C = C C f~\C) = / _1 (C)^and / = / is combinatorially 
expanding for the invariant curve C = C, since / is expanding. 

(ii)=^>(i): Let C, C, H, and / be as in (ii), and define x — H\. As we 
have seen in the remark after the theorem, / is a Thurston map with 
post(/) = post(/), and C is an /-invariant Jordan curve containing 
the set post(/) = post(/). 

Since / is combinatorially expanding for C, Corollary 113.181 implies 
that there exists a homeomorphism 0: S 2 — » S 2 that is isotopic to 
the identity rel. post(/) = post(/) such that <f)(C) = C and g = 
<p o / is an expanding Thurston map. Since g = (<f) o x) /, and 
(ft o x is isotopic to the identity on S 2 rel. post(/), the maps / and 
g are Thurston equivalent. If notation is as in (13. 3p (with S 2 = S 2 ), 
then we can take ho = <fi o x and h\ = idsz. By Theorem 110.41 we 
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can find a homeomorphism h: S 2 —> S 2 that is isotopic to h\ = ids2 
rel. / _1 (post(/)) with / o h = h o g. 

Let C = h(C). Then C is a Jordan curve in 5* 2 that is isotopic to C 
rel. / _1 (post(/)), and hence isotopic to C rel. post(/); in particular, C 
contains the set post(/). Moreover, C is /-invariant, because we have 

f(C) = f(h(C')) = h(g(C')) = h{<j>(f{C>))) 
c h(4>(C')) = h(C) = C. 

The proof is complete. □ 

Remarks 15.7. (a) The condition of combinatorial expansion in (ii) 
of Theorem 11.31 is combinatorial in nature and can easily be checked 
in principle. A simple sufficient criterion for this can be formulated 
as follows: if no 1-tile for (/, C) joins opposite sides of C, then / is 
combinatorially expanding for C. 
To see this note that 

r\c) = r\H^{C)) = r\c). 

By Proposition 16.11 (v) this implies that the 1-tiles for (/, C) are pre- 
cisely the 1-tiles for (f,C). Hence if no 1-tile for (/, C) joins opposite 
sides of C, then D\(f,C) > 2 and so f is combinatorially expanding 
for C. We will later formulate a necessary and sufficient condition for 
combinatorial expansion of / (see Proposition 115.13]) . 

(b) The condition of combinatorial expansion in (ii) is independent 
of the chosen isotopy H. More precisely, suppose H 1 , H 2 : S 2 x / — ^ S 2 
are two isotopies with Hq = = id 5 2 and H\{C) = H 2 (C) = C. Then 
fi = Hi o / is combinatorially expanding for C if and only if / 2 = H \ o / 
is combinatorially expanding for C. This follows immediately from 
Lemma [12.81 (with f — fi, g — f2, = Hf o (Hi)" 1 , hi = ids^, and 
C C). 

(c) Theorem 11.31 can be slightly modified to give necessary and suf- 
ficient conditions for the existence of an invariant curve in a given 
isotopy class rel. post(/) or rel. / _1 (post(/)). An existence statement 
for a given isotopy class rel. / _1 (post(/)) is especially relevant in view 
of the complementary uniqueness statement given by Theorem 11.41 

To formulate this precisely, let C C S 2 be given a Jordan curve with 
post(/) C C. Then an /-invariant Jordan curve C C S 2 isotopic to C 
rel. post(/) exists if and only if condition (ii) in Theorem II .31 is true for 
a Jordan curve C isotopic to C rel. post(/). This immediately follows 
from the proof of this theorem. 
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Similarly, an /-invariant Jordan curve C C S 2 isotopic to C rel. 
/ _1 (post(/)) exists if and only if condition (ii) in Theorem 11.31 is true 
with the additional requirement that C is isotopic to C rel. / _1 (post(/)). 

Existence of an /-invariant Jordan curve C in a given isotopy class 
rel. / _1 (post(/)) is particularly interesting, because if there is such a 
curve C, then it is unique by Theorem ll.41 It is worthwhile to formulate 
some explicit conditions which guarantee existence in this. They are 
stated in the next proposition and are a slight variation of the condition 
given in Remark 115.71 (c). 

Proposition 15.8 (Existence of invariant curves rel. / _1 (post(/))). 
Let f : S 2 — >■ S 2 be an expanding Thurston map and C C S 2 be a Jordan 
curve with post(/) C C. Then the following conditions are equivalent: 

(i) There exists an f -invariant Jordan curve C that is isotopic to C 
rel. /- 1 (post(/)). 

(ii) There exists an isotopy H: S 2 x I — >■ S 2 rel. / _1 (post(/)) with 
H = id S 2 and Hi(C) C f~ l (C) such that 

?:=/°#i 

is combinatorially expanding for C . 

(iii) There exists an isotopy H: S 2 x I — >■ S 2 rel. / _1 (post(/)) with 
Hq = id S 2 and C := H X {C) C f'\C) such that 

f-=H x of 

is combinatorially expanding for C . 

Proof, (jij) =3- (Jn]): Suppose that there exists an /-invariant Jordan C 
with post(/) C C that is isotopic to C rel. /~ 1 (post(/)). Then we can 
find an isotopy K : S 2 x / — )■ S 2 rel. / _1 (post(/)) with K = id S 2 and 
K X (C)=C. 

Let K be the lift of K by / according to Proposition 110. ll i.e., the 
isotopy rel. / _2 (post(/)) D / _1 (post(/)) with K = id^2 and K t o 
/ = / o K t for t 6 /. Define an isotopy H : S 2 x I — y S 2 by setting 
H t = K t o (Kt)' 1 for t 6 J. Then H is an isotopy rel. / _1 (post(/)) 
with Ho = id^2. Moreover, 

H,{C) = {K x o {K{)- l ){C) = K^C) C Mf-^C)) 

= r\ Kl {c)) = r\c). 
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Here we used the /-invariance of C (i.e., C C / as well as 

Lemma [10721 Note that 

g:=foH 1 = foK 1 o (K^ 1 = K x o f o (Kt)' 1 . 

Hence ~g is a Thurston map with post(g) = post(/), C is an (^-invariant 
Jordan curve with C D post(g), and it follows from Lemma [12.81 that 
g is combinatorially expanding for C. 

dH]) (Jm}: Let H and g be as in (juj), and define / := H\ o / and 
C := Hi{C). Then / is a Thurston map with post(jf) = post(/), and 
we have 

/(co = Tmc)) c /(r 1 ^)) = H^fir 1 ^))) = h^c) = c. 

Hence C is an /-invariant Jordan curve with post(/) C C. Since 

foH 1 = H 1 ofoH 1 = H 1 og, 

Lemma [12.81 implies that / is combinatorially expanding for C . 
(Jm} ^ (0): If (iii) is true, then by Theorem 11.31 there exists an /- 
invariant Jordan curve C with post(/) C C that is isotopic to C rel. 
/ _1 (post(/)). Since C = Hi(C) and H is an isotopy rel. / _1 (post(/)), 
the curve C, and hence also C, is isotopic to C rel. / _1 (post(/)). □ 

We now turn to the proof of Theorem 11.21 We need the following 
auxiliary result. 

Lemma 15.9. Let /: S 2 — > S 2 be an expanding Thurston map, and 
C C S 2 be a Jordan curve with post(/) C C. Then for all sufficiently 
large n there exists a Jordan curve C C f~ n (C) that is isotopic to C 
rel. post(/). Moreover, C can be chosen so that no n-tile for (/, C) 
joins opposite sides of C . 

Proof. We fix some base metric on S 2 . Let P := post(/). Since / is 
expanding, we have k := j^P = #post(/) > 3 by Corollary 16.41 Pick 
eo > as in Lemma 114.51 Since / is expanding, for large enough n we 
have 

mesh(f, n, C) = max diam(c) < e . 

For such n consider the cell decomposition D = V n (f,C) of S 2 . Its 
vertex set is the set / _n (post(/)) D post(/) = P of n- vertices and 
its 1-skeleton is the set f~ n (C). Hence by Lemma [14.51 there exists a 
Jordan curve C C f~ n {C) that is isotopic to C rel. P = post(/) and so 
that no tile in T>, i.e., no n-tile for (f,C), joins opposite side of C. □ 
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Proof of Theorem \1.2l Let / and C be as in the statement of the theo- 
rem. By Lemma ri5.9l for sufficiently large n 6 N there exists an isotopy 
H: S 2 x I -> S 2 rel. post(/) such that H = id 5 2 and C := #i(C) C 
f~ n {C) and such that no n-tile for (/, C) joins opposite sides of C. 

For such n let F = f n . Then F is an expanding Thurston map with 
post(F) = post(/). Then C and C are Jordan curves with post(F) C 
C,C, and H is an isotopy rel. post(F) that deforms C into C C 
/-"(C) = F-\C). Moreover, F = f n is cellular for (V n (f, C),V°{f, Cj). 
Hence by Lemma [5.41 we have C) = V n (f,C), and so the 1-cells 

for (F, C) are precisely the n-cells for (/, C). So no 1-tile for (F, C) joins 
opposite side of C and by Remark fl 5. 71 (a) the map H\oF is combinato- 
rially expanding for C . This shows that condition (ii) in Theorem [L3] is 
satisfied. Hence there exists a Jordan curve C C S 2 that is F-invariant 
and is isotopic to C rel. post(F) = post(/) as desired. □ 

Remark 15.10. In general, the /"-invariant Jordan curve C as in 
Theorem ll.2l will depend on n, and one cannot expect that C is invariant 
for all sufficiently high iterates of /. To illustrate this, consider the map 
/ from Example 115.51 (see also Lemma [15.6p . Recall that f(z) = ^p(z 4 ) 
for zgC, where (p is as in (115. 2p . 

The Mobius transformation ip maps the extended real line R to the 
unit circle <9B, and <9B to R. This implies the unit circle C := <9B 
satisfies f 2n {C) C C for every n eN. Note that post(/) = {-i, 1, i} C 
C Thus C is a Jordan curve with post(/) C C that is invariant for 
every even iterate f 2n . 

On the other hand, for n G N we have f 2n+1 (dB) C R. Since / 2n+1 
is a finite-to-one map, the set / 2n+1 (<9B) is infinite, and so we cannot 
have f 2n+1 (dB) C (for otherwise, f 2n+1 (dB) C 9Dnl = {-1,1}). 
Thus the unit circle 83 = C is not invariant for any odd iterate of /. 

Proof of Corollary 11.51 Let / : S 2 — » S 12 be an expanding Thurston 
map. It follows from Theorem 11.21 that for each sufficiently large 
nGN there exists an /"-invariant Jordan curve C C S 2 with post(/) = 
post(/ n ) C C. For such n let F = f n , V° = V°(F,C), and V 1 {F,C). 
Define the orientation-preserving labeling L : T) 1 — > T>° by L(c) = F(c) 
for c e P 1 . Then it is clear that (V\V°,L) is a two-tile subdivi- 
sion rule that is realized by F (see Definition 112.41 and the following 
discussion). □ 

15.2. Iterative construction of invariant curves. 
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Given data as in Theorem 11.31 (jn]), the /-invariant curve C can be 
obtained by an iterative procedure. To explain this, we first recall the 
definition of Hausdorff convergence of sets. 

Let (X, d) be a compact metric space. If A, B C X are subsets of 
X, then their Hausdorff distance is defined as 

(15.3) distf (A, B) = inf {5 >0:4c N s d (B) and B C N s d (A)}. 

Assume A and A n for n G N are closed subsets of X. We say that 
A n — > A as n — > oo in the sense of Hausdorff convergence if 

lim distf (An, A) = 0. 

n— too 

Note that in this case a point iGl lies in A if and only if there exists 
a sequence (x n ) of points in X such that x n G A n for n G N and x n — > x 
as n — > oo. 

Now let / : S 2 — > S 2 be an expanding Thurston map, C, C C S 2 be 
Jordan curves with post(/) C C,C and C C and let if: S* 2 x 

7 — t- 5* 2 be an isotopy rel. post(/) that deforms C to C, i.e., ifo = id^a 
and H\{C) = C. For the moment we do not assume that the map 
/ = Hi o f is combinatorially expanding for C 

Let H° := if. Using Proposition I10.ll repeatedly, we can find iso- 
topies H n : S 2 x I -> S 2 rel. / _1 (post(/)) such that H$ = id S 2 and 
/ o H™ = H T t l ~ l o / for all n G N, t G I. Now define Jordan curves 
inductively by setting C° := C, and C n+1 := H?(C n ) for n G N . Note 
that then C l = C . 

To summarize, we start with the following data (for a given /): 

a Jordan curve C° = C C S 2 with post(/) C C°, 

a Jordan curve C 1 = C C 5* 2 isotopic to C° C 5* 2 rel. post(/) 
with C 1 C /^^C ), 

an isotopy H° : S 2 x I ^ S 2 rel. post(/) such that ifg = id 5 2 
and H°{C°) = C 1 . 
We then define inductively: 

isotopies H n : S 2 x I ^ S 2 such that H% = id 5 2 and / o H? = 

H?- 1 o / for all n G N, t G J, 

Jordan curves C n+1 := H'?(C n ) for n G N . 
Figure [18] illustrates this procedure for Example 115.11 Since this 
example is rather complicated and it is hard to grasp the involved 
isotopies, we present a simpler example for the construction. 

Example 15.11. Let / be the Lattes map obtained as in (11.21) . where 
we choose 

if): C— > C, u i — y if>(u) := 5m. 
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FIGURE 21. Iterative construction of an invariant curve. 
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It is straightforward to check that the extended real line C :— R = 
1U {00} is /-invariant and contains all postcritical points 0, 1, 00, — 1 
off. 

As in Figured] we represent the sphere as a pillow, i.e., two squares 
glued together along their boundary. The boundary of the pillow (i.e., 
the boundary along which the two squares were glued together) repre- 
sents the curve C, the two squares represent the 0-tiles, one of which is 
colored white, the other black. 

The map / can then be described as follows. Each of the two sides 
of the pillow is divided into 5x5 squares, which are colored in a 
checkerboard fashion. The map g acts by mapping each small white 
square to the white side of the pillow, and each small black square to 
the black side. The two sides of the pillow are the 0-tiles with respect to 
C; the 4 vertices of the pillow are the postcritical points in this model. 
The small squares are the 1-tiles (for (f,C)). The coloring of the 0- 
and 1-tiles corresponds to a labeling map Lx as in Lemma 112.61 

There exist /-invariant Jordan curves that are isotopic to C rel. 
post(/), but distinct from C. The construction of one such curve is 
illustrated in Figure |2~T1 Namely, we set C° := C. The Jordan curve C 1 
is shown in the top right, as well as in the middle left picture. In the 
latter picture, we see that C 1 consists of 1-edges, i.e., C 1 C /^(C ). 
Moreover, there exists an isotopy H°: S 2 x / — >■ S 2 rel. post(/) that 
deforms C° to C 1 (i.e., H° = id S 2 and H°(C°) = C 1 ). We also see here 
how the black and the white 0-tile are deformed by Hf; namely, the 
four small black squares in the top left of Figure [5TJ are part of the 
image of the black 0-tile (which is at the back of the pillow) under H®. 

The Jordan curve C 2 := H\{C l ) consists of 2-edges, i.e., C 2 C g~ 2 (C°), 
see the bottom left. 

The two pictures in the middle of Figure [2T1 indicate how H l deforms 
1-tiles. Roughly speaking H 1 deforms each black/white 1-tile "in the 
same fashion" as H° deforms the black/white 0-tiles. 

The curves C n Hausdorff converge to C, which is a g- invariant Jordan 
curve with post(g) C C (see Lemma fl5. 121 (viii) and Proposition 115.14]) . 



There is a conceptually different way to obtain C n+l from C n , which 
will be explained in detail in Remark 115.161 Loosely speaking, we 
replace each n-edge a n C C n by (n + l)-edges "in the same fashion" 
as the 0-edge a := f n (a°) C C° is replaced by the arc (3 1 C C 1 with 
the same endpoints (which are postcritical points) as a . Note that 
(3 1 = Hi(a°), and that (3 1 consists of 1-edges. 
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To prepare the proof that under suitable conditions our iteration pro- 
cess has an invariant Jordan curve as a Hausdorff limit, we summarize 
some properties of the Jordan curves C n . 

Lemma 15.12. Let f : S 2 — )■ S 2 be an expanding Thurston map, and 
the Jordan curves C n forn G No be defined as above. Then the following 
statements are true: 

(i) C n+k C r k {C n ) for n,k G N . 

(ii) C n+k is isotopic to C n rel. / _n (post(/)) for n,k G N . 

(iii) C n+k n / _n (post(/)) = C n n / _n (post(/)) for n,ke N . 

(iv) post(/) C C n for n G N . 

(v) For n, k G No £/ie curve C n+k consists of n- edges for (f,C k ). 

(vi) For n G N the curve C n is the unique Jordan curve in S 2 with 
C n C f- l {C n - 1 ) that is isotopic to C 1 rel. /^ 1 (post(/)). 

(vii) The sequence C n , n G No, only depends on C° and C l and not of 
the choice of the initial isotopy H = H° used in the definition of 
the sequence. 

(viii) As n — > oo the sets C n Hausdorff converge to a closed f -invariant 
set CcS 2 (i.e., f(C) C C) with post(/) C C. 

Proof. In the following we use the isotopies H n as in the definition of 
the sequence C n , and set h n = H™ for n G N . 

(i) It suffices to show that C n C / _1 (C n_1 ) for n G N. We prove 
this by induction on n; this is clear for n — 1. Assume that the 
statement holds for some n G N; so C n C / _1 (C rt_1 ). Since h n = 
and h n -i = if" -1 are homeomorphisms with / o h n = h n -\ o/, we have 
h n (f~\C n )) = /- 1 (/i„_i(C n )) by LemmaGUL! Thus 

c n+i = h n (c n ) c Kir 1 ^- 1 )) = r^h^r- 1 )) = r\c n ), 

and (i) follows. 

(ii) -(iv) From the definition of H n , the remark after the proof of 
Proposition dOIIl and induction on n we conclude that H n is an isotopy 
rel. / _n (post(/)). Since Hq = id S 2 and 

r n (post(/)) c /-(" +fe )( P ost(/)) 

for n,k G No, statements (ii) and (iii) immediately follow from this by 
induction on k for fixed n. Statement (iv) follows from (iii) (with n = 
and fceN arbitrary) and the fact that post(/) C C°. 

(v) By (iv) we have #(/~ n (post(/)) nC n+k ) > #post(/) > 3. In par- 
ticular, the points in / _n (post(/)) that lie on C n+k subdivide this curve 
into arcs whose endpoints lie in /~ n (post(/)) and whose interiors are 
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disjoint from / n (post(/)). Let a C C n+k be one of these arcs. Then we 
have int(a) C f~ n {C k ) \ /~ n (post(/)) by (i), and da C /~ n (post(/)). 
Since by Proposition 16.11 (iii) the set f~ n (C k ) is the 1-skeleton and the 
set / _ri (post(/)) the 0-skeleton of the cell decomposition V n (f,C k ), we 
conclude from Lemmas 14.41 and 14.51 that a is an edge in V n (f,C k ), i.e., 
an n-edge for (f,C k ). Hence C n+k consists of n-edges for (f,C k ). 

(vi) By (i) and (ii) we know that C n for n G N is a Jordan curve 
with C n C / _1 (C n_1 ) that is isotopic to C 1 rel. / -1 (post(/)). Let 
C C /~ 1 (C n_1 ) be another Jordan curve isotopic to C 1 rel. / _1 (post(/)). 
Then C n and C are isotopic to each other rel. / _1 (post(/)). Note that 
/ -1 (C n ~ 1 ) is the 1-skeleton of the cell decomposition T> 1 (f,C n ~ 1 ) and 
/ _1 (post(/)) its set of vertices. Hence by Lemma [10. 121 we have C = C n , 
and the uniqueness statement for C n follows. 

(vii) It follows from (vi) and induction on n that C n is uniquely 
determined by C° and C 1 . 

(viii) Pick some visual metric d for /, and let A > 1 be the ex- 
pansion factor of d. By Lemma 110.31 the diameters of the tracks of 
the isotopy H n are bounded by CA~ n , where C is a fixed constant. 
Since #<? = id 5 2 and C n+l = H?(C n ) for n G N this implies that 
dist^(C n ,C n+1 ) < Chr n for n G N . It follows that the sequence C n is 
a Cauchy sequence with respect to Hausdorff distance. Now the space 
of all non-empty closed subsets of a compact metric space is compact 
if it is equipped with the Hausdorff distance. Hence there exists a sub- 
sequence of the sequence C n that converges in the Hausdorff sense to a 
non-empty closed set C C S 2 . Since C n is a Cauchy sequence, it follows 
that C n — > C as n — > oo in the Hausdorff sense. Since post(/) C C n for 
all n G N by (iv), we have post(/) C C. 

It remains to show that C is /-invariant. To see this, let p G C be 
arbitrary. Then there exists a sequence (p n ) of points in S 2 such that 
p n G C" for n G N and p n — > p as n — > oo. By continuity of / we have 
fiPn) f(p) as n — y oo. Moreover, (i) implies that f(p n ) G C"^ 1 for 
n G N. Hence f(p) G C, and so the set C is indeed /-invariant. □ 

As an application of the preceding setup we prove a statement that 
gives a necessary and sufficient condition for the map / in Theorem 11.31 
to be combinatorially expanding. 

Proposition 15.13. Let f : S 2 — > S 2 be an expanding Thurston map 
and the isotopy H° : S 2 x / — >■ S 2 and Jordan curves C n for n G No be 
defined as above. 
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Then f = H® o f is combinatorially expanding for C 1 = C if and 
only if there exists n G N such that no n-tile for (/, C°) joins opposite 
sides of C n . 

Proof. Let H n for n 6 No be the isotopies used in the definition of 
the curves C n . Set h n := H%. Then f = h of, C n+l = h n (C n ), and 
h n o f — f o h n+ \ for n G No- It follows by induction that for n G N we 
have 

f n = h o / o • • • o h o / = h o f n o o • • • o fa, 

and so 

h of n = PohY 1 o...h- 1 _ v 

Hence 

/-»(C°) = /""(^(C 1 )) = (/in-! O - • • O ^(/""(C 1 )). 

Recall that the n-tiles for (f,C ) are the closures of the complemen- 
tary components of f~ n (C°), and the n-tiles for (f ,C X ) the closures of 
the complementary components of f~ n {C l ) (Proposition 16.11 (v)). So 
from the previous identity we conclude that the n-tiles for (/, C°) are 
precisely the images of the n-tiles for (/, C 1 ) under the homeomorphism 
h n -i o ■ ■ ■ o h\. Note that this homeomorphism is isotopic to id#2 rel. 
post(/) = post(/) and maps C l to C n . Thus no n-tile for (f,C l ) joins 
opposite sides of C 1 if and only if no n-tile for (/, C°) joins opposite 
sides of C" . 

Now / is combinatorially expanding for C 1 if and only if there exists 
n G N such that no n-tile for (/, C 1 ) joins opposite sides of C 1 . By what 
we have seen, this is the case if and only if there exists n G N such that 
no n-tile for (/, C°) joins opposite sides of C n . □ 

The Hausdorff limit C of the curves C n as provided by Lemma [15. 121 (viii) 
will not be a Jordan curve in general. The following proposition shows 
that this is the case if the map / = iff o / is combinatorially expanding 
for C l . Actually, one can also show that this condition is also necessary 
for C to be a Jordan curve, but we will not present the proof for this 
statement as it is somewhat involved. 

Proposition 15.14 (Iterative procedure to obtain an invariant curve). 

Let f : S 2 — >■ S 2 be an expanding Thurston map and the isotopy H° : S 2 x 
I — > S 2 and Jordan curves C n for n G N be defined as above. 

If f — i?i o f is combinatorially expanding for C 1 = C , then C n 
Hausdorff converges to a Jordan curve C C S 2 as n — > oo. In this case, 
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the curve C is f -invariant and post(/) C C. Furthermore C is isotopic 
to C 1 rel. /- 1 (post(/)). 

Proof. Suppose that / = H® o f is combinatorially expanding for C 1 . 
From Theorem 11.31 it follows that there exists an /-invariant Jordan 
curve C C S 2 with post(/) C C that is isotopic to C° rel. post(/) and 
isotopic to C 1 rel. / _1 (post(/)). Let K° : S 2 x / — > S 2 be an isotopy 
rel. post(/) that deforms C to C°; so K$ = id S 2 and K$(C) = C°. Using 
Proposition 110.11 repeatedly, we can find isotopies K n : S 2 x I — > S 2 rel. 
/- x (post(/)) with K£ = id 5 2 such that / o K? = K^ 1 o / for n e N. 
Claim. C n := K?(C) = C n for all n G N . 

We prove this claim by induction on n; it follows from the choice of 
K° for n — 0. Assume that the statement is true for some n e No- 
Then = C n , and so by Lemma [10.21 we have 

C n+1 = Kl + \C) C Kl +1 {f-\C)) = f- x {K^{C)) = r\c n ). 

Since K n+l is an isotopy rel. / _1 (post(/)), the curve C n+1 is isotopic 
to C and hence to C 1 rel. / _1 (post(/)). So Lemma [15.121 (fvi|) implies 
that C n+1 = C n+1 proving the claim. 

By Lemma 110.31 the maps K™ converge uniformly to the identity on 
S 2 . Hence C n = K n {C) Hausdorff converges to the Jordan curve C as 
n — > oo. The statement follows. □ 

Remark 15.15. If /: S 2 — > S 2 is an expanding Thurston map, then 
every /-invariant Jordan curve C with post(/) C C can be obtained 
by our iterative procedure. Indeed, suppose that C is such a curve. 
Trivially, we can then take C = C° = C, C = C 1 = C, and H® = id^2 
for tel. Then C n = C for all n e N and so C n ->■ C as n ->■ oo. 

Actually, a much stronger statement is true. Namely, we can start 
with any Jordan curve C in the same isotopy class rel. post(/) as C. 
Suppose that C is such a curve. First, we claim that then there exists a 
unique Jordan curve C C / _1 (C) that is isotopic to C rel. / _1 (post(/)). 
To see this, let K° : S 2 x / — > S 2 be an isotopy rel. post(/) with 
K% = id 5 2 and K$(C) = C. By Proposition dO we can lift K° by / to 
an isotopy K 1 rel. / _1 (post(/)) with Kq = id S 2 and o / = / o K\ 
for all tel. Then the Jordan curve C := K\(C) satisfies 

C = K\{C) c K\{f-\C)) = r\Kl{C)) = f-\C). 

Here we used C C / _1 (C) and Lemma 110.21 This shows existence of 
a curve C with the desired properties. Uniqueness of C follows from 
Lemma H0H 
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Define H : S 2 x I ->• S 2 by setting H t = K\ o (J^)" 1 for t G J. Then 
if is an isotopy rel. post(/) that deforms C° := C into C 1 := C. Indeed, 
we have H = id 52 and 

= K 1 1 ((iT 1 °)- 1 (C)) = K!(C) = c = c 1 . 

Moreover, 

f,= H x of = K{o {K^- 1 of = K\ofo (K\)-\ 

Thus it follows from Lemma [12.81 that / is combinatorially expanding 
for C l =C = K{{C). 

Define the sequence {C n } starting from C° and C 1 as before. From 
Proposition 115.141 it follows that as n — > 00 the curves C n Hausdorff 
converge to an /-invariant Jordan curve that is isotopic to C 1 , and 
hence isotopic to C, rel. / _1 (post(/)). From Theorem 11.41 it follows 
that the unique such curve is C. Thus C n — > C in the Hausdorff sense 
as n — > 00. 

Remark 15.16. In the inductive definition of C n+1 = H™(C n ) one 
can construct C n+1 from C n by an edge replacement procedure without 
explicitly knowing the isotopy H n . To explain this, suppose that n G N, 
and that C n has already been constructed (starting from given curves 
C° and C 1 ). We know by Lemma [15. 121 (jvl) that C n consists of n-edges 
a n for (/, C°). Then C n+1 is obtained from C n by replacing each n-edge 
a n C C n by a certain arc (3 n+1 with the same endpoints as a n . 

Indeed, we can set /3 n+1 := H™(a n ) C C n+l . Then the union of these 
arcs j3 n+1 is equal to C n+1 . Moreover, since H n is an isotopy relative 
to the set /~ n (post(/)) of n-vertices, and a n is an n-edge for (f,C°) 
and so has n-vertices as endpoints, the arcs a n and (3 n+1 have the same 
endpoints. 

Now the arc (3 n+1 is the unique arc in /""(C 1 ) that is isotopic to a n 
rel. / _n (post(/)). This property often allows one to determine /3 n+1 
from a n without knowing H n explicitly. 

To see that this characterization of holds, note that by Lem- 
ma [15121 (i) we have (3 n+1 C C n+1 C f~\C n ). Moreover, (3 n+1 = 
H™(a n ) is isotopic to a n rel. / _?l (post(/)). 

Suppose f3 n+1 C f~ n {C l ) is another arc that is isotopic to a n rel. 
/ _n (post(/)). Then the arcs (3 n+1 and (3 n+1 have endpoints in /~ n (post(/)), 
but contain no other points in this set, since this is true for a". This 
and the inclusions /3 n+1 ,/3" +1 C f~ n {C x ) imply that (3 n+l and /3 n+1 are 
n-edges for (/, C 1 ) (see the argument in the proof of Lemma Tl 5 . 1 21 (rvj) ) . 
Since (3 n+1 and (3 n+1 are isotopic relative to the set / _n (post(/)), which 
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f n \a r 



(3 1 c C 1 

f n \(3 n+1 




Figure 22. Iterative construction by replacing edges. 



is the 0-skeleton of T> n (f, C 1 ), it follows from the first part of the proof 
of Lemma HDH21 that (3 n+1 = /3 n+1 as desired. 

As we have just seen, (3 n+1 is an n-edge for (/, C 1 ). Since (3 n+1 
has endpoints in the set /" n (post(/)) C /^ (n+1) (post(/)) and (3 n+1 C 
Qn+i (- j-(«+ 1 )^0) ? a similar argument also shows that (5 n+l consists 
of (n+ l)-edges for (f,C°). 

One can look at the arc replacement procedure a n — > (3 n+1 from yet 
another point of view. Since a n is an n-edge for (/, C°), the map f n \a n 
is a homeomorphism of a™ onto the 0-edge a := f n (a n ) C C° for 
(f,C°) (Proposition 16.11 (i)). The endpoints of a lie in post(/). Then 
(3 1 := Hi (a ) is the unique subarc of C 1 that has the same endpoints 
as a , but contains no other points in post(/) (here it is important 
that #(C : n post(/)) = #post(/) > 3). Since /" o H? = Hf o f n 
and (3 n+1 = Hi(a n ), the map f n \j3 n+l is thus a homeomorphism of 
pn+i on ^ Often, this information (together with the fact that 
a n and /3 n+1 share endpoints) is enough to determine /3 n+1 uniquely. 
We illustrate this procedure in Figure [22j Here the map / (as well as 
the curves C°, C\ . . . and the isotopies H°, H 1 , . . . ) are as in Example 
115.111 see also Figure ED 

For example, suppose that (3 1 lies in single 0-tile X° for (f,C°), i.e., 
in one of the Jordan regions bounded by C°. This is not always true, 
but in Example 1 1 5 . 1 1 1 as well as the Examples 1 1 5 . 1 71 and 115 . 181 discussed 
below this is the case. Then there exists a unique n-tile X n for (/, C°) 
with a n C dX n and f n (X n ) = X°; if we assign colors to tiles for (/, C°) 
as in Lemma T6.2[ then X n is the unique n-tile for (f,C°) that contains 
a n in its boundary and has the same color as X°. 
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Consider the arc (3 n+1 := (f^X* 1 )' 1 ^ 1 ) C X n . Then /3 n+1 has the 
same endpoints as (f n \X n )^ 1 (a°) = a n and is contained in /""(C 1 ). 
Moreover, (3 n+1 is isotopic to a n rel. / _n (post(/)); this easily follows 
from Lemma 110.81 since our assumptions imply that one can find a 
suitable simply connected domain fl C S 2 that contains (3 n+1 and a n 
and no point in / _n (post(/)) except the endpoints of (3 n+l and a n . By 
what we have seen above, we conclude (5 n+l = /3 n+1 , and so 

(15.4) (3 n+1 = (riXT 1 ^ 1 ). 

In the special case under consideration, this leads to a very conve- 
nient edge replacement procedure that can be summarized as follows: 
Suppose the arc (3 1 C C 1 corresponding to a = f n (a n ) C C° lies in a 
single 0-tile X°, and let X n be the n-tile that contains a n its boundary 
and has the same color as X° (so that f n (X n ) = X°). Then a n is 
replaced by the arc (3 n+1 in X n that corresponds to (3 1 C X° under the 
homeomorphism f n \X n of X n onto X°. 

The next example illustrates what happens if the map / in Proposi- 
tion 115.141 is not combinatorially expanding. 

Example 15.17. Let g be the Lattes map obtained as in (II. 2p . where 

ip: C — > C, u i — y ip(u) := 3u. 

This map was already considered in Example 113.201 See also the bot- 
tom of Figure [13 We let C° be the boundary of the pillow. The curve 
C 1 C (7 _1 (C°) is drawn with a thick line in the top left of Figure [231 
Clearly there is an isotopy H° rel. post(g) (the four vertices of the pil- 
low) that deforms C° to C 1 . Note that g = H®og is not combinatorially 
expanding for C 1 , see Figure [T5l Starting with the data C°, C 1 , H°, we 
inductively define Jordan curves C n as described before. 

It is slightly more difficult than in Example 115.111 to see here how 
Qn+i evo i ves f r om C n , since different 0-edges are replaces by different 
arcs (consisting of 1-edges). Namely, each 0-edges that is drawn hori- 
zontally in Figure [23] is replaced by itself. Note that every horizontal 
1-edge is mapped by g to a horizontal 0-edge, thus is replaced by itself 
in the construction of C 2 from C 1 (see Remark 115. 16)) . 

Then C n — > C as n — > oo in the Hausdorff sense, where the set C is 
indicated on the right of Figure [231 In this case, C is not a Jordan curve 
and S 2 \ C has three components. Of course, the "self-intersections" of 
the limit set C can be more complicated in general. 

We close this section with one more example. It gives an example of 
a non-trivial invariant curve that is rectifiable. 
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c 




Figure 23. Since g is not combinatorially expanding, C 
is not a Jordan curve. 




C 




Figure 24. A non-trivial rectifiable invariant Jordan curve. 



Example 15.18. Let / be the map from Example ll5.111 i.e., the Lattes 
map obtained as in ( 11. 2p . where we choose ip: C — > C, u i— > ip(u) := 5m. 

The curve C = C° is the boundary of the pillow as before. The 
curve C 1 (which is isotopic rel. post(/) by an isotopy H°) is the thick 
curve indicated in the left of Figure [241 Note that no 1-tile for (f,C°) 
connects opposite sides of C l . Thus the sequence of curves {C n }, defined 
as before, Hausdorff converges to an /-invariant Jordan curve C by 
Proposition 115.131 and Proposition 115.141 

We briefly explain the iterative construction of the curves C n . Note 
that the three 0-edges on the top, bottom, and right side of the pillow 
are deformed by H° to themselves. Recall that / maps the lower left 
1-tile to the white 0-tile by the map u \- > 5u and "extends to other 1- 
tiles by reflection" . Note that / maps all 1-edges in C 1 that are not on 
the left 0-edge, to one of the 0-edges on the top, right side, or bottom 
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of the pillow. Thus they are replaced by themselves when constructing 
C 2 from C 1 , see Remark 115.161 

The resulting /-invariant Jordan curve C is shown on the right. It is 
not hard to see that if the pillow is equipped with the flat metric, then 
the /-invariant curve C is rectifiable. 



Let (X,dx) and (Y,dy) be metric spaces. A map h: X — > Y is called 
a quasisymmetry or quasisymmetric if it is a homeomorphism and if 
there exists a homeomorphism r\: [0, oo) — > [0, oo) such that 



for all u, v , w G X, u ^ w. If we want to emphasize the distortion func- 
tion 7] here, then we call / an rj- quasisymmetry or rj- quasisymmetric. 
The metric spaces X and Y are called quasisymmetrically equivalent 
if there exists a quasisymmetry h: X — > Y. Two metrics d and d' 
on a space X are called quasisymmetrically equivalent if the identity 
map idx : {X, d) — > (X, d') is a quasisymmetry. Note that snowflake 
equivalence in its various incarnations (see Section [TO]) is stronger than 
quasisymmetric equivalence, since every snowflake equivalence between 
metric spaces is a quasisymmetry. 

Suppose that 5* is a metric circle, i.e., a metric space homeomorphic 
to a circle. Then S is called a quasicircle if it is quasisymmetrically 
equivalent with the unit circle <9B in C (equipped with the Euclidean 
metric). A metric space X is called doubling if there exists N e N such 
that every open ball of radius < r < 2 diam(X) in X can be covered 
by at most N open balls of radius r/2. 

According to a theorem by Tukia and Vaisala |TuV| p. 113, Thm. 4.9] 
a metric circle (S, d) is a quasicircle if and only if 

(i) (S, d) is doubling, 

(ii) S satisfies the Ahlfors condition: there is a constant K > 1 
such that for all points x,y E S, x ^ y, we have 

diam rf (7) < Kd(x,y) 

for one of the subarcs 7 of 5 with endpoints 2 and 7/. 
The chordal metric a on the Riemann sphere C is given by 
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for z, w G C and by an appropriate limit of this expression if z = oo 
or w = oo. If J C C is a Jordan curve, then, unless another metric is 
specified, we call J a quasicircle if J is a quasicircle if equipped with the 
chordal metric. Since J with the chordal metric is always a doubling 
metric space, a Jordan curve J C C is a quasicircle if and only if J 
satisfies the Ahlfors condition. 

We are now ready to prove Theorem 11.81 stated in the introduction. 

Proof of Theorem li.&l Suppose C is an /-invariant Jordan curve as in 
the statement, and let d be a visual metric on S 2 with expansion factor 
A > 1. 

In the ensuing proof, we will consider edges for (/, C). Since C is 
/-invariant, edges are subdivided by edges of higher order (see Propo- 
sition [TTj] (iv)). The Jordan curve C is the union of all 0-edges, so this 
implies that C is a union of n-edges for all n G N . If n, k G No and e is 
an arbitrary (n + k)-edge with ecC, then there exists a unique n-edge 
e' with e C e' C C. To see this pick, p G int(e). Then there exists an 
n-edge e' with p G e' C C. Since e' is a union of (n + /c)-edges, it follows 
from Lemma I4T31 (ii) that e C e'. Uniqueness of e' is clear, because p is 
an interior point of each n-edge that contains e, and distinct n-edges 
have disjoint interior. 

If e' is an n-edge, then the number of (n + fc)-edges e contained in 
e' is < #post(/) deg(/) fc ; indeed, the images of these (n + fc)-edges e 
under the map f n are distinct /c-edges, and the number of fc-edges is 
equal to #post(/) deg(/) fc (see Lemma FOj) . 

After these preliminaries, we are ready to show that C equipped 
with (the restriction of) d is a quasicircle. We first establish that C is 
doubling. 

Let x G C, and < r < 2diam(C). In order to show that C is 
doubling, it suffices to cover Bd(x, r) (1C by a controlled number of sets 
of diameter < r/4. 

It follows from Lemma 18.101 that we can find n E N depending on 
r, and k G No independent of r and x with the following properties: 

(i) r x A"™, 

(ii) diam(e) < r/4 whenever e is an (ko + ri)-edge, 

(iii) dist(e, e') > r if n — k > and e and e' are disjoint (n — k )- 
edges. 

Let .E be the set of all (n + A;o)-edges contained in C that meet 
Bd(x, r). Then the collection E forms a cover of Cr\Bd(x, r) and consists 
of sets of diameter < r/4 by (ii). Hence it suffices to find a uniform 
upper bound on j^E. If n < k Q , then j^E < #post(/) deg(/) 2fc °. 
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Otherwise, n — ko > 0. Then we can find an (n — &;o)-edge e C C 
with x G e. Let e be an arbitrary edge in i?. Again we can find an 
(n — fc )-edge e'cC that contains e. 

There exists a point y G eH-B^x,?"). Hence dist(e, e') < d(x,y) < r. 
This implies e D e' 7^ by (iii). So whatever e G £ is, the (n — k )- 
edge e'cC meets the fixed (n — £;o)-edge e. This leaves at most three 
possibilities for e', namely e, and the two "neighbors" of e on C. So 
there are three or less (n — fco)-edges that contain all the edges in E. 
Since each (n — k )-edge contains at most #post(/) deg(/) 2fc ° edges of 
order (n + k ), it follows that < 3#post(/) deg(/) 2fc °. In any case 
we get the desired bound for j^E. 

It remains to show the Ahlfors condition. Let x,y G C with x 7^ y be 
arbitrary, and let uq > be the smallest integer for which there exist 
no-edges e x C C and e y C C with x £ e x , y & e y and e x D e y = 0. Note 
that n is well-defined, because / is expanding and so the diameter of 
n-edges approaches uniformly as n — > 00. 

Then by Lemma 18.101 (i), 

d{x,y) > A" n °. 

If n = 0, then 

diam(C) < d(x,y) 

and there is nothing to prove. If no > 1, we can find (no — l)-edges 
e' x C C and e' y C C with x <E e' x , y E e' and ej. fl e' y ^ 0. Then e^. U e' y 
must contain one of the subarcs 7 of C with endpoints x and y. Hence 

diam(7) < diam(e^.) + diam(e^) < Ar no < d(x,y). 

Since the implicit multiplicative constants in the previous inequalities 
do not depend on x and y, we get a bound as desired. □ 

Since the class of visual metrics for / and any of its iterates coincide 
(see Proposition 18. 91 (v) ) . we may apply this theorem also to any iterate 
of / with an invariant Jordan curve C D post(/). In particular, the 
Jordan curve in Theorem 11.21 is a quasicircle if equipped with a visual 
metric for /. 

A family of quasisymmetries (possibly defined on different spaces) 
is called uniformly quasisymmetric if there exists a homeomorphism 
77: [0,oo] — > [0,oo] such that each map in the family is an 77-quasi- 
symmetry. Obviously, each finite family of quasisymmetries is uni- 
formly quasisymmetric. If h is an 77-quasisymmetry, then h~ x is an 
77-quasisymmetry, where rj only depends on rj; actually, one can take 
rj: [0, 00) ->■ [0, 00) defined by rj(0) = and T](t) = l/r]- l (l/t) for t > 0. 
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This implies that if a family of maps is uniformly quasisymmetric, then 
the family of inverse maps is also uniformly quasisymmetric. 

If X, Y, Z are metric spaces, and hi : X — > Y is r^-quasisymmetric 
and h 2 : Y — » Z is ^-quasisymmetric, then h 2 ohi is ?7-quasisymmetric, 
where i] = r] 2 o Hence the family of all compatible compositions 
of maps in two uniformly quasisymmetric families is again uniformly 
quasisymmetric. 

An arc a equipped with some metric d is called a quasiarc if there 
exits a quasisymmetry of the unit interval [0, 1] onto (a, d). It is known 
that (a, d) is a quasiarc if and only if (a, d) is doubling and there exists 
a constant K > 1 such that diaim^) < Kd(x,y), whenever x, y G a, 
x 7^ y, and 7 is the subarc of a with endpoints x and y |Tu V] . So 
quasiarcs admit a similar geometric characterization as quasicircles. 

A family of arcs is said to consist of uniform quasiarcs if there ex- 
ists a homeomorphism rj: [0, 00] — y [0, 00] such that for each arc a in 
the family there exists an ?7-quasisymmetry h: [0, 1] — > a. Similarly, a 
family of quasicircles is said to consist of uniform quasicircles if there 
exists a homeomorphism r\: [0, 00] — > [0, 00] that for each quasicircle S 
in the family there exists an ^-quasisymmetry h: <9B — > S. A family of 
quasicircles consists of uniform quasicircles if and only if the geomet- 
ric conditions characterizing quasicircles, i.e., the doubling condition 
and the Ahlfors condition, holds with uniform parameters. A similar 
statement is true for families of quasiarcs |Tu V] . 

We want to show that if the assumptions are as in Theorem 11.81 then 
all boundaries of tiles for (/, C) are quasicircles and all edges for (/, C) 
are quasiarcs. Actually, the family of all boundaries of tiles consists 
of uniform quasicircles and the family of all edges consists of uniform 
quasiarcs. One way to do this is to repeat the proof Theorem 11.81 
and show that the geometric conditions characterizing quasiarcs and 
quasicircles are true for the edges and boundaries of tiles with uniform 
constants. We choose a different approach that is based on the following 
lemma which is of independent interest. 

Lemma 16.1. Let f : S 2 — > S 2 be an expanding Thurston map, and 
C C S 2 be an f -invariant Jordan curve with post(/) C C. Suppose that 
S 2 is equipped with a visual metric d for f with expansion factor A > 1, 
and denote by X n for n G No the set of n-tiles for (/, C). Then there 
exists a constant C > 1 with the following property: 
Ifk,ne N , X n+k G X n+k , and x,y G X n+k , then 
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In particular, the family 7 := {f n \X n+k : k,n G N , X n+k G X n+k } 
is uniformly quasisymmetric. 

Proof. In the following all cells will be for (/, C). Let m — rrif t c be as in 
Definition 18.51 We know by Definition 18.71 and by Lemma 18.61 (iii) that 
d(x, y) x A~ m ( x ' y \ whenever x,y £ S 2 . If n G No, then Lemma [8761 (ii) 
implies that 

m(f n (x), f n (y)) > m(x, y) - n, 

and so 

d(f n (x),f n (y))<A n d(x,y). 

Here the implicit multiplicative constants are independent of x and y. 

To obtain an inequality in the other direction, let x, y G x n+k G 
X ra+fe , where n, k G No, We may assume that x ^ y. Then by definition 
of m(x,y) we have n + k < m(x,y) < oo. Let I := m(x,y) + 1 G N. 
Since I > n + k, the (n + k)-ti\e X n+k is subdivided by tiles of order 
/ (Proposition lll.ll (iii)). Hence there exist /-tiles X, Y C X n+k with 
x G X and y EY. Then X R K = by definition of m(x, w). Let X' : = 
f n (X) and V := / n (F). Then by Proposition O (i) the sets X' and 
y are (/ — n)-tiles. Since f n \X n+k is injective, these tiles are disjoint, 
and we have f n (x) G X' and f n (y) G Y' . So from Lemma [8.101 (i) we 
conclude that 

d(f n (x),d n (y)) > dist d (X',y) > A-^") x A«A— (x Vy ) x A -"d(a;,j/). 

Here the implicit multiplicative constants are again independent of s 
and y, and we get the other desired inequality. 

Inequality (116.11) immediately implies that the family J 7 is uniformly 
quasisymmetric. To see this, let k,n G No and X n+k G X n+fc . Then 
f n \X n+k is a homeomorphism onto its image (see Proposition 16.11 (i)). 
Moreover, if u,v,w G X n+k , u ^ w, then by (116.11) we have 

d(nu),nv)) 2 d(u,v) 

d(f"(u)J n (w)) - d(u,wY 

Hence f n \X n+k is 77-quasisymmetric, where r](t) = C 2 t for t > 0. Since 
7] is independent of the chosen map, the family T is uniformly qua- 
sisymmetric. □ 

Proposition 16.2. Let f ': S 2 — >■ S* 2 6e an expanding Thurston map 
and C G S 2 be an f -invariant Jordan curve with post(/) C C. Suppose 
that S 2 is equipped with a visual metric for f , and for n G No denote 
by X n the set of n-tiles and by E n the set of n- edges for {f,C). 

Then the family {dX : n G No and X G X n } consists of uniform 
quasicircles and the family {e : n G N and e G E n } of uniform 
quasiarcs. 
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In particular, edges for (/, C) are quasiarcs and the boundaries of all 
tiles are quasicircles. 

Proof. By Theorem 11.81 there exists a quasisymmetric map h: dV> — > C. 
Let A be an arbitrary tile for (f,C), say an n-tile, where n G No- 
Then f n \X is a homeomorphism of X onto the 0-tile f n (X) (Proposi- 
tion EUJ (i)), and so 

P(dX) = df n {X) = C. 

By Lemma T16. II the map f n \X, and hence also the map (f n \X)~ 1 , is a 
quasisymmetry. It follows that (/ n |A) -1 o h is a quasisymmetric map 
from <9D onto dX. Hence dX is a quasicircle. Actually, the family of 
these quasicircles dX is uniform, since the family of all relevant maps 
(/"IX)" 1 o h is uniformly quasisymmetric as follows from Lemma [1 6. II 

The proof that the family {e : n G No and e G E n } consists of uni- 
form quasiarcs runs along the same lines. First note that each 0-edge 
is a subarc of C, and hence corresponds to a subarc of <9B under the 
quasisymmetry h. Since this subarc can be mapped to the unit interval 
[0, 1] by a bi-Lipschitz homeomorphism, each 0-edge is quasisymmetri- 
cally equivalent to [0, 1] and hence a quasiarc. 

Now let e be an arbitrary edge for (f,C), say an n-edge, where 
n G No- Then f n \e is a homeomorphism of e onto the 0-edge f n (e) 
(Proposition 16.11 (i)). Moreover, there exists an n-tile X with e C X 
(Lemma 15. ip . Then f n \e is the restriction of the map f n \X to e, and 
it follows from Lemma [16.11 that f n \e is a quasisymmetry. Hence e is 
quasisymmetrically equivalent to a 0-edge and hence a quasiarc. 

Lemma [16.11 actually implies that the family {f n \e : n G N and e G 
E n } is uniformly quasisymmetric. So each edge is quasisymmetrically 
equivalent to a 0-edge by a quasisymmetry in a uniformly quasisym- 
metric family. Since there are only finitely many 0-edges, this implies 
that the family of all edges for (/, C) consists of uniform quasiarcs. □ 

A metric space (A, d) is called linearly locally connected (often abbre- 
viated as LLC) if there exists a constant C > 1 such that the following 
two conditions are satisfied: 

(i) If p G A, r > 0, and x, y G B d (x, r), x ^ y, then there exists a 
continuum E C A with x,y £ E and C B^ip, Cr). 

(ii) If p G A, r > 0, and x, y G A\_B rf (x, r), x ^ y, then there exists 
a continuum E <Z X with x,y £ E and E G X \ Bd(p,r /C). 

The following proposition shows that a 2-sphere equipped with a 
visual metric for an expanding Thurston map is linearly locally con- 
nected. 
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Proposition 16.3. Let f : S 2 — )■ S 2 be an expanding Thurston map, 
and suppose that S 2 is equipped with a visual metric d for f . Then the 
following statements are true: 

(i) There exists a constant C > 1 such that any two points x, y G 
S 2 can be joined by a path a in S 2 with 

(16.2) diam(a) < C'd(x,y). 

(ii) There exists a constant C > 1 with the following property: If 
p G S 2 , r > 0, and x, y G B(p, 2r) \ B(p, r), then there exists a 
path 7 in S 2 joining x and y with 

(16.3) 7 cB(p,Cr)\B(p,r/C). 

(iii) (S 2 ,d) is linearly locally connected. 

The statement (i)-(iii) are not logically independent, but one can 
show the implications (ii) =>- (iii) =>- (i). 

Proof. Let A > 1 be the expansion factor of d. Then for some Jordan 
curve C C S 2 with post(/) C C we have d(u,v) x A~ m f,cM f or 
u,v G S 2 (see Definitions 18.51 and 18. 7p . In the following all cells will be 
for(/,C). 

(i) Let x, y G S 2 , x ^ y, be arbitrary, and n = mf^(x, y) G No- Then 
there exist n-tiles X and Y with x G X, y G Y, and X R K 7^ 0. Since 
X and y are Jordan regions, we can find a path a in X U Y that joins 
x and y. Then by Lemma [8.101 we have 

diam(a) < diam(X) + diam(F) < A~ n x d(x, y), 

where the implicit multiplicative constants are independent of x and 
y. Statement (i) follows. 

(ii) Let p G S 2 , r > 0, and x, y G B(p, 2r) \ B(p, r). In the following 
all implicit multiplicative constant will be independent of these initial 
choices of p, r, x, and y. 

Define 

n := max{m /jC (p, x),m ftC (p, y)} + l. 

Then 

A~ n x min{d(p, x), d(p, y)} x r. 

Let X, Y, Z be n-tiles with x G X, y G F, and p £ Z. Then by 
definition of n we have X R Z = and K R Z = 0. 

Since / is expanding, we can choose ko G No as in (18. 4p . In particular, 
every connected set of A; -tiles joining opposite sides of C must contain 
at least 10 /c -tiles. 
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Consider set the U n+ko {p) as defined in iKTTTj) . Then f n (U n+k °(p)) 
is connected, and consists of /c -tiles. This set cannot join opposite 
sides of C; for otherwise, we could find a connected set of six & -tiles 
with this property (see the proof Lemma [8. 131 for a similar reasoning). 
This is impossible by definition of k . Hence f n (U n+k °(p)) is contained 
in a 0-flower (Lemma 17.71) which implies that U n+k ° (p) is contained 
in an n- flower (Lemma 17.31 (iii)). So there exists an n- vertex v with 
p G U n+k °(p) C W n (v). Since Z contains p, this tile must be one of 
the n-tiles forming the cycle of v. So v G Z, and v ^ X, Y. This in 
turn implies that X and Y do not meet W n (v) (see Lemma [7.21 (iii)). 

Pick a path a in S 2 that joins x and y and satisfies (116.21) . By 
Lemma [143] we can find a set M of n-tiles that forms an e-chain joining 
X and Y so that each tile in M has non-empty intersection with a. 
Pick n-vertices x' G dX, y' G dY . Since X and Y do not contain v, we 
have x',y' ^ v. Consider the graph Gm = {dU : U G M}. It consists 
of n-edges, is connected, has no cut points (Lemma 114.21) . and contains 
x' and y' as vertices. Hence there exists an edge path in Gm joining 
x 1 and y' whose underlying set does not contain v. Then this edge 
path does not contain any edge in the cycle of v and so (3 PI W n (v) = 0. 
Let 7 be the path in S 2 that is obtained by running from x to x' along 
some path in X, then from x' to y' along /3, and then from y' to y along 
some path in Y. Then 7 joins x and y. 

Since the sets X, Y, (3 have empty intersection with W n (v) and hence 
with U n+ko (p), it follows that 7 n t/" +/c °(p) = 0. So by Lemma EH we 
have 

dist(p, 7 ) > A-("+ fc ") x x r. 

Hence there exits a constant G\ > 1 independent of the initial choices 
such that 

7n%r/d) = 0. 
The set 7 can be covered by n-tiles that meet a. Since 

diam(a) < C'd(x, y) < 4C'r < r, 

and 

max{diam([7) : {7 is an n-tile} < A~ n x r, 

we conclude that 

diam(7) < diam(a) + 2 max{diam([/) : U is an n-tile} < r. 

Since the initial point x of 7 has distance < 2r from p, it follows that 
there exists a constant C2 > 1 independent of the initial choices such 
that 7 C .B(p, C 2 r). Setting C = max{Ci, C 2 }, get the inclusion (116. 3p . 
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(iii) To show that (S 2 ,d) is linearly locally connected, we verify the 
two relevant conditions; here we can use possibly different constants C 
in each of the conditions. 

Let p G X, r > 0, and x, y G B(p,r), x ^ y, be arbitrary. Choose a 
path a as in (116. 2p . and define E := a and C = 2(7'+ 1. Then x,y G E, 
and, since diam(a;) < C'd(x, y) < 2C'r, we have 

E C B(p,r + diam(a)) C B(p, Cr). 

The first of the LLC-condition follows. 

For the second condition, let p G X , r > 0, and x,y G X \ B(p,r) 
with x 7^ y be arbitrary. Let a be a path in S* 2 joining x and y. If 
a H L?(p, r) = 0, define E := a. Then E is a continuum with x,y G L 
and£cl\5(p,r). 

If a meets L?(p, r), then, as we travel from x to y along a, there exists 
a first point with x' G L?(p, 2r). Note that if x G B(p, 2r), then x' = x, 
and d(p,x') = 2r otherwise. In any case, x' G B(p,2r) \ B(p,r). Let 
a x be the subpath of a obtained by traveling along a starting from x 
until we reach x'. Then a x C X \ B(p, r). 

Traveling along a in the opposite direction starting from y, we define 
a point y' G B(p,2r) \ B(p,r) and a subpath a y C X \ B(p,r) of a 
joining y and similarly. Then x',y' G B(p,2r) \ B(p,r). Hence 
by (ii) there exists a path 7 in S 2 that joins x' and and satisfies 
7 C X \ B(p,r/C). Here C > 1 is a constant independent of the initial 
choices. Now define L = a x U 7 U a y . Then L is a continuum with 
x,y £ E and E C X \ B(p,r/C). It follows that the second LLC 
condition is satisfied as well. □ 

17. Periodic critical points 

Let / : S 2 — > S 2 be a branched covering map on a 2-sphere S* 2 . A point 
p G S* 2 is called periodic if there exists n G N such that = p. 

The smallest n for which this is true is called the period of the periodic 
point. The point p is called pre-periodic if there exists n G No such 
that f n (p) is periodic. 

The following lemma is well-known. 

Lemma 17.1. Let f : S 2 — >■ 5 2 fre a branched covering map. Then f 
has no periodic critical points if and only if there exists N G N such 
that 

deg fn (p) < N 

for all p G S 2 and all n G N. 
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Proof. Note that for p G S 2 and n G N we have 

n-l 

(17.1) deg fn (p) = l[deg f (f k (p)) 

k=0 

So if p is a periodic critical point of period /, say, and d = deg^(p) > 2, 
then 

deg fn {p) > rf rn/n > 2 n/ ' ->■ oo 

as n — )• oo. Hence degjn(p) is not uniformly bounded. 

If / has no periodic critical point, then the orbit p, f(p), f 2 (p), 
of a point p G S* 2 can contain each critical point at most once. Hence 
by (117.11) we have 

deg f „{p) <N:= JJ deg / (c). 

c6crit(/) 

Note that the last product is finite, because / has only finitely many 
critical points. □ 

Theorem 17.2. Let f : S 2 — >■ S 2 be an expanding Thurston map. Then 
S 2 equipped with a visual metric for f is doubling if and only if f has 
no periodic critical points. 

Actually, if / has no periodic critical points and d is a visual met- 
ric, then (S 2 ,d) is not only doubling, but even Ahlfors regular (see 
Proposition MEM- 

Proof. Assume first that / has no periodic critical points. By Theo- 
rem [L2] there exists an iterate F = f n and an F-invariant Jordan curve 
C C S 2 with post(/) = post(F) C C. Then F is also an expanding 
Thurston map (Lemma I8.4[) and it has no critical points as easily fol- 
lows from (13. ip . It suffices to show that S 2 is doubling with a visual 
metric for F, because the class of visual metrics for / and F agree 
(Proposition 18.91 (v)). 

Fix such a visual metric for F, and denote by A > 1 its expansion 
factor. In the following cells will refer to cells for (F,C). 

Then by Lemma 117.11 there exists iV G N such that deg F fc (p) < N 
for all p £ S 2 and 6 No. This implies that the closure of every 
fc-flower consists of at most 2N tiles of order k (see Lemma 17.21) . 

To establish that S 2 is doubling we now proceed similarly as in the 
proof of Theorem 11.81 Let ieS 2 and < r < 2 diam(5' 2 ) be arbitrary. 
We have to cover B(x,r) by a controlled number of sets of diameter 
< r/4. Again, using Lemma [8. 101 we can find n G No depending on r, 
and ko G Nq independent of r and x with the following properties: 
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(i) r X A~ n , 

(ii) diam(X) < r/4 whenever X is an (k + n)-tile, 

(iii) dist(X, Y) > r whenever n — k$ > and X and Y are disjoint 
(n — fco)-tdes. 

Let T be the set of all (n + /c )-t nes that meet B(x,r). Then the 
collection T forms a cover of B(x,r) and consists of sets of diameter 
< r/4 by (ii). Hence it suffices to find a uniform upper bound on 
#T, independent of x and r. If n < k , then #T < 2deg(F) 2fc ° (see 
Proposition 16. II (iv)) and we have such a bound. 

Otherwise, n — ko > 0. Pick an (n — fco)-tile X with If Z is 

an arbitrary (n + fco)-tile in T, then we can find a unique (n — fco)-tile 

Y that contains Z (here we use that C is F-invariant and so each tile 
is subdivided by tiles of higher order). 

There exists a point y G Z n B(x,r). Hence dist(X, Y) < d(x,y) < 
r. This implies X fl Y 7^ by (iii). So whatever 2 G T is, the 
corresponding (n— A;o)-tile Y D Z meets the fixed (n— fco)-tile X. Hence 

Y must share an (n— fc )-vertex f with X which implies Y C W n ~ k °(v). 
Since IY n_fc °(f ) consists of at most 2N tiles of order (n — k ), and the 
number of (n — fc )- v ertices in X is equal to ^post(F), this leaves at 
most 2iV#post(/) possibilities for Y. 

Since every (n — fco)-tile contains at most 2deg(/) 2fc ° tiles of order 
(n + fc ), it follows that #T < 4iV# post(/) deg(/) 2fc °. So we get a 
uniform bound as desired. 

To show the other implication we use the following fact about dou- 
bling spaces, which is easy to show: in every ball there cannot be too 
many pairwise disjoint smaller balls of the same radius. More precisely, 
for every 77 G (0, 1) there is a number K such that every ball open ball 
of radius r contains at most K pairwise disjoint open balls of radius 
rjr. 

Now suppose /: S 2 — > S 2 is an expanding Thurston map such that 
S 2 equipped with some visual metric is doubling. Pick a Jordan curve 
C C S 2 with post(/) C C. In the following cells will be for (f,C). 
Let p £ S 2 and n G N. In order to show that / has no periodic 
critical points it suffices to give a uniform bound on d = degjn(p) (see 
Lemma 117. ip . For this we may assume that deg^ n (p) > 2. Then p is an 
n- vertex and the closure of the n- flower consists of precisely 2 deg j n (p) 
n-tiles. These n-tiles have pairwise disjoint interior and each interior 
contains a ball of radius r x A~ n (see Lemma 18. 13|) . On the other 
hand, diam(IY n (p)) < A~ n . Since S 2 is doubling, it follows that the 
number of these tiles and hence deg f n (p) is uniformly bounded from 
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above by a constant independent of n and p. Hence / has no periodic 
critical points. □ 

18. The combinatorial expansion factor 

In this section we will study the asymptotic rate at which the quantity 
D}~ introduced in (17.41) grows as A; — » oo. Note that D k depends on 
/ and C. If we want to emphasize this dependence, we write D k = 
Dk(f,C). We require the following lemma. 

Lemma 18.1. Let n G No, / : S 2 — » S 2 be a Thurston map with 
#post(/) > 3, and C d S 2 a Jordan curve with post(/) C C. If there 
exists a connected set K C S 2 that joins opposite sides of C and can be 
covered by N n-flowers for (f,C), then D n (f,C) < AN. 

Proof. We assume first that #post(/) = 3. Let K be as in the state- 
ment. By picking a point from the intersection of K with each of the 
three 0-edges, we can find a set {x, y, z} C K such that {x, y, z} meets 
opposite sides of C. Since K is connected and can be covered by N 
n-flowers, we can find n- vertices V\, . . . , Vjy G S 2 such that x G W n (vi), 
y G W n {v N ) and W n {vi) n W n {v i+1 ) ^ for i = 1, . . . , iV - 1. It fol- 
lows from Lemma 17.21 (i) that there exists a chain consisting of n-tiles 
Xi, . . . ,X 2 n joining x and y (recall the terminology discussed before 
Lemma 1831) . Similarly, there exists a chain X[, . . . , X' 2N of n-tiles join- 
ing x and z. The union K' of the n-tiles in these two chains is a 
connected set consisting of at most AN n-tiles. It contains the set 
{x, y, z} and hence joins opposite sides of C. Thus D n (f, C) < AN. 

If #post(/) > 4, the proof is similar and easier. In this case we 
can find a set {x, y} C K that joins opposite sides of C. By the same 
argument as before, we get the bound D n (f,C) < 2N. □ 

Proposition 18.2. Let f : S 2 — >• S 2 be an expanding Thurston map, 
and C C S 2 be a Jordan curve with post(/) C C. 
Then the limit 

Ao(/)= lim D k (f,C) 1/k 

k — yco 

exists. Moreover, this limit is independent of C and we have 1 < 
Ao(/) < oo. 

We call Ao(/) the combinatorial expansion factor of /. 

Proof. Set Dk = Dk(f,C). We will first show that there exists a con- 
stant C\ > 1 such that 



(18.1) 



{l/C x )D k < D k+l < C x D k 
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for all 6 No- Indeed, if k G No then there exists a connected set K 
joining opposite sides of C that consists of D k fc-tiles (for (/, C)). By 
Lemma [7. Ill we can cover K by MD k (k + 1) -flowers, where M G N is 
independent of k. Hence by Lemma [18. II we have D k +± < CDk, where 
C = AM. An inequality in the opposite direction follows from a similar 
argument again based on Lemma 17.111 and Lemma 118.11 

Now let C C S 2 be another Jordan curve that contains post(/). Set 
Dk = Dk(f,C). We will show that there exists a constant C 2 > 1 such 
that 

(18.2) {l/C 2 )D k <D k < C 2 D k 

for all k G N . 

Let 5q = 8o(f,C) > be defined as in (17.31) for /, C, and a base 
metric don S 2 . Since / is expanding, we there exists ko G No such that 
diam(X) < 5o/2 whenever X is /co-tile for (f,C). 

We can find a compact connected set K joining opposite sides of 
C that consists of D k k- tiles for (f,C). Then diam(if) > 5q and so 
K contains two points with d(x,y) > 5q. There exist fco-tiles X and 
Y for (/, C) such that x G X and y G Y. By choice of fco we have 
X fl Y = 0, and so if joins fco-tiles for (/, C) that are disjoint. Hence 
f k °(K) joins opposite sides of C by Lemma I7T91 Every fc-tile for (f,C) 
can be covered by M k- flowers for (f,C), where M only depends on C 
and C (Lemma I7.12p . This and Lemma [7.31 imply that if k > k , then 
we can cover f h °(K) by MDk (k — fco)-flowers for (/, C). 

So by Lemma [18.11 we have 

Dk-k < 4:MD k , 
and the first part of the proof implies 

D k < C^D^ < 2MC k 1 "D k . 

If k < ko we get a similar bound from the inequalities Dk < 2 deg(/) fc ° 
and D k > 1. It follows that there exists a constant C independent of 
k such that 

D k < CD k 

for all k G No- An inequality in the opposite direction is obtained by 
reversing the roles of C and C and using an inequality similar to (118.11) 

for D k - 

A consequence of (118.21) is that if the sequence {Dk(f, C) 1 ^} con- 
verges as k — > oo, then {Dk(f, C) 1 ^} also converges and has the same 
limit. 
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So if the limit exists, it does not depend on C. To show existence 
we may impose additional assumptions on C, namely by Theorem II .2\ 
we may assume that C is invariant for some iterate F = f n of /. Since 
F is a also an expanding Thurston map (Lemma 18.41) . it follows from 
Lemma 18.31 and Lemma 111.31 that the limit 



A (F,C) = lim D k (F,C) 

k— »oo 



l/k 



exists and that A (F,C) G (1, oo). 

Since the fc-tiles for (F, C) are precisely the (nfc)-tiles for (/, C) we 
have D nk = D k (F,C) for all k G No, and so 

DT k) = D k (F,C) 1/(nk) -> Ao(/) := A (F,C)^ n G (l,oo) 

as k — > oo. Invoking (118.11) it follows that D^ k — > A (f) as k — > oo. 
The proof is complete. □ 

If F = f n is an iterate of /, then, as was pointed out in the previous 
proof, we have 

D k (F,C) = D nk (f,C) 
whenever k G No and C is a Jordan curve with post(/) C C. This 
implies 

(18.3) A (F) = A (D = AoC/T. 

The combinatorial expansion factor is invariant under topological 
conjugacy as the next statement shows. 

Proposition 18.3. Suppose f:S 2 — > S 2 and g: S 2 — > S 2 are ex- 
panding Thurston map that are topologically conjugate. Then Ao(/) = 

Ao(g). 

Proof. By assumption there exists a homeomorphism h : S 2 — > S 2 such 
that h o / = g o h. Pick a Jordan curve C C S 2 with post(/) C C and 
let C = h{C). Then C is a Jordan curve that contains post(g), and, as 
in the proof of Corollary 110. 6} we have 

V k (g,C) = {h(c):ceV k (f,C)} 

for k G N . This implies that D k (f, C) = D k (g, C) for all k G N and so 

K Q {g) = lim Z^C) 1 ^ = lim D k (f,C)^ k = A (f) 

fe— >00 K— ^OO 

as desired. □ 

For the proof of Theorem 11.71 we need the following lemma. 

Lemma 18.4. Let k,n G No, / : S 2 — >• S* 2 6e a Thurston map, and 
C C S 2 be a Jordan curve with post(/) C C. 
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(i) If Z C S 2 is a Jordan region such that f n \Z is a homeomor- 
phism and f(Z) is a k-tile, then Z is an (n + k)-tile. 

(ii) If X' is a k-tile and p G S 2 is a point with f n (p) € mt(X'), then 
there exists a unique (n + k)-tile with p e X and f n {X) = X' . 

Proof. It is understood that tiles are for (f,C). Note that / is cel- 
lular for {V n+k {f,C),V k {f,C)), and the set /- fe (post(/)) D post(/) of 
vertices of V k (f, C) contains the set / n (crit(/ n )) C post(/) (the last in- 
clusion follows from (I3.ip ). Hence we are in the situation of Lemma [5741 
with V = V k (f, C) and V = V n+k (f, C). 

Then (i) follows from the uniqueness statement of Lemma 15.41 and 
the definition of T>' in the first paragraph of the proof of this lemma. 

Moreover, under the assumptions of (ii) it follows from Claim 1 in 
the proof of Lemma 15.41 that there exits a unique (n + fc)-tile X with 
p G X. Then f n (X) is a fc-tile containing f n (p) € mt(X'), and so 
/"(X) =X'. ' □ 

Proof of Theorem \l . 7[ Fix a Jordan curve C C S 2 with post(/) C C, 
and let D k = D k (f,C) for k 6 N . In the following cells will be for 
(f,C). 

(i) The proof of the first part is easy. Suppose d is a visual metric 
with expansion factor A. Then there exists a constant C > 1 such that 

diam(X) < CA- k 

for all fc-tiles (Lemma 18.101 (ii)). Let 5 = S (f,C) > be defined as in 
(17.31) for /, C, and the metric d. 

For each k e No there exists a connected set joining opposite sides 
of C that consists of Dk fe-tiles. Hence 

5 < diam(fT) < CD k \- k . 

Taking the kth roots here and letting k — > oo, it follows that A < A (/) 
as desired. 

We break up the proof of (ii) in two parts (iia) and (iib). 

(iia) We make the additional assumption that the Jordan curve C is 
/-invariant and A > 1 satisfies 

(18.4) A < D x . 

In this case, we now proceed to construct a visual metric d with 
expansion factor A that satisfies (11.11) . We first introduce some termi- 
nology. 

A tile chain P is a finite sequence of tiles X%, . . . , Xn, where Xj fl 
Xj+i 7^ for j = 1, . . . , N — 1. Here we do not require the tiles to be of 
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the same order. A subchain of P is a tile chain of the form Xj 1) . . . , Xj s , 
where 1 < ji < ■ ■ ■ < j s < N. The tile chain joins the sets A, B C S 2 
if A fl 7^ and 5 fl A^r 7^ 0. It joins the points x,y G S" 2 if it joins 
{x} and {y}. Every chain joining two sets A and B contains a simple 
subchain joining A and B, i.e., a chain that does not contain a proper 
subchain joining the sets. A chain X\, . . . , Xn joining two disjoint sets 
A and B is simple if and only if Xi C\Xj =0 whenever < i, j < N + 1 
and \i — j\ > 2, where Ao = A and A^r+i = B. 
Define the weight of a fc-tile A fc to be 

(18.5) w{X k ) := A~ k , 

and the w-length of a tile chain P consisting of the tiles A 1; . . . , Ajy as 

N 

length w (P):=5>(A,). 

Now for x,y £ S 2 we define 

(18.6) d(x,y) := inf lengthy (P), 

where the infimum is taken over all tile chains P joining x and y. 
Obviously, such tile chains exist and the infimum can be taken over 
simple tile chains P. 

Claim 1. The distance function d is a visual metric with expansion 
factor A. 

Symmetry and the triangle inequality immediately follow from the 
definition of d. Since / is expanding, we also have d(x, x) = for 
x e S 2 . 

Let x,y G S 2 with x 7^ y be arbitrary, and define m = m(x,y) = 
m,ffi{x,y) (see Definition 18. 5p . Then there exist m-tiles X and Y with 
x G A, y G Y and A fl Y 7^ 0. So A, K is a tile chain joining x and y, 
and thus 

d(x, y) < w(X) + w(Y) = 2A~ m . 

To prove the claim, it remains to establish a lower bound d(x, y) > 
(l/C)A~ m for a suitable constant C independent of x and y. 

Pick (m + l)-tiles A' and Y' with x G A' and y G V. Then AW = 
by definition of m. Every tile chain joining x and y contains a simple 
tile chain joining A' and Y'. 

So let P be a simple tile chain joining A' and Y 7 , and suppose it 
consists of the tiles Ai, . . . , X^. Let k G No be the largest order of any 
tile in P. If k < m + 1, then we get the favorable estimate 

(18.7) lengthjP) > A~ k > A - ™" 1 . 
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Figure 25. Replacing fc-tiles by (k - l)-tiles. 



Otherwise, k > m + 1. We want to show that then we can replace 
the /c-tiles in P by (k — l)-tiles without increasing the if- length of the 
tile chain. The construction is illustrated in Figure |25j 

To see this, set X = X', X N+1 = Y r , and let X^ where 1 < i < N, 
be the first fc-tile in P. Since P is a simple chain joining X' and Y', 
the tile Xi is not contained in X^\ and so it has to meet dXi-±. Since 
the order of is < k, we can find a (k — l)-edge e C dXi-± with 
e fl Xi 7^ 0. Here and below we use the fact that C is /-invariant, and 
so cells of any order are subdivided by cells of higher order. Every 
(k — l)-tile meets e or is contained in the complement of the edge 
flower W k ~ 1 (e) (see Lemma [7.51 (iii)). Since tiles of order < k — 1 are 
subdivided into tiles of order k — 1, this implies that also every tile of 
order < k — 1 meets e or is contained in the complement of W k ~ 1 (e). 

Now P is simple and so no tile in the "tail" X i+1 , . . . , X N , X N+ i 
meets e. Let f G N be the largest number such that i < j' < N and 
all tiles Xi, . . . ,Xj> are fc-tiles. Then Xy+i has order < k — 1. Since 
this tile does not meet e, it is contained in S 2 \ W k ~ 1 (e), and so the 
tiles Xi, . . . , Xji form a chain of fc-tiles joining e and S 2 \ W k ~ l (e). Let 
j G N be the smallest number with i < j < j' such that Xj meets 
the complement of W k ~ 1 (e). Then Xi, . . . ,Xj is a chain P k of fc-tiles 
joining e and S 2 \ W k ~ l (e). In particular, P k joins two disjoint (k — 1)- 
cells as follows from the definition of an edge flower (see Definition I7.4p . 
Moreover, Xj is the only tile in the chain P k that meets the complement 
of W k -\e). 

Since P k joins disjoint (k — l)-cells, it follows from Lemma [7.101 that 
P k has at least Di elements, and so by (118. 4p . 



lengthy (P fc ) > AA- fc > A~ 



k+l 
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Let Z be the unique (k - l)-tile with Z D Xj. Then Z n X j+1 ^ 0. We 
also have Z n e 7^ 0; for otherwise I^cZcS^ W^ fe_1 (e). Then j > i 
and meets Xj and so the complement of W k ~ 1 (e) contradicting 
the definition of j. So Z fl D Z fl e ^ 0. Thus we can replace 
the subchain P k of P by the single (& — l)-tile Z to obtain a chain P' 
joining X' and Y' . It satisfies 

lengthJP') = lengthjP) - lengthy (P k ) + w(Z) < lengthjP). 

By passing to a subchain of P' we can find a simple chain P" joining X' 
and y that contains fewer fc-tiles than P and satisfies lengthy (P") < 
lengthjP). 

Continuing this process we can remove all fc-tiles from the chain tile 
joining X' and Y' without increasing its w-length. If A; — 1 > m + 1, we 
can repeat the process and remove the (k — l)-tiles without increasing 
the w-length, etc. In the end the we obtain a tile chain P joining X' and 
Y' that contains no tiles of order > m + 1 and satisfies lengthy (P) < 
lengthy (P). Thus 

lengthy (P) > lengthy (P) > A _m-1 . 

This together with the previous estimate (118.71) implies 

d(x,y) >(l/A)A' m . 

This is an inequality as desired, and so d is indeed a visual metric with 
expansion factor A. In particular, this implies that d induces the given 
topology on S 2 (see Proposition 18.91 (ii)). 

Claim 2. The visual metric d as defined in (118.61) has the expansion 
property ( 11. II) . 
We first show that 

(18.8) d{f{x),f(y))<Ad(x,y), 

for all x, y with d(x, y) < 1. 

Indeed, suppose x, y G S 2 with d(x, y) < 1 are arbitrary. Let P 
be an arbitrary tile chain that joins x and y and consists of the tiles 
Xi, . . . , X N . Assume in addition that P satisfies lengthy (P) < 1. Then 
P does not contain 0-tiles and hence f(Xi), . . . , f(X N ) is a tile chain 
joining f(x) and f(y). Calling the latter chain /(P), we have 

lengthJ/(P))=AlengthjP). 

Taking the infimum over all such chains P leads to the desired inequal- 
ity (HMD. 

For an inequality in the other direction we now consider two cases 
for x G S 2 . 
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Case 1. x ^ crit(/). 
Then we can find an open neighborhood U of a; on which / is a home- 
omorphism. Then U' = f(U) is an open set containing f(x). We can 
choose e > and 5 > such that B d (x, 5) C U, B d (f(x), e) C U', and 
f(B d (x,8))cB d (f(x),e). 

Define U x = B(x, 5), and let y G U x be arbitrary. Then d(f(x), f(y)) < 
e. Consider a tile chain P' joining f(x) and f(y) whose w-length is 
close enough to d(f(x),f(y)) so that length u ,(P / ) < e. By definition 
of the metric d, for every point z that lies on a tile in P', we have 
d(f(x),z) < length JP') < e. Hence P' lies in B d (f(x),e) C U'. 

It follows that (f\U)~ l is defined on every tile X' in P', and so by 
Lemma H8 .41 (i) the Jordan region X = (f\U)^ 1 (X l ) is a tile contained 
in U. If k is the order of X', then k+1 is the order of X. By considering 
these images of tiles in P' under we get a tile chain P joining 

x and y with lengthy (P) = ( 1 /A) lengthy (P'). Taking the infimum 
over P' we obtain 

(18.9) d(x,y)<(l/A)d(f(x)J(y)), 

as desired. 

Case x G crit(/). 

Then x G / _1 (post(/)), and so x is a 1-vertex. Consider the flower 
U = W\x), and its image U' = f{W\x)) = W\f{x)). These are 
open neighborhoods of x and f(x), respectively, and the map f\U\{x} 
is a (non-branched) covering map of U \ {x} onto U' \ {f{x)} (all this 
follows from the considerations in the proof of Lemma [5. 2p . Again we 
can choose e > and 5 > such that B d (x,8) C U, B d (f(x),e) C U', 
and f(B d (x,S))cB d (f(x),e). 

Define U x = B d (x, 5), and let y G U x be arbitrary. In order to show 
(118.9)) we may assume x ^ y. Then d(f(x),f(y)) < e and f(x) ^ 
f{y). Consider a tile chain P' joining f(x) and f(y) consisting of tiles 
X[, . . . , X' N . We can make the further assumptions that X[ is the only 
tile in this chain that contains f(x) and that lengthy (P') is close enough 
to d(f(x), f(y)) such that length u ,(P / ) < e. As before this implies that 
P' lies in U'. We now choose a path 7: [0, N] — > U' with the following 
properties: 

(1) 7 (0) = /Or), j(N) = f(y) and 7 (t) ^ /(a;) for t ^ 0, 

(2) 7 ([i-l,i])c^fori = l,...,JV, 

(3) 7(i - 1/2) G int(X0 for i = 1, . . . , AT. 

Since the tiles A] are Jordan regions, such a path 7 can easily be 
obtained by first running from f(x) in X[ to an interior point of X[, 
then to a point in X[ P\ X' 2 , then to an interior point of X' 2l etc., and 
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finally to f(y) ^ f(x) in Xjy. Since X[ is the only tile in P' containing 
f(x), this can be done so that the path never meets f(x) except in its 
initial point. 

There exists a lift a of this path (under /) with endpoints x and y, 
i.e., a path a : [0, N] — > U with a(0) = x, a(N) = y, and / o a = 7. To 
obtain a, lift 7|(0, N] under the covering map f\U \ {x} such that the 
lift ends at y, and note that the lift has a unique continuous extension 
to [0, N] by choosing x to be its initial point. 

Using this lift a, we can construct a lift of our tile chain P' as follows. 
Consider a tile X[ in P' and let fc* be its order. Put p^ := a(z — 1/2) 
and p[ : = 7(1 - 1/2). Then /(p^ = K G int(X;). By Lemma Q23] (ii) 
there exists a unique (ki + l)-tile X,i with p, G Xj and f(Xi) = X[. 

Note that 

7 ((0, iV])cf/'\ {/(*)} = W°(/(x)) \ {/(a;)} C S 2 \ post(/) 

and that the map 

/:5 2 \r 1 (post(/))^5 2 \post(/) 

is a covering map. This implies that a\[i — is the unique lift of 
— with a (i — 1/2) = pj. On the other hand, the path = 
(/|X i )- 1 o( 7 |[i-l,i]) is alsoaliftof7|[i-l,i] under / with A (z- 1/2) = 
Pi by definition of X^. Hence fa — a\[i — and so a([i — C Xj. 
It follows that x = a(0) G X l5 y = a(N) G X N , and Xj fl X i+1 D 
{a(i)} ^ for i = 1,...,N- 1. 

Therefore, the tiles Xi, . . . , X^ form a tile chain P joining x and y. 
Since its tiles have an order by 1 larger the order of the the correspond- 
ing tiles in P', we have lengthy (P) = ( 1 /A) lengthy (P r ). Taking the 
infimum over P' we again obtain inequality fl 1 8 . 9 [) 

Combining d 1 8 . 8 [) and (118. 9p we see that every point x G 5* 2 has a 
neighborhood U x such that (II. ip holds. 

This concludes the proof for the existence of the visual metric d 
under the additional assumption in case (iia). 

(iib) We now consider the general case. 

We can choose an iterate of F = f n of / such that F has an F- 
invariant Jordan curve C C S 2 with post(/) = post(F) C C (Theo- 
rem[L2]). Note that D k (f, Cf' k ->■ A (/) > A. Hence if n is sufficiently 
large, what we may assume by passing to an iterate of F, we also have 

D 1 (F,C) = D n (f,C)>A n . 

This means that F is an expanding Thurston map satisfying the 
assumptions in (iia). Thus there exists a visual metric for F with ex- 
pansion factor A n that satisfies the corresponding version of (II. ip . We 
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call this metric p in order to distinguish it from that metric d that we 
are trying to construct. Then p is a visual metric for F with expansion 
factor A n , and for each x G S 2 there exists an open neighborhood U x 
of x such that 

(18.10) p(F(x), F{y)) = p(f n (x), f n (y)) = A n p(x, y) 

for all y G U x . 

We now define d as 

n-l 



(18.11) d(x,y)^-J2A- i p(f(x)J i (y)) 



n 
i=0 



for x, y G S* 2 . 

Then (11. ip follows from the corresponding property ( 118.101) with the 
same sets U x , x G S 2 ; indeed, if x G S 2 and y <E U x then by (118. 10p we 
have 

n— 1 

d(f(x)J(y)) = - y>-V(/ <+1 (s),/ <+1 (y)) 



n 

8=0 



1 / ^ 2 

- ( A £ A-(* +1 V(f +1 (*), f +1 (i/)) + Ap(x, y) 
n V — 

v j=0 
1 n— 1 

= A-^A- t p(f(x),f(y)) = Ad(x,y). 

i=0 

It remains to show that d is a visual metric for / with expansion 
factor A. It is clear that d is a metric on S 2 . Let m = w/,c and 
rriF = rriF,c be as in Definition 18.51 Since p is a visual metric for F 
with expansion factor A n we have 

p{x,y) x K~ nm ^v) x ^-™{x,y) 
for all x, y G S 12 by Lemma 18.61 (iv). Hence 

d(x,y)>-p(x,y)>A- m ^y\ 
n 

Moreover, by Lemma 18.61 (ii) we have 

m(f l (x), f(y)) > m(x, y) - i 

and so 

p{f{x)J\y)) x A- m (/ l M>/%)) < A*A- m ^ 
for all i e No. Hence 

-. n— 1 

d{x,y) <-J2^~ m{x ' y) = A~ m( ~ x,y \ 

n i=0 



n 
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It follows that d(x,y) x Sr m ^ x ' v ' for all x,y G S 2 where C(x) is 
independent of x and y. This shows that d is a visual metric for / with 
expansion factor A. □ 

If / : S 2 — >■ 5* 2 is an expanding Thurston map and A is the expansion 
factor of a visual metric for /, then by Theorem 11.71 (i) we have 1 < 
A < Ao(/). On the other hand, statement (ii) in this theorem only 
guarantees the existence of a visual metric with expansion factor A for 
1 < A < Ao(/). As the following example shows, this statement is 
optimal, since a visual metric with expansion factor A = Ao(/) does 
not exist in general. 

Example 18.5. In the following we will leave the verification of some 
details to the reader. The setup is very similar to Example 115.41 We 
use real notation and consider the map p: M 2 = C — > C as defined 
in Section [L~2l For ui,u^ G M 2 we have p{u\) = p{u2) if and only if 
«2 = ±«i + 7 for 7 G L = 21? . The critical points of p are precisely 
the points in Z 2 . Note that p(Z 2 ) = {0, 1, oo, -1} and p{\l 2 \ I 2 ) = 
{V2 - 1, 1 - y/2, i, -i}. Now let 

A = 

Then for neNwe have 



2 2 
2 



2 n n2 n \ , / 2- n -n2 



18.12) A n = ( Q 2 „ j and A . () 2 



— n 



Denote by ip: M 2 — >■ M 2 the map induced by left-multiplication by A, 
i.e., ^(w) = Au for k G M 2 , where w G 1R 2 is considered as a column 
vector. Then there exists a well-defined and unique map /: C — > C 
such that the diagram 



c— 

commutes. The map / is a branched covering map of C with 

crit(/) = p(ip-\Z 2 ) \ Z 2 ) = p(\Z 2 \ I 2 ) = {V2 - 1, 1 - y/2, i, -»}, 
and 

post(/) = p(Z 2 ) = {0,l,oo,-l}. 
Hence / is a Thurston map. Let Q = [0, l] 2 be the unit square and 
G C 1R 2 by the standard grid (see Example 115.41) . Then C := p(dQ) = 
p(G) is a Jordan curve in C with post(/) = p(Z 2 ) C C. 
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Let n e N and G n = ip~ n {G). Then the n-tiles for (/, C) are precisely 
the closures of the images of the complementary regions of G n in IR 2 
under the map p, i.e., precisely the sets given by 

X" = p(?r> + Q)), 

where a G Z 2 . Indeed, suppose a set X n C C has this form. Then X n 
is a Jordan region, since p is injective on ip~ n (a + Q). Moreover, since 
f n op = poip n and since p\a + Q is a homeomorphism of a + Q onto 
the 0-tile + the map f n \X n is a homeomorphism of the Jordan 
region X n onto a 0-tile. So by Lemma H8. 41 (i). the set X n is indeed an 
n-tile. Since these sets X n cover C, there are no other n-tiles. 

If a point (x, y) e R 2 (now considered as a row vector) lies in ip~ n (Q), 
then -n2~ n < x < 2~ n and < y < 2~ n as follows from (I18.12p . This 
implies that if we equip C with the flat metric (see Section ITT2"j) . then 
for each n-tile X n we have diam(X n ) < n2~ n . In particular, 

lim max{diam(X n ) : X n is as n-tile for (f,C)} = 0, 

and so / is an expanding Thurston map. Moreover, we also conclude 
that D n := D n (f,C) > 2 n /n. Note that we actually have diam(X n ) x 
2~ n /n for each n-tile X n . This implies that the flat metric on C is not 
a visual metric for / (see Lemma [8. 101 (ii)). 

If Xi := p(i[)- n ((0, -i) + Q)) for i = 1,...,N := [2 n /n], then 
Xi, . . . , Xn is a chain of n-tiles joining opposite sides of C. Hence 
D n <N< 2- n /n. It follows that D n x 2"/n, and so 

Ao(/) = lim D]l n = 2. 

n— >oo 

If A is the expansion factor of a visual metric, then, as we have seen 
in the proof Theorem 11.71 (i), we must have 1 < D n A~ n x 2 n A~ n /n. 
Hence a visual metric for / with expansion factor A = Ao(/) = 2 does 
not exist. 

The map / as defined above is not conformal and an example of a 
Lattes-type map. Lattes and Lattes-type maps in connection with the 
combinatorial expansion factor are more systematically investigated in 

19. Rational Thurston maps 

In this section we consider rational Thurston maps, i.e., rational maps 
IR: C — > C on the Riemann sphere C that are Thurston maps. Metric 
notions on C will usually refer to the chordal metric a on C. 

We first establish a proposition that shows when a rational Thurston 
map is expanding. In the statement of this proposition and its proof 
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we will use some basic concepts of complex dynamics. For the relevant 
definitions and general background on this subject, see |CG] and |Mij . 

Proposition 19.1. Let R: C — > C be a rational Thurston map. Then 
the following conditions are equivalent: 

(i) R is expanding. 

(ii) The Julia set of R is equal to C. 

(iii) R has no periodic critical points. 

Proof. It suffices to establish the chain of implications (i) =>- (ii) =>- 
(Hi) MO- 

(i) =>- (ii): Suppose R is expanding. Pick a Jordan curve CcC with 
post(i?) C C, and let U be an arbitrary nonempty open set. Since R 
is expanding, the diameters of n-tiles for (f,C) approach uniformly 
as n — > oo. This implies that there exist n G No, and n-tiles X, Y C U 
such that X and Y are distinct, but share an n-edge. Then R n (X) 
and R n (Y) are the two 0-tiles. In particular, R n (U) = C. So every 
nonempty open set U is mapped to the whole Riemann sphere by a 
sufficiently high iterate of R. This implies that the Julia set J of R is 
equal to C. For otherwise, the Fatou set J 7 = C\<J of R is a nonempty 
open subset of C. Since T is .R-invariant and J ^ and so T ^ C, 
we get i? n (J-") = T 7^ C for all n 6 M . This contradicts what we have 
just seen. 

(ii) =>■ (iii): If the Julia set of R is equal to C, then its Fatou set 
is empty. This implies that R cannot have periodic critical points, 
because a periodic critical point of a rational map is part of a super- 
attracting cycle and belongs to the Fatou set. 

(iii) =>- (i): Suppose R has no periodic critical points. It is a known 
fact from complex dynamics that then there exists a conformal metric 
on C with conical singularities in the points of post(-R) such that for 
the norm ||i?'(z)|| of the derivative with respect to this metric we have 
\\R'(z)\\ > p > 1 for all z e C (see [Mil Thm. 19.6] or [CGl V.4.3.1]). 
More precisely, there exists a smooth function A: C\post(i?) — » (0, oo) 
such that for each p G post(-R) we have 

(19.1) \{z) x 1 - 

for all z near p, where a p G (0, 1). Moreover, there exists p > 1 such 
that 

(19 . 2) W)h «»> P 
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for all z G C, where 

m = (i + i*i 2 )i*'(*) 



is the spherical derivative of i? and the expressions have to be under- 
stood in a suitable limiting sense at singularities (there are at most 
finitely many). Using A we can introduce a path metric on C defined 
by 

d(x, y) = inf X ds 

for x, y G C, where integration is with respect to the spherical length 
element (is and the infimum is taken over all rectifiable paths 7 : [0, 1] — > 
C with 7(0) = x and 7(1) = y. 

Since we have a p G (0, 1) for the exponents in (119. ip . it follows that 
that there exist constants C > 1 and e G (0, 1) such that 

—a(z,w) < d(z,w) < Ca(z,w) 1 ~ e 

for all z,mgC (actually, we can take e = max a p ). In particular, d 

pGpost(ii) 

is a metric on C that induces the standard topology on C. 
Moreover, 



lengthy (7) = Xds 

J -V 



for all rectifiable paths 7: [0, 1] — > C. This together with (119.21) implies 
that if 7: [0, 1] — > C is a path, then 

(19.3) length^ o 7) > plength d ( 7 ). 

Now one can see that R is expanding as follows. We pick a Jordan 
curve C C C with post(i?) C C and consider the two 0-tiles X°,X£ G 
V°(R, C). We assume that C has been chosen so that any two points in 
one of the 0-tiles can be joined by a path in the same tile of controlled 
<i-length. More precisely, we require that there exists a constant L 
such that if x, y G X® for % G {w, b}, then there exists a rectifiable path 
/3 in X® joining x and y such that 

(19.4) length d (/3) < L . 

A Jordan curve C with this property can easily be obtained if we choose 
it to consist of finitely many geodesic segments in the spherical met- 
ric (here we think of C as identified with the unit sphere in IR 3 by 
stereographic projection). It is clear that then we easily get a uniform 
estimate as in (I19.4p for points x and y that stay away from the finitely 
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many singularities of the conformal density A; if one of the points is 
close (or even equal) to such a singularity, then one has to choose the 
initial piece of the connecting curve (5 so that its initial piece runs away 
from the singularity "radially" . Since a p < 1 for the exponent in (119. ip , 
this leads to a favorable uniform estimate as in (119. 4p . 

Now consider an n-tile X G V n (R, C), and let u, v G X be arbitrary. 
Then R n (X) is a 0-tile, say R n (X) = X°, and R n \X is a homeomor- 
phism of X onto X°. Let x = R n (u) and y = R n (v). By choice 
of C, we can find a path (3 in X° that joins x and y and satisfies 
length d (/3) < L . Then 7 := (i? n |X) _1 o f3 is a path in X joining u 
and v. We have /3 = R n o 7, and so by applying (119. 3p repeatedly we 
conclude 

length d ( 7 ) < -1 length^) < L p~ n . 

This implies d{u,v) < L p~ n . Since u,v & X were arbitrary, we have 

diam d (X) < L p-". 
So, if as usual X n denotes the set of all n- tiles for (R,C), then 

max diam,;(X) < L n p _n . 

Since p > 1 it follows that 

lim max diam^fX) = 0. 

n-+oo XeX" 

Hence i? is expanding. □ 

For the proof of Theorem 11.91 we need some preparation. 

Let T> be a cell complex. A subset T>' C P is called a subcomplex of 
Z> if the following condition is true: if r G T>', a G T>, and cr C r, then 
a G P'. If P' is a subcomplex of P, then the cells in T>' form a cell 
decomposition of the underlying set 

\V\ :={J{c:ceV'}. 

Now suppose that / : C — > C is a rational Thurston map, and CcC 
is a Jordan curve with post(/) C C. Consider the cell decompositions 
X> n = T> n {f, C) of C. If r G P n , then f n \r is a homeomorphism of the n- 
cell r onto the 0-cell f n {j). So the map r i-> f n {j) induces a labeling 
P n — > T>° (see Definition 112.11) . We call this the natural labeling on 
T> n . Similarly, the map r 1— > f n (r) induces a natural labeling on every 
subcomplex of T> n . 

Lemma 19.2. Let n,m G No, V be a subcomplex of T> n , and T>' be a 

subcomplex of V m equipped with the natural labelings. If ip: V — > V 
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is a label-preserving isomorphism, then there exists a homeomorphism 
h: \T>\ — > \T>'\ such that 

(i) h(r) = ip(r) for each r6D, 

(ii) h maps mt([D\) conformally onto int(|P'|). 

See Definition 112.21 for the notion of a label-preserving isomorphism 
of cell complexes. Roughly speaking, the lemma says that combinato- 
rial equivalence of two subcomplexes T> and T>' gives conformal equiv- 
alence of their underlying sets. 

Proof. If r G T>, then f n {r) = / m (VK T )); because ip is label-preserving. 
Hence we can define a homeomorphism h T := (/"^(t)) -1 ° (f n \ T ) of r 
onto ip(r). It is clear that the maps h T are compatible under inclusions 
of cells: if a, r G T> and a G t, then h T \a = h a . We now define a map 
h: [D\ — > \V\ as follows. For p G \T>\ pick r G T> with p G r. Set 
:= h T (p). By an argument as in the proof of of Proposition 112.31 
one can show that h is well-defined and a homeomorphism of [D\ onto 
\T>'\. Obviously, h has property (i). 

To establish property (ii) it suffices to show that h is holomorphic 
near each interior point p of \T>\. We consider several cases. If p is 
an interior point of a tile X E V, then this is clear by definition of 
h. Suppose p is an interior point of an n-edge e. Then the two n-tiles 
X, Y G T> n that contain e in their boundaries are in T>. Similarly, if 
X' = ip(X),Y' = ip{Y), e' = ip(e), then X' and Y' are the two m-tiles 
that contain the m-edge e' in their boundaries. Let X = f n (X) = 
Y = f n (Y) = f m {Y') and e = /"(e) = / m (e'), and set 
[/ = int(X) U int(e) U int(Y), U' = 'mt(X') U int(e') U mt(Y'), and 
Uq = int(Xo) U int(eo) U int(Y)o. It follows from the considerations in 
the proof of Lemma [53] that f n \U is a conformal map of U onto Uq and 
that f m is a conformal map of U' onto Uq- Hence g = {f m \U')~ 1 o(f n \U) 
is a conformal map of U onto U' . Obviously, g = h\U, and so h is 
holomorphic near p G int(e) C U. 

Finally, if p is an n- vertex, then there is an open neighborhood U C 
\T>\ of p that contains no other n- vertex. By what we have seen, h is 
holomorphic on U \ {p}. Since h is continuous in p, the point p is a 
removable singularity, and hence h is holomorphic near p. □ 

The following lemma provides a version of Koebe's distortion the- 
orem for conformal maps on multiply connected regions. As we will 
see in the proof, the statement can easily be reduced to some classical 
estimates. 
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Lemma 19.3. Let f2 C C be a region, and A,B<zVt continua. Then 
there exist constants C = C(A, B, Q) > and C = C'(A, fl) > such 
that for all conformal maps h: Q — > Q' := h(Q) whose image Q' is 
contained in a hemisphere of C we have 

(19.5) ^ diam(/i(A)) < dmm{h{B)) < C diam(/i(A)), 
and 

(19.6) tist{h{A),dQ!) < C'dmm{h{A)). 

The condition that the image of h is contained in a hemisphere pre- 
vents it from being too large. It is easy to see that without such an 
assumption the lemma is not true in general. 

Proof. Using auxiliary rotations, we may assume that Q C C and 
Q' C D. Then the chordal and Euclidean metrics on Q' are bi-Lipschitz 
equivalent. So it suffices to prove the desired inequalities for the Eu- 
clidean instead of the chordal metric. 

If h: Q — >■ Q' is conformal, and D = D(zo,r) C f2 is a Euclidean 
disk with 2D := D(zo,2r) C Q, then Koebe's distortion theorem |Po[ 
Thm. 1.3] implies that 

niax|/i'(z)| < Cq min \h'(z)\, 

z£D z£D 

where Cq > 1 is a universal constant (one can actually take Cq = 81). 

If Z\ G A and z 2 G B are arbitrary, then there exists a chain 
Dx, . . . , Dn of Euclidean disks with z\ G D\, z% G Djy and 2_Dj C f2 for 
i = 1, . . . , N, where N is bounded above by a constant only depending 
on A, B, Q, but not on Z\ and z 2 - It follows that 

max I //(z) I < Ci min \h'(z)\, 
z£B 1 v yi — zSj 4 1 w " 

where Ci only depends on A, 5, f2 (and not on h). Since 

diam(/i(£>)) < C*2 max |/i'(2;) |, 

zdB 

and 

(19.7) min|/i'(z)| < C 3 diam(h(A)) , 

z£A 

where C 2 = C 2 (B, fi) and C 3 = C 3 (A, ft), it follows that 

diam(h(B)) < C 4 diam(h(A)), 

where C4 = C 4 (A, B, ft). An inequality in the opposite direction follows 
by reversing the roles of A and B. 
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By a standard estimate for conformal maps (see |Po|. Cor. 1.4]) we 
have 

dist(h(z),dQ') < \h'(z)\dist(z,dn) 
for all z G Q. This implies that 

dist(h(A),dn') < C s mm\h'(z)\, 

where C5 = C${A). This together with ( 119.71) gives an inequality as in 
(HM]). □ 

Proof of Theorem MM Suppose first that / is an expanding Thurston 
map and that / is topologically conjugate to a rational map. Then this 
rational map is also a Thurston map, and it is expanding as one can 
see by an argument as in the proof of Corollary 110.61 Moreover, the 
conjugating map will be a snowflake equivalence with respect to visual 
metrics, and in particular a quasisymmetry. All this implies that we 
may actually assume that / itself is an expanding rational Thurston 
map. 

By Theorem 11.21 we choose an iterate F = f n of / that has an 
invariant Jordan curve C C C with post(/) = post(F) C C. In the 
following all cells will be with respect to (F,C). 

The map F is also an expanding rational Thurston map (Lemma l8.4p . 
and the class of visual metrics for / and F are the same (Proposi- 
tion [8]9] (v)). So for the desired implication of the theorem, it suffices 
to show that if d is any visual metric for F, then d is quasisymmetrically 
equivalent to the chordal metric a. 

The argument is now very similar to the considerations in |MelO| . 
which go back to [Me02j . For the convenience of the reader we will 
provide full details. We will proceed in several steps. Metric notions 
will refer to the chordal metric. 

Let k G N and X, Y G X fc . Then 

(19.8) XHY ^0^diam(X) x diam(F). 

Here C(x) is independent of X, Y, and the order k. This is seen as 
follows. For k G No and non-disjoint fc-tiles X and Y, consider the 
complex T>(X, Y), equipped with the natural labeling, consisting of all 
/c-cells c for which there exists a fc-tile Z with c G Z and Zn(XUY) ^ 0. 
Obviously, 

(19.9) \V(X, Y)\ = [j{Z G X fc : Z D (X U Y) ^ 0}. 

Let Q(X,Y) be the interior of \V(X,Y)\. Then Q(X,Y) is a region 
containing X and Y. 
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Suppose that X', Y' is a pair of non-disjoint m-tiles, m G No- We call 
the complexes T>(X', Y') and T>(X, Y) equivalent if there exists a label- 
preserving isomorphism ip: V(X',Y') — > T>(X,Y) with ip(X') = X 
and i)(Y') = Y. If V(X', Y') and V(X, Y) are equivalent, then by 
Lemma 119.21 there exists a conformal map h: Q(X',Y') — > Q(X, Y) 
with h(X') = X and h(Y') = Y. 

Since F is an expanding rational Thurston map, it has no periodic 
critical points (Proposition I19.ip and so the length of the cycle of each 
vertex is uniformly bounded (see Lemma 17.21 (i) and Lemma 117. ip . 
This implies that the number of fc-tiles, and hence the number of k- 
cells, in T>(X, Y) is uniformly bounded by a number independent of 
X, Y, and k. Therefore, among the complexes T>{X, Y) there are 
only finitely many equivalence classes. Since F is expanding, there are 
also only finitely many complexes T>{X, Y) such that Q(X, Y) is not 
contained in a hemisphere. Hence we can find finitely many complexes 
T>(Xi, Yi), . . . , V(X N , Y N ) such that each complex T>{X, Y) not in this 
list is equivalent to one complex DiXj, Yj) and such that Q(X, Y) is 
contained in a hemisphere. It follows from Lemma 119.31 (applied to 
A = Xi, B = Yi, Q = Q(Xi, Yj), and the conformal map / : Q(Xi, Yj) — > 
Q(X, Y) produced by Lemma 119.21) that diam(X) x diam(F) with 
C(x) independent of X, Y, and k. 

As a consequence one immediately obtains the following fact. If 
m, k e N , X e X k , Y e X k+m , and Y C X, then 

(19.10) diam(F) x diam(X), 

where C(x) = C(m). Indeed, it is clear that diam(F) < diam(X). 
On the other hand, the number of (m + fc)-tiles contained in X is 
bounded by a number only depending on m. This and (119.81) imply 
that diam(y) x diam(Z) whenever Z e x fc+m and Z C X, where 
C(x) = C{m). Hence 

diam(X) < diam(Z) < diam(F), 

zeyi k + m ,zcx 

where C(<) = C{m). 

Let k e N and X, Y £ X fc . Then 

(19.11) Xf]Y = dist(X,F) > diam(X), 

where C(>) is independent of X, Y , and k. The argument to see this 
is very similar to the one for (119. 8p 

Indeed, for k e No and X e X fe consider the cell complex T>(X), 
equipped with the natural labeling, consisting of all /c-cells c for which 
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there exists a fc-tile Z with c d Z and Z fl X ^ 0. Then 

(19.12) |X?(X)| = [j{Z G X fc : in Z ^ 0}. 

If we define fi(X) to be the interior of |X>(X)|, then |X>(X)| is a region 
containing X. 

If m e N and X' is an m-tile, then we call the complexes T>(X') 
and T>(X) equivalent if there exists a label-preserving isomorphism 
ip: V(X') -> V(X) with ^(X') = X. 

Again there only finitely many equivalence classes of the complexes 
T>(X). Based on Lemma [19.21 and Lemma [19.31 we conclude that 

dist(X, dft(X)) < diam(X), 

where C(<) does not depend on X and k. 

Now if Y is a fc-tile with X n Y = 0, then Y n Q(X) = and so 

dist(X,F) < dist(X, dQ(X)) < diam(X) 

as desired. 

Since F has no periodic critical points, the space (C, d) is doubling 
(Theorem 117.21) . The Riemann sphere C is connected, and (C, a) is 
also doubling. Hence, in order to establish that idg : (C, d) — > (C, a) 
is quasisymmetric, it is enough to show that the map idg is weakly 
quasisymmetric, i.e., that there exists a constant H > 1 such that 

(19.13) d(x, y) < d(x, z) =^ a(x, y) < Ha(x, z) 

for all x,y, z e C (see [Hi Thm. 10.19]). 

Let m(-, •) = m^c be as in Definition 18.51 and let x,y,z G C with 
^(^, 2/) < d(x, z) be arbitrary. We may assume that x ^ y. Since d is 
a visual metric, there exists a constant fc G N independent of x, z 
such that 

m(x, z) — ko < m(x, y) =: m G No- 

By definition of m we can find m-tiles X and Y with a; G X, y G K, 
and X n Y ^ 0. We can also find (m + k + l)-tiles X' and Z' with 
x G X' C X and z G Z'. Then X'nZ' = 0. Thus 

a(x, y) < diam(X) + diam(F) x diam(X) by (TUSD 

x diam(X') by f[T9TT0|) 

<dist(X',Z') by ([T9TTTD 

< cr(x, z). 

Here all implicit multiplicative constants can be chosen independently 
of x, y, z. Hence idg : (C, d) — > (C, a) is quasisymmetric. This proves 
the first implication of the theorem. 
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For the converse direction suppose that / : S 2 — > S 2 is an expanding 
Thurston map, d is a visual metric for / on S 2 , and that there ex- 
ists a quasisymmetry h: (S 2 ,d) — > (C, er). Since all visual metrics are 
snowflake and hence also quasisymmetrically equivalent, we may also 
assume that d is a visual metric for / satisfying (11.1 ft in Theorem 11.71 

The map h~ l is also a quasisymmetry; so h and h~ l are 7/-quasi- 
symmetric for some distortion function rj. We consider the conjugate 
g = h o / o h- 1 : C ->• C of / by h. 

We claim that the family of iterates {g n }, n G N, is uniformly 
quasiregular, i.e., each map g n is if- quasiregular with K independent 
of n (see JR]] Ch.l, Sec. 2] for the definition of a if-quasiregular map). 
The reason is that with the metric d satisfying (II. ip . the map / is 
locally "conformal", and so the dilatation of g n = h o f n o h~ l can 
be bounded by the dilatations of h and h" 1 , and hence by a constant 
independent of n. 

To be more precise, let n G N, u G C, and for small e > consider 
points v,w G C with a(u,v) = a(u,w) = e. Define x = /i _1 (n), 
y = /i~ 1 (t>), z = h^iw). By Theorem 11.71 we have that if e > is 
sufficiently small (depending on u and n), then 

cr(g n (u),g n (v)) cr(h(f n (x)),h(f n (y))) 

*(g n (u),g n W) a{h{nx))Mf n {z))) 

^ ^'d(r(x)J n (y))\ _fd(x,y) 



d(r(x),p(z))J ' \d(x,z) 

d(/rV)^~») 



dih-^u),^ 1 ^)) 



<H;= V {r){l)). 



Hence 
H(g n ,u) := 

hmsupmax< — - — — -- : v,w G <L, a(u,v) = a(u } w) = e > < H 

e^o [a(g n (u),g n (w)) J 

for all u G C and n G N. This inequality implies that g n is locally 
if-quasiconformal on the set C \ crit((7 n ) (according to the so-called 
"metric" definition of quasiconformality; see |Vai Sect. 34]). 

In particular, this implies that g n |C \ crit(g n ) is X-quasiregular with 
K = K(H) independent of n. Since the finite set crit(g n ) is removable 
for quasiregularity (see [RU Ch. 7, Sect. 1]), we conclude that g n is 
.fT-quasiregular with K independent of n. 

So the family of iterates {g n } of g is uniformly quasiregular. This 
implies that g is topologically conjugate to a rational map (see |IMt 
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p. 508, Thm. 21.5.2]). Hence / is also topologically conjugate to a 
rational map. □ 

In the previous proof we actually showed the following fact. 

Corollary 19.4. Let R: C — > C be an expanding rational Thurston 
map. Then every visual metric for R onC is quasisymmetrically equiv- 
alent to the chordal metric on C. 

Our previous results now immediately give a proof of Theorem 11.11 

Proof of Theorem \l.ll Let /: C — > C be a Thurston map whose Ju- 
lia set is the whole Riemann sphere. Then / is expanding (Proposi- 
tion dnTT]) and so by Theorem 1 1 . 2 1 there exist a Jordan curve CcC with 
post(/) C C that is invariant for some iterate f n of /. By Theorem 11.81 
the curve C is a quasicircle if it is equipped with a visual metric for /. 
Corollary 119.41 implies that C is also a quasicircle in the usual sense, 
i.e., a quasicircle if equipped with the chordal metric on C. □ 

Proof of Theorem \ 1.1 (A Suppose that /: S 2 — > S 2 is a Thurston map 
with #post(/) = 3. We pick a Jordan curve C C S 2 with post(/) C 
C and consider the cell decompositions T>° := T>°(f,C) and T) 1 : = 
V 1 (f,C). Since #post(/) = 3, the tiles in V° and V 1 are (topological) 
triangles, i.e., they contain three vertices and edges in their boundaries. 

Let A be a fixed equilateral Euclidean triangle of side-length 1 . There 
exists a (non-unique) path metric d\ on S 2 such that each tile X in T> x 
equipped with d\ is isometric to A (here and below it is understood 
that the vertices of the triangles correspond to each other under the 
isometry). Then, roughly speaking, the metric space (S 2 ,di) is an 
(abstract) polyhedral surface that can be obtained by gluing together 
different copies of A, one for each tile in T> , according to the combi- 
natorics of D 1 . 

Similarly, there is a path metric do on S 2 such that each of the two 
tiles in V° equipped with d is isometric to A. The metric space (S 2 , do) 
is isometric to a "pillow" consisting of two copies of A glued together 
along their boundaries. 

The map / induces an orientation-preserving labeling c G X? 1 i— > 
/(c) e V°. Note that if X is a tile in V 1 , then X and f(X) if equipped 
with di and d , respectively, are both isometric to A, and hence to each 
other. We can arrange this isometry so that it agrees with the map / 
on the vertices of X. By using these piecewise isometries on tiles, one 
can construct a unique map g: S 2 — » S 2 that is cellular for (V 1 ,V°) 
and compatible with the given labeling, and has the property that g 
restricted to any cell ceD 1 equipped with the metric d\ is an isometry 
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onto the corresponding cell g(c) = /(c) G T>° equipped with do. Then 
post(/) = post(g), and the maps / and g are Thurston equivalent by 
Proposition 112.51 

The surface (S 2 , d\) carries a unique conformal structure compat- 
ible with the polyhedral structure (away from the vertices, one uses 
orientation-preserving local isometries to the Euclidean plane as chart 
maps on the surface; this determines the conformal structure uniquely, 
because each of the finitely many vertices is a "removable singularity"). 
By the uniformization theorem there exists a conformal map a from 
(S 2 , d\) (considered as a Riemann surface) onto the Riemann sphere C. 
Similarly, (S 2 ,d ) has a natural Riemann surface structure and there 
is a conformal map (3: (S 2 , d ) — > C. By post-composing j3 by suitable 
Mobius transformation if necessary, we may assume that the maps a 
and j3 are identical on the 3-element set P = post(/) = post(g). Since 
a and are orientation-preserving, these homeomorphisms are then 
isotopic rel. P by Lemma 110.111 

The map g: (S 2 ,di) — > (S 2 ,do) is a local isometry away from the 
vertices of T> 1 . So this map is a holomorphic map from the Riemann 
surface (S 2 , di) to the Riemann surface (S 2 , d ). Hence R := fiogoar 1 
is a holomorphic map from C to C, and so a rational map. Moreover, 
R is a Thurston map (this follows from the argument used to establish 
(13.41) ) and R is Thurston equivalent to g and hence to /. The first part 
of the theorem follows. 

Suppose in addition that / is expanding and has no periodic critical 
points. Since the latter condition is invariant under Thurston equiva- 
lence, the rational Thurston map R constructed as above will then not 
have periodic critical points either, and is hence expanding by Propo- 
sition 119.11 Therefore, the maps / and R are topologically conjugate 
by Theorem 1 10.41 

Conversely, if / is expanding and topologically conjugate to a ra- 
tional map R, then R is an expanding Thurston map. Hence R has 
no periodic critical points by Proposition 119.11 which implies that / 
cannot have periodic critical points either. □ 



20. The measure of maximal entropy 

In this section we investigate measure-theoretic properties of the dy- 
namical system given by iteration of a Thurston map. We first review 
same facts about topological and metric entropy. For more background 
on these topics see [KH| IWaj . 
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In the following, (X, d) is a compact metric space, and g : X — > X a 
continuous map. For n G N , and x, y G X we define 

(20.1) d n g (x, y) = max{d{g k (x),g k {y)) : k = 0, . . . , n - 1}. 

Then is a metric on X. Let D(g,e,n) be the minimal number of 
sets whose <i™-diameter is at most e > and whose union covers X. 
One can show that the limit 

h{g,e) := lim -\og(D(g,e,n)) 

exists |KHt p. 109, Lem. 3.1.5]. Obviously, the quantity h(g,e) is non- 
increasing in e. One defines the topological entropy of g (see |KH[ 
Sect. 3.1.b]) as 

h top {g) ■= hmh(g,e) G [0,oo]. 

e— »0 

If one uses another metric d' on X, then one obtains the same quan- 
tity for htop(g) if d! induces the same topology on X as d \KH\ p. 109, 
Prop. 3.1.2]. The topological entropy is also well-behaved under it- 
eration. Indeed, if n G N, then h top (g n ) = nh top (g) |KHt p. Ill, 
Prop. 3.1.7 (3)]. 

We denote by B the cr-algebra of all Borel sets on X. A measure on 
X is understood to be a Borel measure, i.e., one defined on B. If X is 
compact and A measure \x is called g-invariant if 

(20.2) ^g-\A))=^A) 

for all A G B. Note that by continuity of g, we have g~ l (A) G B 
whenever A G B. We denote by M. (X, g) the set of all g-invariant 
Borel probability measures on X. 

If fi is a probability measure on a compact metric space X, then 
it is regular. This means that for every e > and every Borel set 
A C X there exists a compact set K C A with fi(A \ K) < e [inner 
regularity) and an open set U C X with A C U and fi(U \ A) < e 
(outer regularity). See |Ruj Thm. 2.18] for a more general result that 
contains this statement special case. 

A semi-algebra S is a system of sets in X satisfying the following 
properties: (i) G S, (ii) A fl B G S, whenever A,B<eS, and (iii) 
X \ A is a finite union of disjoint sets in S, whenever A G S. A 
semi-algebra generates B if B is the smallest a-algebra containing S. 

Let iS be a semi-algebra generating B. If /i and v are two measures 
on X and = for all A G 5, then \l = v. Similarly, in order 
to show that a measure fi is g-invariant it is enough to verify f!20.2j) 
for all sets A in S (see \W&\ p. 20, proof of Thm. 1.1] for the simple 
argument on how to prove these statements). 
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Let n G A4(X, g). Then g is called ergodic for [i if for each set A G B 
with g~ x (A) = A we have /x(v4) = or fi(A) = 1. The map g is called 
mixing for /i if 



for all A,B £ B. Obviously, if g is mixing for /i, then g is also ergodic. 
To establish mixing, one only has to verify f !20.3|) for sets A and B in a 
semi-algebra generating B ( |Wa| p. 41, Thm. 1.17 (hi)]; note that the 
terminology in |Waj slightly differs from ours). If /i, v G M.(X,g), g 
is ergodic for /i, and and v is absolutely continuous with respect to fi, 
then v = \i |Wal p. 153, Rems. (1)]. 

Our next goal is to define the metric entropy of g for a measure /i. 
We will follow |KH[ Sect. 4.3] with slight differences in notation and 
terminology (see also |Waj Ch. 4]). 

Let fi G Ai(X,g). A measurable partition £ for (X, /z) is a countable 
collection £ = {Aj : z G /} of sets in B such that fi(Ai fl A,) = for 
i,j e I,i^ j and 



Here J is a countable (i.e., finite or countably infinite) index set. The 
symmetric difference of two sets A, B C X is defined as 



Two measurable partitions £ and for (X, fx) are called equivalent if 
there exists a bijection between the sets of positive measure in £ and 
the sets of positive measure in rj such that corresponding sets have a 
symmetric difference of vanishing \i measure. Roughly speaking, this 
means that the partitions are the same up to sets of measure zero. 



Let £ = {Ai : i G /} and rj = {Bj : j G J} be measurable partitions 
of (X,fi). Then 



is also a measurable partition, called the join of £ and 77. The join of 
finitely many measurable partitions is defined similarly. 



(20.3) 



lim fi(g- n (A) n B) = fi{A)n(B) 




AAB = (A\B)U (B \ A). 



£ V r) := {Ai n Bj : i G /, j G J} 



Let 



and for nGN define 



^^v^Ov-.-v^- 1 ^). 
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The entropy of £ (for given g) is 

H^9,0 = J>(A)log(l///(A)) e [0,oo]. 

Here it is understood that the function 4>(x) = xlog(l/a;) is continu- 
ously extended to by setting 0(0) = 0. 

One can show that if H^(g,^) < oo, then the quantities H^g,^™), 
n G N , are subadditive in the sense that 

H»{g,^ k )<H,{g,^)+H,{g,(*) 

for all k,n G N [EHl p. 168, Prop. 4.3.6]. This implies (|Wal p. 87, 
Thm. 4.9]; see also the argument in the last part of the proof of 
Lemma [11. 3p that 

h,(g,0 := lim -H^(g, G [0, oo) 

n— >oo n 

exists and we have 

h ll {jg^) = mi-H ll (g,^). 

ngN n y 

The quantity h^(g,^) is called the (metric) entropy of g relative to £. 
The ( metric ) entropy of g for \i is defined as 

(20.4) hfj,(g) = sup{/i M (<7, £) : £ is a measurable 

partition of (X, /i) with if M < oo}. 

In this definition it is actually enough to take the supremum over all 
finite measurable partitions £ (this easily follows from "Rokhlin's in- 
equality" [KHl P- 169, Prop. 4.3.10 (4)]). 

We call a finite measurable partition £ a generator for (g, /x) if the 
following condition is true: Let A be the smallest a-algebra containing 
all sets in the partitions £™, n G N. Then for each Borel set B G B 
there exists a set A G ^4 such that fi(AAB) = 0. If for every set B G B 
and for every e > 0, there exists n G N and a union A of sets in £™ 
with n(AAB) < e, then £ is a generator for (g,fi). If £ is a generator, 
then hfj,(g) = h^g,^) by the Kolmogorov- Sinai Theorem |Wa| p. 95, 
Thm. 4.17]. 

If n G M(g,X) and n G N, then [KHj pp. 171-172, Prop. 4.3.16 (4)] 

hf,(g n ) = nh^g). 

If a G [0, 1] and v G .M(g,X) is another measure, then |Wa| p. 183, 
Thm. 8.1] 

h a »+(i-a)u(g) = ah^(g) + (1 - a)K(g). 
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The topological entropy is related to the metric entropy by the so- 
called variational principle. It states that |Wa[ p. 188, Thm. 8.6] 

htop(g) = sup{/i M (5>) : fi G M(g,X)}. 

A measure \i G M.(g,X) for which h top {g) = h^g) is called a measure 
of maximal entropy. 

Let X be another compact metric space. If /i is a measure on X and 
<f : X — > X is continuous, then the push-forward ip*[i of \i by if is the 
measure given by (p*n(A) = fi(ip~ l (A)) for all Borel sets A C X. 

Suppose g: X — > X is a continuous map, and \i G Ai(X, g) and fx G 
Ai(X,g). Then the dynamical system (X,g,]x) is called a (topological) 
factor of (X,g,/x) if there exists a continuous map X — >• X such 
that <yj*/i = /I and g o (p = {p o g. In this case h^(g) < h^(g) |KH4 p. 171, 
Prop. 4.3.16]. 

Now let S 2 be a 2-sphere and / : S 2 — > S 2 be an expanding Thurston 
map. Our goal is to describe a measure of maximal entropy for / and 
show its uniqueness. Existence and uniqueness of such a measure can 
also be derived from work by Pilgrim and Haissinsky [HP09J who used 
the so-called thermodynamical formalism for this purpose. We will 
present a direct elementary argument that has the advantage of giving 
additional insight into the dynamical behavior of /. 

By Theorem 1 1.2 1 we can fix a sufficiently high iterate F = f n of / that 
has an F-invariant Jordan curve C C S 2 with post(/) = post(F) C C. 
Then F is also an expanding Thurston map (Lemma 18. 4p . In the 
following we consider the cell decompositions T> k = V k (F, C) for k G M . 
As usual a cell is a cell in any of the cell decompositions V k , k G No, 
and the terms tiles, edges, and vertices are used in a similar way. 

By Proposition 111.11 the cell decomposition D m+k is a refinement of 
T> k for m, k E No, and cells are subdivided by cells of higher order. 

We denote by X° and X^ the two 0-tiles, and color the tiles for (F, C) 
as in Lemma 16.21 In particular, X° is colored white and X^ is colored 
black. 

For k G No let Wk be the number of white and be the number of 
black fc-tiles contained in X®, and similarly let w' k and b' k be the number 
of white and black k- tiles contained in X®. Then considerations as in 
the last part of the proof of Lemma 15.41 imply that 

(20.5) w k + w' k = b k + b' k = deg(F) k . 

Note that bi,w[ ^ 0. Indeed, suppose that b\ = 0, for example. 
Then X® contains only white 1-tiles. Let X C X° be such a 1-tile, 
e C X be a 1-edge with e C OX, and Y be the other 1-tile containing 
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e. Then Y is black and soFc X^. Hence 

e c x n Y c x° n x b ° = <9X°. 

Since <9X is a union of 1-edges, it follows that dX C <9X°. As X° and 
X are Jordan regions and X C this is only possible if X = X®. 
Hence X® is a 1-tile and F\X® is a homeomorphism of X° onto itself. 
Applying Lemma 118.41 (i) repeatedly, it follows that A° is a fc-tile for 
each k e N . This is impossible, because F is expanding and so the 
diameters of fc-tiles approach as k — > oo. 
Define 

(20.6) w := — b := 

v ' bi + w[ b 1 + w[ 

Then w, b > and w + b — 1. It follows from (120.51) for k — 1 that the 
matrix 

<^> ^ ( ^ 

has the eigenvalues A x = deg(F) and A 2 = w\ — b\ with respective 
eigenvectors 

Vi = and v 2 = (] 

Here | A2 1 = \wi — &i| < Ai = deg(F). Indeed, since 1 < 61 < deg(F) 
and < Wi < deg(F), we otherwise had Wi = and 61 = deg(F) > 2. 
Then the white 0-tile contains only black 1-tiles. Arguing similarly as 
in the discussion before the lemma, there can then be only one such 
tile, and so b\ = 1. This is a contradiction. 

The existence of a largest positive eigenvalue Ai for A with a corre- 
sponding eigenvector with all positive coordinates is an instance of the 
Perron-Frobenius Theorem ( |KH[ p. 52, Thm. 1.9.11]). 

Let k,l,m G No with m > I > k be arbitrary. The map F k preserves 
colors of tiles, i.e., if X m is an m-tile, then F k (X m ) is an (m — fc)-tile 
with the same color as X m . Moreover, if Y l is an /-tile, then it follows 
from Lemma Tl 8 .41 (i) that the map X m 1— > F k (X m ) induces a bijection 
between the m-tiles contained in Y l and the (m — fc)-tiles contained in 
the (I - k)-ti\e Y l ~ k := F k (Y l ). 

If we use this for m = k + 1 and I = k, then we see that a white 
k-tile contains W\ white and 61 black (k + l)-tiles, and similarly each 
black fe-tile contains w[ white and b[ black (k + l)-tiles. This leads to 
the identity 

(20.8) ( Wk+1 [ k+1 ) = ( Wk t k )( W ) \) 

V w k+i h+i J \w k b k J\w l b 1 
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for k G No. The following lemma is a consequence. 

Lemma 20.1. For all k GN we have 

w k = w deg{F) k + b{w! -h) k , b k = w deg{F) k - w(wi - h) k , 
w' k = bdeg(F) k -b( Wl -b x ) k , b' k = b deg(F) fe + w{w 1 -b 1 ) k . 

Since \w\ — &i| < deg(F), the terms with deg(F) fc in these identities 
are the main terms for large k. 

Proof. This follows from ( 120.81) by induction. □ 

The following lemma will be instrumental in proving that each edge 
is a set of measure zero for the measure of maximal entropy of F. 

Lemma 20.2. There exists 1 < L < deg(F) such that for all k, m G No 
and each m-edge e there exists a collection M of (m + k) -tiles with 
j^M < CL k such that e is contained in the interior of the set {J x &m ■ 
Here C is independent of k. 

The total number of (m + fc)-tiles is 2 deg(F) m+fc . So the lemma says 
that for large k, the m-edge e can be covered by a substantially smaller 
number of (m + fc)-tiles. 

Proof. It follows from Lemma 18.131 and Lemma 18.101 (i) that one can 
find k G N such that for every s-tile X, s G No, there exist two 
(s + fco)-tiles Y and Z, one white and one black, with Y C int(X) and 
Z C int(X). 

Every white s-tile contains uik white and bk black (s + fc )-tiles, and 
every black s-tile contains w' ko white and b' ko black (s + fc )-tiles. By 
(120. 5p we also know that w ko + w' kQ = b ko + b' ko = deg(F) fc °. 

Now let e be an arbitrary m-edge. For each I G No we will define 
certain collections of (m + /fco)-tiles TJ whose union contains e. We will 
denote the number of white tiles in T\ by iV", the number of black tiles 
in T\ by iV; b , and define iV; = max{iV™, Nf}. Then the number of tiles 
in Ti is bounded by 2JVj. 

Let T be the set of all m-tiles that meet e. Then the union of the 
tiles in T is the closure of the edge flower of e and so it contains e in 
its interior. 

Suppose the collection 7] has been constructed. Then we subdivide 
each of the tiles U in 7] into (m + (/ + l)&o)-tiles and remove one white 
and one black tile (m + (I + l)&o)-tile from the interior of U. We define 
Ti + i as the collection of all tiles obtained in this way from tiles in 7]. 
Since mt(U) fl e = for each U G T h the union of the tiles in 7} +1 still 
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contains e in its interior. Then for the number of white tiles in TJ + i we 
have the estimate 

iV7 +1 = N?(w k0 -l) + Nf(w' kQ -l) 
< 



Similarly, 
and so 
Let 
Then 



Ni(w k0 + w' ko - 2) = iV i (deg(F) fe ° - 2). 
N? +1 <N l (deg(F) k °-2), 
N l+ i <iV,(deg(F) fc °-2). 
L := (deg(F) fc ° - 2) 1/k ° < deg(F). 



#T; < 2Ni < 2N L k ° l 

is a bound for the total number of tiles in TJ. 

Now let k G N be arbitrary. Let I G No be the smallest number with 
Iko > k. For each tile (m + Zfco)-tile U in T} we can pick a (m + /c)-tile 
that contains U. Let M be that collection of all (m + /c)-tiles obtained 
in this way. Then the union of all tiles in M contains e in its interior 
and we have 

#M < < 2N L k ° l < 2N L ko L k = CL k , 
where C = 2N L k °. The claim follows. □ 

The constant C in the previous lemma depends on e. If we require 
the weaker property that the collection M of (m + fc)-tiles only covers e, 
then we can choose the collection so that #M < CL k with a constant 
C independent of e. Indeed, in this case, we can choose T to consist 
of the two m-tiles X and Y, one white and one black, that contain e 
in their boundary. Then Nq = 1 and this leads to an inequality of the 
desired type with a constant C independent of e. 

In the next lemma we obtain an upper bound for the topological 
entropy of /. 

Lemma 20.3. h top (f) < log(deg(/)). 

As we will see later, we actually have h top (f) = log(deg(/)) (see 
Corollary MM 

Proof. Since h top (F) = nh top (f) and deg(F) = deg(/) n , it suffices to 
show that h top (F) < log(deg(F)). 

To show that h top (F) < log(deg(F)), we fix a base metric d on S 2 
and let e > be arbitrary. Since F is expanding, we can find k G No 
such that diam(X) < e whenever X G X fe for k > k . 
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Now if k G N and X G X k+h ° is arbitrary, then F\X) is a (k-i+k )- 
tile for i — 0, 1 . . . , k, and so diam(F*(X)) < e. This implies that the 
diameter of X with respect to the metric dp (see (120.11) ) is < e. Since 
the number of (k + k )-ti\es is equal to 2 deg(F) fc+fc ° and these tiles form 
a cover of S 2 , it follows that D(F, e, k) < 2 deg(F) fc+fc °, and so h(e, F) < 
log(deg(F)). Letting e — > we conclude h top (F) < log(deg(F)) as 
desired. □ 

Since the curve C is F- invariant, we can restrict F to C to obtain 
a map F\C: C — >• C. The following lemma shows that the topological 
entropy of this restriction is strictly smaller than log(deg(F)). 

Lemma 20.4. h top (F\C) < log(deg(F)). 

Proof. The proof is very similar to the first part of the proof of Lem- 
ma [2031 Again let d be a base metric on S 2 . 

Since C consists of #post(/) 0-edges, by Lemma [20. 2l we can cover C 
by a collection M k of fc-tiles, where #M fc < CL k . Here 1 < L < deg(F) 
and C is independent of k. The fc-edges in the boundaries of the fc-tiles 
in Mk then form a cover of C. It is clear that each fc-edge contained in 
C must belong to this collection. Hence if E k is the set of all fc-edges 
contained in C, we have j^E k < C'L k with a constant C independent 
of k. 

Now let e > be arbitrary. Since F is expanding, we can find ko € Mo 
such that diam(X) < e whenever X e X fc for > fco- Since every fc- 
edge is contained in a fc-tile, we also have diam(e) < e whenever e G E fc 
for > fc - 

If k G N and e G -Efc+fc is arbitrary, then F t (e) is a (A; — i + k )- 
edge for i — 0, 1 . . . , k, and so diam(F*(e)) < e. This implies that the 
diameter of e with respect to the metric d k F is < e. 

It follows that D(F|C,e,Jfe) < #E k+ko < C'L ko+k , and so h(e, F) < 
log(L). Letting e — > we conclude h top (F) < log(L) < log(deg(F)) as 
desired. □ 

In the following we let 

E°° = |J F~ fe (C). 

fcgN 

Then E 100 is a Borel set. Proposition 16.11 (iii) (applied to the map F) 
implies that E°° is equal to union of all edges. Since every vertex is 
contained in an edge, the set E°° also contains all vertices. Moreover, 
we have 



(20.9) 



F-^E 00 ) = E 
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Indeed, since the preimage of every edge is a union of edges, it is clear 
that F^iE 00 ) C E°°. For the other inclusion note that F(C) C C and 



Lemma 20.5. Let fi be an F -invariant 'probability measure on S 2 with 
fi(E°°) = 0. Then for each fceN the set X fe of k -tiles forms a measur- 
able partition of S 2 . It is equivalent to the partition £p where £ = X 1 . 
Moreover, £ = X 1 is a generator for (F,fi). 

Proof. Note that fi(E°°) = implies that all edges are sets of \x- measure 
zero. Since every vertex is contained in an edge, we also have fi({v }) = 

for all vertices v. The fc-tiles cover S 2 and two distinct fc-tiles have 
only edges or vertices, i.e., a set of //-measure zero in common. Hence 
X fc is a measurable partition of S 2 . 

Let X G X fc be arbitrary. Then for i = 1, . . . , k there exist unique 
z-tiles Xi with X = X k C X k ^ C . . . C X x . Put Y { = F i ~ l (X i ) for 

1 = 1, . . . , k. Then Y x , . . . , Y k are 1-tiles. We claim that 



To verify this, denote the right hand side in this equation by X. Then 
it is clear that X C X. We verify X = X by inductively showing 
that for any point x G X we have x G Xi for i = 1, . . . , k, and so 
x G X k = X. 

Indeed, since X C Y\ = X\ this is clear for i = 1. Suppose x G Xi 
for some i < k. Then is a homeomorphism of Xi onto the 0-tile 

F^pQ). Moreover, x e X u X i+1 C X< and G Y~ m = F^+i). 

Hence by injectivity of on we have x G Xj+i. 

Equation (120. 10p shows that every element in X fc belongs to £ F . This 
implies that the measurable partitions X fc and £ F are equivalent 
may contain additional sets, but they have to be of measure zero). 

To establish that £ is a generator, let B C S 2 be an arbitrary Borel 
set and e > 0. By what we have seen, it is enough to show that there 
exists fceN and a union A of /c-tiles such that fi(AAB) < e. 

By regularity of [i there exists a compact set K C A and an open 
set U C S 2 with K C A C U and //(£/ \ K) < e. Since the diameter 
of tiles goes to uniformly with the order of the tiles, we can choose 
k G N so large that every fc-tile that meets K is contained in the open 
neighborhood U of K. Define 



so 




(20.10) 



X = Y l n F-^Ya) n • • • n F-^ 1 \Y k ). 
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Then K C A C U. This implies AAB CU\K, and so 

/j(AAB) <fi(U\K)<e 

as desired. The proof is complete. □ 

Lemma 20.6. Let S be the collection of all sets consisting of the empty 
set and the interiors of all cells. Then S is a semi-algebra generating 
the Borel a -algebra B on S 2 . 

Proof. We first show that S is a semi-algebra by verifying conditions 
(i)-(iii) of a semi-algebra. 

Condition (i): By definition of S we have G S. 

Condition (ii): Let A,B G S. In order to show that Af]B G S, we may 
assume that A = int(cr) and B = int(r), where o is a /c-cell and r is an 
Z-cell, and k > I. Let p G int(r) be arbitrary. Then by Lemma H~2l there 
exists a unique fc-cell c with p G int(c). Since T> k is a refinement of T>\ 
there exists a unique Z-cell r' with int(c) C int(r') (see Lemma l4.7p . 
Then r and r' are both /-cells containing the point p in their interiors. 
This implies that t' = r, and so int(c) C int(r). 

It follows that int(r) can be written as a disjoint union of interiors 
of fc-cells. This implies that either A R B = int(cr) or A D B = 0. In 
both cases, A D B G 5. 

Condition (iii): Let A G 5 be arbitrary. If A = 0, then S 2 \ A = S 2 , 
and so S ,2 \A is equal to the disjoint union of the interiors of the 0-cells, 
and so a disjoint union of elements in S. 

If A = int(r) where r is a A;-cell, then S 2 \ A is the disjoint union 
of the interiors of all fc-cells distinct from r. Again S 2 \ A is a disjoint 
union of sets in S. 

So S is indeed a semi-algebra. 

S generates B: Let A be the smallest cr-algebra containing S. Since S 
consists of Borel sets, we have Ad B. So in order to show that A = B 
is suffices to establish that U G A for each open subset U of S 2 . 

Let p G U be arbitrary. Then for each fceN the point p is contained 
in the interior of some fc-cell. Since F is expanding, the diameter 
of fc-cells approaches as k — > oo. Hence there exists a cell c with 
p G int(c) C U. This implies that U as a union of elements in S. Since 
for each k G No there are only finitely many /c-cells, the collections S 
is countable, and so U is a countable union of elements in S. Hence 
U G A as desired. □ 
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Proposition 20.7. There exists a unique probability measure jjp on 
S 2 such that for each X G X fe ; k G N 0; we have 

, . m _ f wdeg(F)' k , X is white, 

(20.11) fi F {X) - | 6deg(F) - fc »/ X is black. 

We have fiF^E 00 ) = 0. Moreover, the measure fip is F-invariant, F 
is mixing for /ip, and h^ F (F) = log(deg(F)). 

So in particular, edges and vertices are sets of [ip- measure zero, and 
F is ergo die for fi F . 

Proof. The proof proceeds in several steps. 

Construction of fip and fip(E°°) = 0: For each fc-tile X, k G N , put 
w(X) = w(degF)~ k if X is white and w(X) = b(degF)~ k if X is black. 

If X G X fe is white, then W\ is the number of white (k + l)-tiles 
contained in X, and b\ the number of black (k + l)-tiles contained in 
X. Since lOi + -u^ = deg(F), we have 

E, , _ Wito + 6i& _ + 
^ } ~ deg(F) k + l ~ fa + w[) degiF)^ 1 



Y&X k + 1 ,YdX 



w(X). 



(h + w[) deg(F) k 

A similar equation is also true for black /c-tiles. If we iterate these 
identities, we get 

(20.12) W ( Y ) = W ( X ) 

Yex. k + m ,Ycx 

for all k, m G N and all X G X fc . 
For A C S 2 we now define 

(20.13) //*(A)=inf 

xeu 

where the infimum is taken over all covers U of A by tiles (not necessar- 
ily of the same order). By subdividing tiles into tiles of high order and 
using (120. 12p . one sees that in the infimum in the definition of ^*{A) it 
is enough to only consider covers by tiles whose orders exceed a given 
number k. Based on this and the fact that max^gxfe diam(X) — > as 
k — > oo, it is clear that fi* is a metric outer measure, i.e., if A, B C S 2 
are sets with dist{A,B) > (with respect to some base metric on S 2 ), 
then 

fi*(A\JB)=fi*(A)+fi*(B). 
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It is a known fact that the restriction of a metric outer measure to the 
a-algebra of Borel sets is a measure. We denote this restriction of /a* 
by Lip. 

If A C S 2 is compact, then it is enough to consider only finite covers 
by tiles in (I20.13j) . Indeed, suppose U = {Xj : i G N} is an infinite 
cover of the compact set A C S 2 by tiles, and let e > be arbitrary. 
It follows from Lemma 120.21 that for each % e N we can find a finite 
collection Ui of tiles such that Xj C int(X-), where 

U x 

and 

W ( X ) < w ( X i) + e / 2i - 

xeUi 

Finitely many sets int(JfM, . . . , int(X[ ) will cover A. Then 
is a finite collection of tiles that covers A, and we have 

;>>(x)<;>>(x)+ e . 

x&A' xeu 

Since e > was arbitrary, we conclude that for compact sets A we get 
the same infimum in (120. 13[) if we restrict ourselves to finite covers by 
tiles. 

A consequence of this is that lif{X) = w(X) for each X e X fc , 
k E Nq. Indeed, by definition of //p we obviously have /ip(X) < w(X). 

For an inequality in the opposite direction, it is enough to consider 
an arbitrary finite cover U of X by tiles. By subdividing the tiles in U if 
necessary, we may also assume that they all have the same order / and 
that I > k. Since U is a cover of X and /-tiles have pairwise disjoint 
interiors, this implies that Y ElA whenever FeX 1 and Y G X. Hence 

w(X)= HY)<J2w(Y). 

YeX. l ,YcX Y&A 

Taking the infimum over all U we get w(X) < lif{X) as desired. 

Since fj,p(X) = w(X) for all tiles X, we have (120. lip . 

It follows from Lemma [20.21 and the definition of fip, that if e is an 
edge, then /Jp(e) = 0. Since E°° is the (countable) union of all edges, 
we have /ip(£ , °°) = 0. This also shows that 

H F (S 2 ) = J2 Vf{X) = J2 W ( X ) =w + b = l, 
and so /ip is a probability measure. 
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Uniqueness of ^p: Suppose that \i is another probability measure on 
S 2 satisfying the analog of (120.111) . Then from Lemma [20.21 it follows 
that each edge is a set of /i-measure zero. Hence /ii?(int(c)) = /i(int(c)) 
for all cells c. Since the empty set together with the interiors of all 
cells form a semi-algebra S generating the Borel cr-algebra on S 2 (see 
Lemma [20. 6p . we conclude that fi = hf- 

Hf is F -invariant: To show that hf is F-invariant, it is enough to 
verify that 

(20.14) fji F (F-\A)) =(i F (A) 

for all sets A in the semi-algebra S. This is true if A = 0. 

Edges are sets of measure zero, and the preimage of an edge is a finite 
union of edges (see Proposition l6.1l (ii)). This implies that (120.141) holds 
if A = int(e) for an edge e, or if A = {v} for a vertex v (since every 
vertex is contained in an edge). 

Moreover, if X is a tile, then X \ int(X) is a union of edges, and so 
we have //(F-^intpf))) = ^i F {F~ 1 {X)) and /i F (int(X)) = fi F (X). So 
in order to establish (120.141) it remains to show that 

for all tiles X. To see this note that if X is a fc-tile, then F _1 (X) is 
a union of deg(F) (k + l)-tiles that have the same color as X. Since 
the intersection of any two distinct (k + l)-tiles is contained in a union 
of edges, and hence a set of measure zero, it follows that from (120.111) 
that 

MF^(X)) = deg(F)^Pr = M4 

deg(F) 

F is mixing for hf'- It suffices to show that for all sets A and B in the 
semi-algebra S we have 

fi F (F' m {A) C\B)^ fi F (A)fi F (B) 

as m — > oo. Based on the fact that edges are sets of measure zero and 
that the preimage of each edge under F is a finite union of edges, for 
this it suffices to show that for all tiles X and Y we have 

fi F (F~ m (x) ny)4 (jL F (X)ti F (Y) 

asm-) oo. 

So let k,l,m e N , X = X k e X k and Y = Y l e X 1 be arbitrary. 
We may assume that m > I. Then F~ m (X h ) is a union of (m + fc)-tiles 
that have the same color as X k . Since edges are sets of measure zero 
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and the (m + fc)-tiles subdivide the /-tile Y l , it follows that 

(20.15) fx F (F- m (X k ) n Y l ) = 

ti F (x k ) 

_Lj_( ^m+k ^ -j^m+fe . ^rm+fc ^— yl pm/^m+k\ X k \ 

deg(F) m ' m ' 

Let X° G X° be the unique tile with X k C X°, and y° := F l {Y l ) G 
X°. We assume that A and F° are both white; the other cases are 
similar. 

Every (m + fc)-tile Z m+k lies in a unique "parent" m-tile Z m . Since 
Y l is an /-tile and m > I, we have Z m+fc C F' if and only if Z m C Y l . 
If F m (Z m+fe ) = A fc , then F m {Z m ) is a 0-tile containing A fc , and so 
F m (Z m ) = X°. Conversely, if Z m is an m-tile and F m (Z m ) = X°, 
then it follows from Lemma MM (i) that Z m+fc := (F^Z™)" 1 ^) 
is the unique (m + fc)-tile with Z m+fe C Z m and F m (Z m+fc ) = X k . 
These statements imply that the map Z m+k i— > Z m that assigns to 
each (m + fc)-tile Z m+k its unique parent m-tile Z m induces a bijection 
between the sets {Z G X m+k : Z m+fc C Y l , F m (Z m+k ) = X k } and 
{Z m G X m : Z m C F z , F m (Z m ) = X }. Hence 

(20.16) #{Z m+fc G X m+fc : Z m+fc C F', F m (Z m+k ) = X k } = 

#{Z rn eX m :Z m C Y\ F m {Z m ) = X }. 

Since A is white, the last quantity is equal to the number of white 
m-tiles contained in Y . Applying the homeomorphism F l \Y l , we see 
that this number is equal to u> m _;, the number of white (m — /)-tiles 
contained in the white 0-tile Y° = F l (Y l ). Combing this with (120. 15p . 
TBI) , and Lemma [20. 1[ we get 



as m — > oo. 



The identity h tlF {F) = log(deg(F)): According to Lemma 120.51 the 
measurable partition £ = X 1 is a generator for (F, fj, F ), and so h^ F (F) = 
h^ F (F,£). Moreover, for each k G N, the measurable partition £ F is 
equivalent to the measurable partition X fc given by the fc-tiles. Hence 

H, F (F,e F ) = H, F (F,X k )= M^)log(VM^)) 

xex fc 

= w \og(deg(F) k /w) + b log(deg(F) k /b) 
= Hog(deg(F)) + w\og(l/w) + 61og(l/6). 
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This implies 

h, F (F) = = lim ^(F.e*) = log(deg(F)). 

The proof is complete. □ 
Corollary 20.8. h top (f) = log(deg(/)). 

Proof. We know that h top (F) < log(deg(F)), as we have seen in the 
proof of Lemma T2U.41 Moreover, we have h^ F (F) = log(deg(F)) by 
Proposition 120 .71 and so h top (F) > log(deg(F)) by the variational prin- 
ciple. It follows that hto P (F) = log(deg(F)). Since F = f n and so 
deg(F) = deg(/) n and h top (F) = nh top {f), the claim follows. □ 

Theorem 20.9. The measure \xp is the unique measure of maximal 
entropy for f, i.e., the unique f -invariant probability measure //p with 
h tip{f) = h top (f)- Moreover, f is mixing for /ip. 
In particular, / is ergodic for ji F . 

Proof. We first show uniqueness. So let v be a probability measure 
that is /-invariant and satisfies h u (f) = h top (f). Then v is F-invariant 
and satisfies 

(20.17) h u (F) = nh u (f) = nh top (f) = h top (F) = log(deg(F)). 

We will show that this implies that v = \ip. The proof proceeds in 
several steps. 

We can write v as a convex combination v = fiv s + (1 — (3)i/ a , where 
v s is a probability measure that is singular with respect to fip and u a is 
a probability measure that is absolutely continuous with respect to \if- 
Since fip and v are F- invariant, it follows from the uniqueness of the 
decomposition of a measure into singular and absolutely continuous 
part that v s and v a are also F-invariant. Since F is ergodic for fip 
and u a is F- invariant and absolutely continuous with respect to fip, it 
follows that v a = fMp. 

If (3 = 0, then v = \ip and we are done. If (3 > 0, then we can use 
the equation 

log(deg(F)) = h v {F) = ph Vs {F) + (1 - P)K W (F) 
= /?MF) + (l-/3)log(deg(F)), 

to conclude that 

^ s (F)=log(deg(F)). 

We will show that this is impossible by proving that for every F- 
invariant probability measure v that is singular with respect to /ip we 
must have 

K(F) < log(deg(F)). 
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The uniqueness of \ip will then follow. 

So let v be such a measure and consider the union E°° of all edges. 
Assume first that v(E°°) > 0. By (I20.9j) we can then write v as a 
convex combination v = olv\ + (1 — a)h> 2 of two F-invariant probability 
measures v\ and z/ 2 , where a = v(E°°), V\ is concentrated on E°°, and 
i/ 2 on S 2 \ E°°. 

Since z/i is F-invariant, we have z/i(F~ fc (C)) = vi{C) for all k e No- 
On the other hand, C C F" fc (C), and so Ui{F- k (C) \ C) = 0. This 
implies that z/^F 00 \ C) = 0. So z/i is actually concentrated on C. 
Therefore, by the variational principle and by Lemma 120.41 we have 

h Ul (F) = h Ul {F\C) < h top (F\C) < log(deg(F)). 

We also have h U2 (F) < h top (F) = log(deg(F)), and so 

h^F) = ah Ul (F) + (1 - a)h U2 {F) < log(deg(F)). 

In this case we are done. 

In the remaining case we have z/(F°°) = 0. Then by Lemma 120.51 
£ = X 1 is a generator for (F, u), and so h u {F) = h v (F, v). In particular, 

K{F) = lim \ HX)\og(l/u(X)), 

xex fe 

and the limit is given by the infimum of the sequence elements. 

Since v and fiF are mutually singular, we can find a Borel set A G S 2 
with v{A) = 1 and ^f{A) = 0. Using inner regularity of v and outer 
regularity of jip, for each e > we can find a compact set K C S 2 and 
an open set U C S 2 with K C A C U, v[K) > 1 - e and Hf{U) < e. If 
k is sufficiently large, then we can cover the set K by /c-tiles contained 
in U. 

Using this for smaller and smaller e > 0, we conclude that for each 
k e N we can find a set M k C X fc such that for A k := \J{X e M k } 
we have z/(y4 fc ) — > 1 and /^(A^) — )■ as A; — )• oo. Note that [If(X) > 
cdeg(F) _fc for each X e X fc , where c > is independent of A; and X. 
Hence 

#M fc < -fi F (A k ) deg(F) k . 
c 

We also have #X fc = 2deg(F) fc . 

Note that if M C X fc is arbitrary and A = |J XgA/ X, then by con- 
cavity of the function x i— )■ = a;log(l/x), we have 

= u(A) bg(#M/i/(A)) < log(#M) + 1/e. 
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Hence 



Hog(deg(F)) 



kh v (F) 

u(X)]og{l/u(X)) 



< 



X&M k XeX fc \M fc 



< v(A k ) log(#M fe ) + v{S 2 \ A k ) log(#X fc ) + d 
< v{A k ) log(fi F (A k )) + (u(A k ) + u(S 2 \ A k )) log(deg(F) fc ) + C 2 
= u(A k ) ]og(ji F (A k )) + k log(deg(F)) + C 2 . 



Here the constants C\ and C 2 do not depend on k. An inequality of 
this type is impossible as 



for k — > oo. 

This shows that if there is a measure of maximal entropy for /, then 
it has to agree with /xp. Actually, we proved that Lip is the unique 
measure of maximal entropy for F. 

We now show that tip is /-invariant and a measure of maximal en- 
tropy for /. Indeed, the measure f*Li F is F-invariant and the triple 
(S 2 , F, f*fi) is a factor of (S 2 ,F,li f ) by the map /. It follows that 
hf tfl (F) < h^{F). Iterating this and noting that f™Li F = F*li f — Lip 
by F-invariance of fi F , leads to 



Hence hf tfJiF (F) = h flF (F), and so f*Lip is a measure of maximal en- 
tropy for F. By uniqueness of \i F we have f*Lip = lif showing that 
tip is /-invariant. From the computation (120.171) we see that that 
h-n F (f) — l°g(deg(/)) = htop(f). So ^f is a measure of maximal en- 
tropy for /, and by the first part of the proof we know that it is the 
unique such measure. 

It remains to show that / is mixing for Lip. Indeed, since F is mixing 
for jMp (Proposition 120.71) and Lip is /-invariant, we have that for all 
m G {0, . . . , n — 1}, and all Borel sets A,Bc S 2 , 



u(A k )\og(/i F {A k )) ->■ -oo 
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as k — > oo. The proof is complete. 



□ 



A metric space X is called (Ahlfors) Q-regular, where Q > 0, if there 
exists a (Borel) measure /x such that 



for all closed balls B(x, R) with x E X and < R < diam(X), where 
C > 1 is independent of the ball. 

Proposition 20.10. Let f : S 2 -» S 2 be a an expanding Thurston map 
without periodic critical points, and d be a visual metric with expansion 
factor A. Then (S 2 ,d) is Ahlfors Q-regular with 



Proof. Consider the iterate F = f n chosen as in the beginning of this 
section, and let d be a visual metric for / with expansion factor A. 
Then d is a visual metric for F with expansion factor A' = A n . 

Consider an arbitrary closed ball B(x,R), where x G S 2 and < 
R < diam(S' 2 ). We use the sets U m (x) as defined in (18.111) for the 
map F. Since F does not have periodic critical points, the length of 
the cycle of each vertex is uniformly bounded (see Lemma 117.11 and 
Lemma 17.21 (i)). This implies that each set U m (x) consists of a uni- 
formly bounded number of tiles. In particular, these sets are closed. 
Moreover, by Lemma 18.121 (applied to F) we have 



where m—\— \og(R)/ log(A')] and n e No is a constant independent 
of the ball. 
Noting that 



^R Q < fi(B(x,R)) < CR Q 



Q 



log(deg(/)) 
log(A) 



U m+no {x) C B(x,R) C U m - no {x) 



Q 



log(deg(F)) 
log(A') 



and using (120. lip , we get 



m+no 



(*)) 



x v F (U m - no (x))~deg(F)- m 

x exp(log(i?) log(deg(F))/ log(A')) = R Q , 



and so fip(B(x, R)) x R9 . Here the constants C(x) are independent 
of the ball. The statement follows. □ 
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21. Concluding remarks and open problems 

The authors hope that the results in the present paper will serve as a 
foundation for future work in the area. Our line of investigation has 
been continued in |Me09b[ IMe09ct lYi] . In the following we will discuss 
a selection of questions and open problems that are worth pursuing. 

The basis of our combinatorial approach is the existence of cellular 
Markov partitions for Thurston maps. We know by Corollary 11.51 that 
such a cellular Markov partition (related to a two-tile subdivision rule) 
exists for every sufficiently high iterate of an expanding Thurston map. 
This leads to the following question: 

Problem 1. Does every expanding Thurston map f: S 2 — > S 2 have a 
cellular Markov partition ? 

In the introduction we conjectured that the answer should be affir- 
mative. To prove the conjecture, one essentially has to construct a 
connected graph G C S 2 with post(/) C G that is /-invariant, i.e., 
f(G) C G. A different way to phrase the problem is to ask whether 
/ (and not some iterate f n ) can be described by a (suitably defined) 
k-tile subdivision rule. Here k would be the number of components of 
S 2 \G. 

As we have seen, the dynamics of an expanding Thurston map / 
generates a class of visual metrics, and so a fractal geometry on the 
2-sphere on which it acts. This does not rule out that the map / can 
actually be described by a smooth model. 

Problem 2. Is every expanding Thurston map f : S 2 — >■ S 2 topologi- 
cal^ conjugate to a smooth expanding Thurston map g: C — > C ? 

This question was raised by K. Pilgrim. We expect that this is true 
for at least every sufficiently high iterate of /. 

In our examples of rational Thurston maps, the coefficients were 
always algebraic numbers. In general one can ask: 

Problem 3. Is every expanding rational Thurston map topologically 
conjugate to a rational Thurston map with algebraic coefficients? 

J. Souto posed this question after a talk by the first author. We 
expect a positive answer. 

We know that every expanding Thurston map / has iterates f n with 
invariant curves as in Theorem 1 1.2[ This naturally leads to the question 
whether one can bound the order of this iterate in terms of some natural 
invariants of the map. 
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Problem 4. Let f : S 2 — >■ S 2 be an expanding Thurston map. Is there 
a number N G N, depending on some natural data such as deg(f), 
#post(/), and A (/) such that for all n > N there exists an f n - 
invariant Jordan curve C C S 2 with C C post(/) ? 

Recall that Ao(/) denotes the combinatorial expansion factor of / 
(see Section [TBI). 

According to one of our main results every expanding Thurston map 
has an iterate that can be described by a two-tile subdivision rule 
(Corollary II. 5p . If a map realizes a subdivision rule, it should be possi- 
ble to extract all relevant information about the map from the combi- 
natorial data. This underlying principle is the common thread for the 
next three problems. 

Every two-tile subdivision rule is realized by a Thurston map that is 
unique up to Thurston equivalence. In contrast, a Thurston map may 
realize combinatorially different two-tile subdivision rules. This leads 
to the following question: 

Problem 5. Suppose two Thurston maps f and g realize different two- 
tile subdivision rules. How can one decide from combinatorial data 
whether the maps are Thurston equivalent? 

Of course, there are several simple necessary conditions, such as 
deg(/) = deg(g) and #post(/) = #post(g), whose validity can easily 
be checked from the subdivision rules. In addition, the maps have to 
have the same critical portrait (see Example 115. 51) . A related question, 
namely when polynomials with the same critical portrait are Thurston 
equivalent, is answered in |BNj . 

Problem 6. Let f be an expanding Thurston map that realizes a two- 
tile subdivision rule. Is there an effective way to compute the combina- 
torial expansion factor Ao(f) from the combinatorial description? 

Since A (/) is defined as a limit, a priori one cannot expect to find 
Ao(/) by a finite procedure. However, if / is a Lattes or Lattes-type 
map (see Example 118.50 . then A (/) is the smallest absolute value of 
any eigenvalue of the matrix describing the underlying torus endomor- 
phism [Yi]. In general, one may speculate that if / realizes a two-tile 
subdivision rule with underlying cell decompositions T> and T>', then 
Aq(/) is related to the spectral radius of a matrix that is obtained from 
the incidence relations of the cells in V and their images under / in 
V. 

Problem 7. Let f be an expanding Thurston map that realizes a two- 
tile subdivision rule. Is it possible to decide from the subdivision rule 
whether f is Thurston equivalent to a rational map ? 
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As discussed in the introduction, Thurston proved a necessary and 
sufficient condition for a Thurston map to be equivalent to a rational 
map [DHj . In principle, it is possible to check this criterion if the 
map is given by a subdivision rule. In practice, the sufficiency part is 
hard to verify, since it involves the behavior of the map on infinitely 
many homotopy classes of curves. So in Problem [7] we really ask for a 
substantially simpler criterion, preferably based on the verification of a 
finite condition. As we have seen (Theorem ll.lOl) . the case #post(/) = 
3 is completely understood. The case #post(/) = 4 should also be 
rather accessible. For understanding the underlying issues it might 
be worthwhile to reprove Thurston's result by using a combinatorial 
approach as in the present paper. 

From Theorem 11.91 it follows that for the solution of Problem [7| 
one may equivalently ask if one can decide from the subdivision rule 
whether S 2 equipped with a visual metric d is quasisymmetrically 
equivalent to the standard 2-sphere (i.e., the unit sphere in M 3 ). This 
is closely related to Cannon's conjecture in Geometric Group Theory 
which can be reformulated as a similar quasisymmetric equivalence 
problem (see [Bo] for more background, and |Ca94] for a different ap- 
proach). The general problem when a metric 2-sphere (S 2 ,d) is qua- 
sisymmetrically equivalent to the standard 2-sphere is a hard problem 
that is not completely understood (for results in this direction, see 

[HE]). 

It is well-known that there are many analogies between Complex 
Dynamics and the theory of Kleinian groups (informally refered to as 
Sullivan's dictionary) . It seems very fruitful to explore this systemati- 
cally for Thurston maps and translate statements for these maps into 
corresponding group theoretic analogs. Expanding Thurston maps cor- 
respond to Gromov hyperbolic groups whose boundary at infinity is a 
2-sphere. This is suggested, for example, by Theorem 11.91 which can be 
seen as an analog of Cannon's Conjecture, or by Remark 18.81 For Gro- 
mov hyperbolic groups whose boundary at infinity is a Sierpinski car- 
pet there is an analog of Cannon's conjecture — the Kapovich-Kleiner 
conjecture. It predicts that these groups arise from some standard sit- 
uation in hyperbolic geometry. It would be interesting to formulate an 
analog of this for Thurston maps in the spirit of Theorem 11.91 

If / : S 2 — >■ S 2 is an expanding Thurston map without periodic crit- 
ical points, then S 2 equipped with a visual metric d is Ahlfors regular 
(Proposition 120.101) . The infimal exponent Q such that (S 2 ,d) is qua- 
sisymmetrically equivalent to an Ahlfors Q-regular space is called the 
(Ahlfors regular) conformal dimension of (S 2 , d). This is an important 
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numerical invariant of the fractal geometry of (S 2 ,d). Actually, this 
conformal dimension only depends on / and not on the choice of the 
visual metric d, since all visual metrics are quasisymmetrically equiva- 
lent. 

Problem 8. Is it possible to determine the conformal dimension of a 
2-sphere equipped with a visual metric of an expanding Thurston map 
f in terms of dynamical data of f? 

Bonk-Geyer-Pilgrim [Bo] stated a conjecture expressing this confor- 
mal dimension in terms of eigenvalues of certain matrices related to the 
dynamics of /. One half of this conjecture has recently been proved 
Haissinsky-Pilgrim [HP08]. 

To prove his characterization of rational maps among Thurston maps 
[DHJ, Thurston used an iteration procedure on a suitable Teichmiiller 
space. This idea may also be fruitful for studying some problems related 
to our existence criteria for invariant Jordan curves. Namely, in view 
of Theorem 11.31 one is led to the general question how to find non- 
trivial sets K C S 2 with post(/) C K (and maybe additional geometric 
features) for which there exists an isotopy rel. post(/) that deforms 
the set into a subset of its preimage f~ l (K). It may be possible to 
reformulate this as a fixed point problem under iteration of a pull-back 
operation on a suitable space. 

As we discussed above, Problem [TJ is equivalent to finding an f- 
invariant graph G with suitable properties. If one does not insist on 
describing the map by a cellular Markov partition, then other invariant 
sets K may lead to other natural combinatorial descriptions of the map 
or its iterates. 

Actually, in many cases one can show the existence of an /"-invariant 
arc A C S 2 with post(/) C A. Slightly more general, one can ask if an 
invariant tree T C S 2 with post(/) C T exists, i.e., a graph T C S 2 (in 
the sense of Section [Hj) such that S 2 \ T is connected. 

Problem 9. Let f : S 2 — » S 2 be expanding Thurston map. Does there 
exists a tree T C S 2 with post(/) C K that is invariant under f (or at 
least under a sufficiently high iterate of f)? 

If such an invariant tree T exists, then Q° = S 2 \ T is a simply 
connected region that is subdivided by the complementary components 
Q 1 of f~ l (T). Moreover, on each component Q 1 the map flQ 1 is a 
homeomorphism onto Q°. A similar statement then also holds for the 
iterates of /. Since there is only one open "0-tile" Q°, the dynamics of 
/ is described by a one-tile subdivision rule. This would simplify the 
combinatorial description of /; on the other hand, open tiles then are 
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only simply connected regions and not necessarily open Jordan regions. 
So the simplified combinatorial description comes at the price of a more 
complicated geometry of tiles. 

For postcritically finite polynomials such an invariant tree always ex- 
ists, namely the Hubbard tree introduced by Douady and Hubbard, see 
[DH84J. In fact the Hubbard tree determines the polynomial uniquely 
up to conjugation by a map z ^ az + b, a G C \ {0}, b G C, see [PoiJ. 

Cannon-Floyd-Parry show in |CFP10l Theorem 3.1] that a suffi- 
ciently high iterate of each Lattes map has an invariant tree. Note 
however that "Lattes map" is used there in a more restrictive sense, 
i.e., it denotes a quotient of a double cover of a conformal torus endo- 
morphism. 

If one further relaxes the geometric requirements on "tiles", then 
other combinatorial descriptions of (expanding) Thurston maps exist. 
The result presented in Section can be reinterpreted in this vein. 
This is related to the description of / via "limit spaces" of its iterated 
monodromy group (see |Ne] and the discussion below). 

Yet another point of view to obtain combinatorial descriptions of 
Thurston maps is to consider sets that are "dual" to invariant sets 
containing the postcritical set. To illustrate this, we consider the Lattes 
map g from Section II. 2[ and again represent the sphere S 2 as a pillow 
as in Figure [TJ Let K be the subset of the pillow that is of the union 
of four Jordan curves, namely the two curves consisting of the points 
at distance 1/3 and at 2/3, respectively, from the bottom edge of the 
pillow, and the two closed curves of the points at distance 1/3 and 2/3 
from the left edge. Then K is ^-invariant and for each n G No the set 
g~ n (K) is a graph that is the 1-skeleton of a cell decomposition of the 
pillow. Moreover, if C is the ((/-invariant) boundary of the pillow, then 
g~ n (K) is a dual graph to g~ n (C). 

In this paper we mostly considered expanding Thurston maps. One 
may ask whether combinatorial descriptions exist for more general 
types of maps. 

Problem 10. Let f : S 2 — )■ S 2 be a Thurston map (not necessarily 
expanding). Is there a Jordan curve C C S 2 with post(/) C C that is 
invariant for some iterate f n ? Are there other natural decompositions 
of the sphere S 2 that are invariant (in a suitable sense) under f or 
some iterate f n ? 

When / is a polynomial natural decompositions are obtained via 
external rays (see |DH84j ). Closely related are Yoccoz puzzles (see 
|Hu] and |Mi00] ). A lack of such a description for rational maps is 
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one of the main reasons why their study is harder than the study of 
polynomials. 

Similarly, one can ask if and how our results extend to maps that 
are not postcritically-finite. The theory of coarse expanding dynamical 
systems developed in |HP09] should be relevant here. 

Problem 11. Let R: C — >■ C be a rational map (not necessarily post- 
critically-finite) whose Julia set is the whole Riemann sphere C. Does 
there exist a natural combinatorial description of R or some iterate 
R n ? 

The rational maps R : C — > C of a given degree d > 2 form a complex 
manifold TZd of dimension 2d + 1. M. Rees has shown [Re J that the set 
of points in TZd where the corresponding rational map R has as Julia 
set equal to the whole sphere has positive measure with respect to the 
natural measure class on TZd- These points/rational maps are obtained 
by a slight perturbation of a certain expanding Thurston map Rq G TZd- 
It would be interesting to find combinatorial descriptions of expanding 
Thurston maps that change under such perturbations in a controlled 
manner. 

Our combinatorial approach seems quite relevant in the study of the 
iterated monodromy group of a Thurston map / : S 2 — > S 2 . To state the 
basic definitions, let G = ni(S 2 \post(/),p) be the fundamental group 
of S 2 \post(/) represented by homotopy classes of loops in S 2 \post(/) 
with initial point p G S 2 \ post(/). Then there exists a natural action 
of G on the disjoint union T of the sets f~ n (p), n G No- Namely, if 
x G f~ n (p) C T, and g G G is represented by a loop a starting at p, 
then we can lift a by the map f n to a path a with initial point x. If y 
is the endpoint of 5, then y G f~ n (p), and we define g(x) := y. 

The action G rx T is not effective in general, i.e., there may be 
elements g G G that act as the identity on T. Let H be the ineffective 
kernel of this action, i.e., the normal subgroup of G consisting of all 
elements in G acting as the identity on T. Then the iterated monodromy 
group of / is defined as the quotient group Y = G/H. The action of 
G on T induces a natural action T rx T. By the same method as in 
the proof of Theorem 1 1 . 6 1 one can find a coding of the elements in T by 
words in a finite alphabet. Then it is not hard to write down explicit 
recursive relations for the action of suitably chosen generators of T on 
these words. In principle, this describes the group T completely, but 
it seems hard in specific cases to get a complete understanding of the 
structure of the group. 
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Problem 12. What is the iterated monodromy group of an expanding 
Thurston map? In particular, what is the growth behavior of such a 
group ? 

The last question is interesting, because there is an example of a 
(non-expanding) Thurston map (namely, the polynomial f(z) = z 2 + i) 
whose iterated monodromy group is a group of intermediate growth 
[BPj . Formerly, these groups had been regarded as rather exotic ob- 
jects. 

We conclude our discussion with some remarks on higher dimensions. 
The concept of postcritically-finite maps has been generalized to several 
complex variables and the dynamics of these maps has been studied 
(see, for example, |FS92l [FS941 Do] ). A possible different direction is 
the theory of quasiregular mappings on M. n = M. n U {00} . 

Problem 13. Develop a theory of quasiregular maps in higher dimen- 
sions that generalizes the theory of Thurston maps in dimension 2. 

It is not even clear what the basic definitions should be. It seems 
reasonable to require that a quasiregular Thurston map /: W 1 — > M. n 
is uniformly quasiregular (i.e., there exists K > 1 such that f n is K- 
quasiregular for each n G N) and that the postcritical set post(/) of 
/ (i.e., the forward orbit of the branch set of /) is "small" and "non- 
exotic". For example, one could require that post(/) is an embedded 
cell complex in W 1 of codimension 2. 
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